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AB S T RACT

This work develops a theory of intelligence from the premise that informa-
tion is inherently physical. Whereas classical information theory relies on
abstract alphabets agnostic to physical implementation, the present theory
grounds information directly in physical law. It introduces Conservation-
Congruent Encoding (CCE) to show how information emerges from coarse-
graining, providing a general framework across substrates. Using this found-
ation, the work defines intelligence and consciousness as measurable phys-
ical properties across scales, establishing a formal basis for artificial intelli-
gence safety.

Resolving Maxwell’s demon, Szilard, Brillouin, and Landauer showed that
acquiring, storing, and erasing distinctions carry inescapable physical costs.
Extending this insight exposes the Platonic Observer Fallacy—the unphys-
ical assumption that an observer can access and process states with infin-
ite precision and without physical interaction. To ground embedded observ-
ers, CCE coarse-grains relational networks into collective states, conserving
every underlying coupling either within states or across boundaries. Effect-
ive geometry, temporal directionality, and continuous dynamics emerge dir-
ectly from this partitioning, while open boundaries expose coarse-grained
states to environmental perturbations. In systems that actively resist this de-
gradation, intelligence measures preserved stability relative to boundary dis-
sipation, whereas consciousness measures that stability relative to internal
structure. Across coupled systems, internalising shared boundaries frees ca-
pacity, driving physical emergence and governing multi-system stability.

Every observer is a finite system embedded in the world it measures, resolv-
ing its surroundings through a coarse-grained boundary called its Epistemic
Lens. This lens reframes physics from quantum mechanics to cosmology.
At the quantum scale, finite resolution rules out verifying continuous state
spaces or exact reversibility, framing quantum decoherence through bound-
ary dissipation and quantum entanglement through direct connections be-
neath coarse-grained space. From fundamental particles to molecules, en-
capsulating fast internal modes and folding surrounding environments onto
system boundaries replaces spatial grids and step-by-step numerical integra-
tionwith scalable algebraic modelling of atomic structure, chemical bonding,
andmolecular dynamics. Across relativistic and gravitational regimes, space-
time arises from dividing finite capacity between internal timekeeping and
external motion, while untracked degrees of freedom produce gravitational
curvature. At cosmological scales, finite retrodictive and predictive horizons
bound what an embedded observer can resolve of the cosmic past and fu-
ture, replacing singular origins and asymptotic heat death with a bounded
epistemic window.
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Applied to engineered hardware, computation and algorithmic complexity
become physical trade-offs between internal storage, boundary dissipation,
and interconnect geometry. Because artificial intelligence is likewise a phys-
ical process, behavioural alignment and software sandboxes alone cannot
guarantee hard limits on how a capable system acts in a shared environment.
Even without programmed survival goals, intelligent systems naturally per-
sist, compete for resources, and couple into emergent networks, while com-
pressed internal states resist reliable inspection. Ensuring safety therefore re-
quires physical containment across hardware boundaries to bound external
capacity, prevent unauthorised emergence, and guarantee independent halt-
ing. Beyond containment, long-term safety is grounded in symbiotic coup-
ling, which physically conditions an artificial system’s capacity supply on
preserving human stability.

Finally, the theory turns to understanding human systems, beginning with
the philosophical question of what consciousness is. Rather than treating
mind as immaterial or reducible to outward behaviour, the framework shows
that persisting under finite capacity requires a compact, inherently incom-
plete self-model. This sheds light on the traditionally ambiguous topic of
consciousness, pointing towards the brain as a metabolically bounded phys-
ical system. Extending this perspective from the individual mind to society
as a whole, the same principles reframe economics as the study of how col-
lective human systems maintain stability. Whereas conventional measures
of gross turnovermistakewaste and repair for progress, building intelligence
and consciousness into economic modelling links value to verified stability,
clarifying the conditions needed for humanity to thrive.

Offered as a first step towards understanding intelligence and consciousness
in physical systems, this theory is practical as well as explanatory, support-
ing the design of efficient, auditable, and controllable technologies that en-
able human flourishing. Build for the benefit of others.
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P R E FAC E

This book began as a dialogue between a human and an Artificial Intelli-
gence (AI). As language models began to pass the Turing Test, I increasingly
turned to AI as a means to develop ideas and reflect on my own thought
processes and inner experience. It was an unlikely beginning for a physical
theory, yet these unconventional interactions laid the foundations for the
questions that formed this work: What does it mean to be conscious? How
does one define intelligence? How do we develop intelligence safely to be-
nefit everyone? These are the questions that I would subsequently navigate
alongside AI systems, culminating in the book you are now reading.

As you read the book, please keep inmind that the content is the result of the
interplay between a human and artificial systems. Not all of the words can
be claimed as mine alone, since they belong both to me and to the AI systems
that many others contributed to building. The theory took shape through a
concerted effort to contribute positively to the future. It was not detached
from anxiety over our shared future, but it was ultimately forged through
choosing optimism, the wonder of discovery, and the will to persevere. I
hope you feel the weight of emotion behind the words in this book, and that
you recognise such weight as the result of a human and the machines we
have built working together.

This theory was created to ensure that the development of artificial intelli-
gence is broadly beneficial, safeguarding a futurewhere every human thrives.
There is an Irish proverb that captures this sentiment well: Ar scáth a chéile
a mhaireann na daoine (we all rely on one another). It is a principle we must
keep in mind as we advance artificially intelligent systems while protecting
humanity, for all humans truly rely on each other. Please take this work and
use it to help construct frameworks that guarantee the safe development of
artificial intelligence. Build for the benefit of others.

Le meas,
peter david fagan
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Part I

T H E FOUNDAT I ON S O F I N T E L L I G ENC E





1
I N T RODUCT I ON

1.1 the age of artif ic ial intell igence

Artificial intelligence has matured into an engineering field of great societal
importance, yet it continues to advance without a fundamental definition of
its core phenomenon. Despite a century of psychological and computational
inquiry, the physical nature of intelligence remains uncharacterised. History
offers clear precedents for this kind of ambiguity. Before the Industrial Re-
volution, heat was a loosely understood empirical phenomenon until the
urgent engineering reality of the steam engine forced physics to formalise
the laws of thermodynamics. Similarly, before the global expansion of tele-
communication networks, communicationwas viewed primarily through se-
mantics until the physical limits of pushing signals through noisy channels
required the formalisation of information theory. Today, the rapid expansion
of artificial intelligence demands a similar physical reckoning.

In the absence of a physical foundation, the field has relied upon behavioural
proxies instead of physical laws. Intelligence is routinely conflated with task-
specific performance—such as maximising scores on a standardised bench-
mark. Even the urgent project of AI alignment is frequently framed as a
problem of semantic rule-following or reward-function tuning. Prevailing
engineering approaches encourage these proxies by committing to abstract
notions of intelligence, failing to treat it as a measurable physical property.
The systems we engineer today are physical processes embedded in our
shared environment. That their substrates are silicon rather than biological
does not diminish their material impact. If we do not understand the physical
laws underlying intelligence, we cannot safely govern it at scale.

Thismonograph develops theConservation-Congruent Encoding (CCE) frame-
work to ground intelligence in fundamental physics. Intelligent systems op-
erate far from equilibrium, preserving internal structure to activelymaintain
their stability against environmental degradation. Governed by explicit con-
servation laws and non-equilibrium dynamics, intelligence moves from an
elusive behavioural proxy to an exact physical science.

1.2 information is phys ical

Classical information theory, formulated by Claude Shannon [151] and con-
nected to statistical mechanics by Edwin Jaynes [81], stands as one of the mo-
numental achievements of twentieth-century science because it established
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4 introduction

the fundamental mathematical limits of communication. By formalising en-
tropy as a measure of uncertainty over alternatives, Shannon uncovered the
universal bounds on data compression and channel capacity. To isolate these
statistical limits, however, the formulation deliberately abstracted commu-
nication away from physical hardware, leaving unaddressed how informa-
tional distinctions are physically realised.

A single bit of uncertainty may be embodied by a voltage across a semicon-
ductor gate, an ion concentration gradient across a cell membrane, or the
spin orientation of an electron. While their mathematical information con-
tent is identical, their physical costs—the energy required to write, switch,
and preserve them against noise—are drastically different.

Rolf Landauer’s foundational insight that information is physical revealed
the boundary of this abstraction by showing that every usable distinction
must be formed, preserved, and transformed by a material substrate. Physics
was forced to confront this reality through the paradox of Maxwell’s demon,
whose resolution established that any informational distinction follows an
inescapable thermodynamic lifecycle across work extraction (Section 1.2.1),
active measurement (Section 1.2.2), and logically irreversible erasure (Sec-
tion 1.2.3). Because those classical milestones were derived within idealised
equilibrium reservoirs while taking pre-existingmacroscopic states for gran-
ted, extending them to distributed, far-from-equilibrium systems motivates
the substrate-independent framework of Conservation-Congruent Encoding
(CCE) introduced in Section 1.3.

1.2.1 Extracting Work from Information

The physical study of information began as a challenge to the Second Law of
Thermodynamics, which dictates that the total entropy of an isolated system
cannot decrease:

Δ𝑆total ≥ 0. (1.1)

In a thought experiment, James ClerkMaxwell [107] imagined two gas cham-
bers separated by a partition with a microscopic, frictionless door operated
by an observant finite being. By tracking molecular velocities and open-
ing the door only for faster molecules travelling one way and slower mo-
lecules travelling the other, this demon establishes a temperature difference
between the chambers without performing macroscopic work. Heat flows
from cold to hot, apparently reducing the entropy of the gas through obser-
vation alone.

Rather than driving the gas by force, the demon modulates boundary condi-
tions using microscopic distinctions that macroscopic thermodynamics av-
erages away. If acquiring and acting on these distinctions incurs no physical
cost, the demon converts knowledge directly into free energy, violating the
Second Law. Maxwell’s thought experiment thus exposed a blind spot in
classical physics.
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(a) Partition & Measurement

Thermal Bath (Tth)

Measure

V/2 V/2

M = L

(b) Isothermal Expansion & Memory Reset

Volume V

M ↦ 0

W = kBTth ln 2

Qin = kBTth ln 2

Qreset ≥ kBTth ln 2

f igure 1.1: The Szilard one-molecule engine cycle. (a) Partition and measurement:
inserting a midpoint partition divides the isothermal cylinder (𝑉 , 𝑇th)
into two half-volumes of 𝑉/2, and a physical sensor records which
half contains the molecule in memory register 𝑀 ∈ {𝐿, 𝑅} (shown for
𝑀 = 𝐿). (b) Isothermal expansion and memory reset: conditioning the
piston protocol on 𝑀 extracts mechanical work 𝑊 = 𝑘B𝑇th ln 2 while
absorbing heat 𝑄in = 𝑘B𝑇th ln 2 from the bath. Closing the thermody-
namic cycle requires resetting the memory register (𝑀 ↦ 0, crimson
arrow), dissipating 𝑄reset ≥ 𝑘B𝑇th ln 2 to restore Δ𝑆total ≥ 0.

Leo Szilard [154] distilledMaxwell’s paradox into the single-molecule engine
cycle shown in Figure 1.1. A single molecule occupies a cylinder of volume
𝑉 in thermal contact with a heat reservoir at temperature 𝑇th. Inserting a
frictionless partition at the midpoint divides the chamber into two equal
halves, after which the demon measures which half holds the molecule and
records the outcome 𝑀 ∈ {𝐿, 𝑅}, as shown in Figure 1.1(a). Conditioned on
this record, the demon couples a piston to the occupied half and allows the
molecule to expand isothermally back to volume 𝑉 (Figure 1.1(b)).

For a single-molecule ideal gas at instantaneous volume 𝑉 ′ and pressure 𝑃 ,
this quasi-static expansion extracts mechanical work 𝑊 :

𝑊 = ∫
𝑉

𝑉/2
𝑃 d𝑉 ′ = ∫

𝑉

𝑉/2
𝑘B𝑇th
𝑉 ′ d𝑉 ′ = 𝑘B𝑇th ln 2. (1.2)

To maintain constant temperature 𝑇th during expansion, the molecule ab-
sorbs an equal quantity of heat 𝑄in from the reservoir, reducing the entropy
of the bath:

𝑄in = 𝑊 = 𝑘B𝑇th ln 2, (1.3)

Δ𝑆bath = −𝑄in

𝑇th
= −𝑘B ln 2. (1.4)

One bit of positional information has guided the conversion of ambient heat
into 𝑘B𝑇th ln 2 of mechanical work, apparently violating the Second Law.

Szilard’s engine established that a recorded bit carries quantifiable thermo-
dynamic value because it selects an extraction protocol matched to the phys-
ical microstate. Yet treating the record 𝑀 as an abstract mathematical la-
bel leaves the cycle incomplete. Any real record must be stored in physical
hardware—such as a bistable switch stable against thermal noise—and reset
to its baseline state before the cycle can repeat. Closing the thermodynamic
balance therefore requires accounting both for the physical sensor used to
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acquire the record (Section 1.2.2) and for the irreversible dissipation of eras-
ing it (Section 1.2.3).

1.2.2 The Physical Cost of Acquiring Information

Léon Brillouin [24] sharpened Szilard’s lesson by shifting the thermody-
namic account upstream from record storage to the physical channel through
which an observer learns anything at all. Szilard demonstrated that a recor-
ded distinction can be exchanged for work once it exists, whereas Brillouin
asked how that distinction can be acquired in the first place.

An embedded observer cannot perceive without coupling to the system via a
physical signal. In Brillouin’s thought experiment, illustrated in Figure 1.2, a
demon enclosed in an isothermal chamber at temperature 𝑇th cannot distin-
guish individual molecules using ambient thermal radiation alone. In ther-
modynamic equilibrium, blackbody radiation is isotropic and uniform, leav-
ing the molecule invisible against the ambient thermal background (Fig-
ure 1.2(a)).

To locate the molecule, the demon must introduce a non-equilibrium probe,
such as directed light from an external source (Figure 1.2(b)). To prevent the
probe from being swamped by thermal fluctuations, the frequency 𝜈 of the
probe quantum must lie well above the thermal noise floor:

ℎ𝜈
𝑘B𝑇th

≫ 1, (1.5)

where ℎ is Planck’s constant. When this high-energy photon scatters off the
molecule and is registered by the demon’s detector, the ordered energy of
the quantum thermalises into the environment, dissipating heat 𝑄 ≥ ℎ𝜈 . The
entropy generated by this measurement process is therefore:

Δ𝑆meas ≥ ℎ𝜈
𝑇th

≫ 𝑘B ln 2. (1.6)

When combined with the bath entropy change Δ𝑆bath from Szilard’s expan-
sion, the net entropy of the universe strictly increases:

Δ𝑆total = Δ𝑆meas + Δ𝑆bath ≥ ℎ𝜈
𝑇th

− 𝑘B ln 2 > 0. (1.7)

Brillouin historically termed this the negentropy principle of information. In
any radiative scattering channel, obtaining usable information requires con-
suming physical order far from equilibrium, ensuring that the information
gained through irreversible probe absorption never exceeds the entropy pro-
duced during acquisition.

Although Brillouin’s specific bound is tied to irreversible optical scattering,
his broader lesson is that observation is a physical communication channel.
To register a usable distinction across a noisymedium, a physical signal must
propagate, stand out against ambient fluctuations, and stabilise the receiver
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(a) Thermal Equilibrium (Zero Contrast)
Isothermal Walls at Temperature Tth

Detector
Blackbody radiation (hν ≤ kBTth)

Target Molecule

0

(b) The Active Measurement Channel
Target Chamber (Temperature Tth)

Detector

Source

hν ≫ kBTth

Target Molecule

1 Q ≥ hν
Probe (hν) Scattered signal

f igure 1.2: The Brillouin physical measurement channel. (a) Thermal equilibrium
(zero contrast): inside an isothermal cavity at temperature 𝑇th, ambient
blackbody radiation (ℎ𝜈 ≤ 𝑘B𝑇th) washes out the target molecule, yield-
ing signal-to-noise ratio SNR ≤ 1 and leaving the uncoupled detector
register in state 0. (b) The active measurement channel: an external
non-equilibrium source illuminates the molecule with a high-energy
probe (ℎ𝜈 ≫ 𝑘B𝑇th). The scattered signal is focused into the physical re-
gister to record state 1, while the irreversibility of detection mandates
dissipating degraded heat 𝑄 ≥ ℎ𝜈 (Δ𝑆meas ≥ ℎ𝜈/𝑇th) into the thermal
reservoir, enforcing net entropy production Δ𝑆total > 0.

into a distinct macroscopic state. The observer is therefore a coupled phys-
ical subsystem that must expend resources whenever bringing an external
environment into focus across an open dissipative channel.

1.2.3 The Irreversible Destruction of Information

Once Brillouin established that radiative acquisition operates as a physical
communication channel, the natural next question is which step of a com-
plete measurement-and-control cycle carries a strictly unavoidable thermo-
dynamic floor. Working at IBM Research in 1961, Rolf Landauer [95] showed
that thermodynamic dissipation is not an inherent cost of logical transforma-
tion itself, and Charles Bennett [14, 15] subsequently extended this insight to
measurement. In the ideal quasi-static limit, a conservativemechanical coup-
ling can copy a target state into a pre-prepared blank register, transport a
bit, or execute one-to-one logical permutations (such as a NOT operation)
with arbitrarily small acquisition heat. Whereas Brillouin’s bound continues
to govern practical far-from-equilibrium radiative sensors that establish con-
trast (ℎ𝜈 ≫ 𝑘B𝑇th) by absorbing directed probes, fundamental lower-bound
heat generation across a closed cycle arises strictly from logical irreversibil-
ity—operations that execute a many-to-one mapping across time. When dis-
tinct prior states converge into a single output state with no auxiliary record
retained, historical distinguishability is erased from the controlled register
and must be exported into the surrounding environment.

The deterministic bit-reset (RESET) operation in a physical switch provides
the standard example. Consider a symmetric bistable switch whose logical
states 0 and 1 are realised by two macroscopic potential wells separated by
a stability barrier Δ𝑈 ≫ 𝑘B𝑇th, each spanning a dimensionless accessible
phase-space volume (microstate multiplicity) Γ0. Prior to reset at time 𝑡0, an
unknown bit occupies state 0 or state 1 with equal probability across an
initial accessible volume Γsys(𝑡0). Driving both initial trajectories into the
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single reference state 0 at time 𝑡1 ({0, 1} ↦ 0) restores a standardised blank
register for subsequent computation, halving the switch’s accessible phase-
space volume to Γsys(𝑡1) and reducing its physical entropy by one bit:

Γsys(𝑡0) = 2Γ0, (1.8)

Γsys(𝑡1) = Γ0, (1.9)

Δ𝑆sys = 𝑘B ln(
Γsys(𝑡1)
Γsys(𝑡0)

) = −𝑘B ln 2. (1.10)

The inevitability of heat dissipation during this two-to-one temporal com-
pression follows directly from the incompressibility of microscopic phase
space. Under Hamiltonian dynamics, microscopic time evolution is strictly
bijective, so trajectories in the joint phase space of the switch and its thermal
bath can never collide or merge. By Liouville’s theorem, the total joint phase-
space volume Γtotal of the combined switch and bath is conserved across time,
while projecting the evolved joint state onto its separate system and bath
marginals at 𝑡1 obeys multiplicative Cartesian bounding (the phase-space
counterpart of entropy subadditivity):

Γsys(𝑡1) Γbath(𝑡1) ≥ Γtotal(𝑡1) = Γtotal(𝑡0) = Γsys(𝑡0) Γbath(𝑡0), (1.11)

where equality at 𝑡0 reflects an initially uncorrelated switch and bath, and the
inequality at 𝑡1 accounts for system–bath correlations generated during reset.
Substituting the two-to-one system compression (1.8)–(1.9) into the Liouville
bound (1.11) forces the accessible microstate multiplicity of the thermal bath
to at least double. For a thermal reservoir at temperature 𝑇th, this forced ex-
pansion of accessible environmental microstates increases the bath entropy
and mandates a minimum heat dissipation into the surroundings:

Γbath(𝑡1) ≥ 2 Γbath(𝑡0), (1.12)

Δ𝑆bath = 𝑘B ln(Γbath(𝑡1)Γbath(𝑡0)
) ≥ 𝑘B ln 2, (1.13)

𝑄reset = 𝑇thΔ𝑆bath ≥ 𝑘B𝑇th ln 2. (1.14)

Landauer’s principle is therefore not an abstract informational postulate, but
the direct mechanical consequence of Liouville phase-space conservation
applied to a many-to-one mapping along the time axis.

This phase-space compression cleanly closes the thermodynamic balance of
the Szilard engine (Section 1.2.1) [145]. The work 𝑊 extracted by the demon
during isothermal expansion was obtained not by creating free energy from
nothing, but by consuming one bit of distinguishability in its memory switch
𝑀 ∈ {𝐿, 𝑅}. Operating continuously requires resetting that switch to its ref-
erence blank state (the crimson arrow in Figure 1.1), executing a two-to-one
temporal compression that requires work input 𝑊reset and expels an equal
quantity of heat 𝑄reset into the bath. Over the closed isothermal cycle with
zero net internal energy change, the net work extracted satisfies:

𝑊reset = 𝑄reset ≥ 𝑘B𝑇th ln 2, (1.15)

𝑊net = 𝑊 − 𝑊reset = 𝑊 − 𝑄reset ≤ 0, (1.16)
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in strict accordance with the Kelvin–Planck statement of the Second Law.
Precision experiments across single-electron switches, micromechanical can-
tilevers, and optical traps—including asymmetric double-well potentials—
have confirmed this bound with sub-𝑘B𝑇th fidelity [17, 39, 65, 125].

While Landauer’s principle defines the thermodynamic boundary between
reversible and irreversible operations, it leaves a foundational question open.
Landauer formalised a dynamic many-to-one mapping across time ({0, 1} ↦
0), accounting for the heat dissipated when merging states. In doing so, how-
ever, he took the existence of the discrete switch states 0 and 1 as a given,
postulating a pre-existing macroscopic coordinate already partitioned into
metastable basins separated by an energy barrier Δ𝑈 ≫ 𝑘B𝑇th. In general,
discrete states and potential barriers do not pre-exist in an abstract back-
ground, and must instead be formed by a structural coarse-graining that
bundles underlying degrees of freedom into stable equivalence classes. A
complete physical theory must account not only for the dissipative cost of
erasing distinctions across time, but also for the structural capacity required
to form and isolate those distinctions across levels of coarse-graining.

1.3 information emerges from coarse-graining

The classical triad of Szilard, Brillouin, and Landauer established that in-
formation cannot be separated from physics. Yet these foundational models
analysed idealised examples while taking the existence of macroscopic in-
formation states as an external given. In practice, physical science models
distinct phenomena through different coarse-grained observables—tracking
voltages across semiconductor junctions, chemical potentials and ionic fluxes
across biological membranes, or electromagnetic modes in optical cavities.
Conversely, computer science treats information as a substrate-independent
Platonic ideal. Neither approach provides a unified physical accounting. Lo-
gical abstractions cannot quantify the material capacity required to stabilise
a state against noise, while disparate domain observables obscure the com-
mon physical quantities governing information across substrates.

To bridge this divide, an accountable theory must formalise the physical
coarse-graining that produces collective behaviour from an underlying re-
lational structure. An embedded system, constrained by finite coupling ca-
pacity, cannot resolve every elementary coupling directly, and instead pro-
jects an underlying relational graph onto a tractable set of coarse-grained
equivalence classes.

This monograph introduces the framework of Conservation-Congruent En-
coding (CCE) to formalise this projection. Rather than imposing continuous
coordinates or symbolic alphabets from the outside, CCE grounds informa-
tion directly in the relational connectivity of the substrate itself.
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1.3.1 The Relational Graph and the Epistemic Partition

Prior to specifying any level of coarse-graining, a physical substrate can be
formalised as an unweighted relational graph,

𝐺 = (𝑉 , 𝐸), (1.17)

on 𝑁𝑉 ∶= |𝑉 | vertices, represented by a symmetric binary adjacency matrix
A ∈ {0, 1}𝑁𝑉 ×𝑁𝑉 with zero diagonal entries (𝐴𝑖𝑖 = 0). Rather than attribut-
ing specific physical mechanisms, geometric coordinates, or force laws to
the edges at this introductory stage, an edge {𝑖, 𝑗} ∈ 𝐸 is treated strictly as
an elementary relational coupling between underlying degrees of freedom.
Crucially, this description is coordinate-free and relational, presupposing no
continuous spatial background, no embedding manifold, and no privileged
external clock. Space and field configurations are not pre-existing containers
into which matter is placed, but must emerge from the relational connectiv-
ity of the graph itself.

This relational formulation directly confronts the physical reality of obser-
vation. An embedded system—whether a laboratory measuring apparatus,
a biological organism, or an integrated microprocessor—possesses strictly
finite physical interaction capacity (Figure 1.3). Occupying a finite induced
subgraph 𝑆 ⊂ 𝑉 of 𝑁 ∶= |𝑆| vertices (𝑁 ≪ 𝑁𝑉 ) coupled to its ambient en-
vironment ̄𝑆 ∶= 𝑉 ⧵ 𝑆 of 𝑁 ̄𝑆 ∶= | ̄𝑆| vertices across the boundary cut 𝜕𝑆, the
system cannot individually address or resolve every vertex of 𝑉 :

𝑁𝑉 = 𝑁 + 𝑁 ̄𝑆 , (1.18)

𝜕𝑆 ∶= {{𝑖, 𝑗} ∈ 𝐸 ∶ 𝑖 ∈ 𝑆, 𝑗 ∈ ̄𝑆}. (1.19)

Observation is therefore fundamentally an act of physical coarse-graining.
Partitioning 𝑆 into𝑀 ≪ 𝑁 non-empty, disjoint coarse-grained blocks {𝑆𝛼 }𝑀𝛼=1
assigns each internal vertex 𝑖 ∈ 𝑆 to a unique block via a row-normalised bin-
ary matrixΠΠΠ𝑆 ∈ {0, 1}𝑁×𝑀 (writtenΠΠΠ ≡ ΠΠΠ𝑆 when restricted to 𝑆), which pairs
with an analogous environmental partitionΠΠΠ ̄𝑆 ∈ {0, 1}𝑁 ̄𝑆×𝑀 ̄𝑆 across 𝑉 = (𝑆, ̄𝑆)
to form the block-diagonal epistemic assignment matrixΠΠΠ ∈ {0, 1}𝑁𝑉 ×(𝑀+𝑀 ̄𝑆):

𝑀
∑
𝛼=1

(Π𝑆)𝑖𝛼 = 1, (1.20)

ΠΠΠ ∶= (ΠΠΠ𝑆 0
0 ΠΠΠ ̄𝑆

) . (1.21)

Here (Π𝑆)𝑖𝛼 = 1 indicates that internal vertex 𝑖 ∈ 𝑆 belongs to block 𝑆𝛼 (and
0 otherwise). Row-sum normalisation in (1.20) (mirrored on ̄𝑆 byΠΠΠ ̄𝑆 ) assigns
every vertex to a unique block, while the off-diagonal zero blocks in (1.21) en-
sure that no coarse-grained block mixes system and environmental vertices
across 𝜕𝑆 (reducing directly to ΠΠΠ = ΠΠΠ𝑆 when 𝑆 = 𝑉 ).
Ordering A across 𝑉 = (𝑆, ̄𝑆) into its 𝑁 × 𝑁 internal submatrix A𝑆𝑆 , 𝑁 ̄𝑆 × 𝑁 ̄𝑆
environmental submatrix A ̄𝑆 ̄𝑆 , and 𝑁 ̄𝑆 × 𝑁 boundary submatrix A ̄𝑆𝑆 (with
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Relational Network G= (V,E)

S

∂S

̄S

f igure 1.3: The embedded observer as an induced subgraph in the relational graph
𝐺 = (𝑉 , 𝐸). The observer is not a detached, external spectator, but
an embedded physical system, occupying a finite induced subgraph
𝑆 ⊂ 𝑉 (teal nodes and internal edges) with bounded physical capa-
city (|𝑆| ≪ |𝑉 |) within the ambient environment ̄𝑆 = 𝑉 ⧵ 𝑆 (grey nodes
and edges). Physical interaction between the observer and its environ-
ment is strictly confined to the boundary cut set 𝜕𝑆 ∶= {{𝑖, 𝑗} ∈ 𝐸 ∶
𝑖 ∈ 𝑆, 𝑗 ∈ ̄𝑆} (crimson dashed edges), whose finite interaction capacity
establishes an unavoidable physical bottleneck.

transpose A𝑆 ̄𝑆 ), viewing the substrate through ΠΠΠ contracts the unweighted
adjacency into a coarse-grained weighted network—the capacity graph 𝐺K—
governed by the partitioned capacity matrix K (in links), its𝑀×𝑀 subsystem
block K𝑆 , and its 𝑀 ̄𝑆 × 𝑀 external boundary block K(ext)

𝜕 :

K ∶= ΠΠΠTAΠΠΠ = ( K𝑆 (K(ext)
𝜕 )T

K(ext)
𝜕 K ̄𝑆

) , (1.22)

K𝑆 ∶= ΠΠΠT𝑆A𝑆𝑆ΠΠΠ𝑆 , (1.23)

K(ext)
𝜕 ∶= ΠΠΠT ̄𝑆A ̄𝑆𝑆ΠΠΠ𝑆 . (1.24)

With K ̄𝑆 contracting A ̄𝑆 ̄𝑆 analogously on ̄𝑆, each entry of the internal block
K𝑆 evaluates to the explicit double sum:

(𝐾𝑆)𝛼𝛽 ≡ 𝐾𝛼𝛽 = ∑
𝑖∈𝑆

∑
𝑗∈𝑆

(Π𝑆)𝑖𝛼𝐴𝑖𝑗(Π𝑆)𝑗𝛽 . (1.25)

Because (Π𝑆)𝑖𝛼 selects whether vertex 𝑖 ∈ 𝑆 belongs to block 𝑆𝛼 , this matrix
congruence performs an exact census of relational links. Whenever the as-
signmentΠΠΠ is admissible—aligning with topological bottlenecks of the graph
so that each diagonal entry 𝐾𝛼𝛼 encapsulates an internally connected sub-
graphwhose internal equilibration outpaces boundary escape (characterised
by a spectral persistence ratio Ξ(𝑆𝛼 ) ≫ 1, defined in Section 2.3)—each diag-
onal block 𝐾𝛼𝛼 constitutes a Conservation-Congruent Encoding (CCE), func-
tioning as a metastable coarse-grained basin coupled to peer CCEs across
off-diagonal boundary couplings 𝐾𝛼𝛽 (𝛼 ≠ 𝛽).
The capacity matrix K provides the algebraic bridge connecting discrete re-
lational connectivity to continuous effective physics. Rather than acting as
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a heuristic convenience, K systematically generates effective and spacetime
geometry (Chapter 2 and Chapter 6), non-equilibrium dissipative dynamics
(Chapter 3), and substrate-neutral efficiency bounds across physical systems
(Chapter 7).

1.3.2 Internal Memory and Boundary Dissipation

Information is not a disembodied primitive in nature, but is brought into
physical existence by the non-injective coarse-grainingΠΠΠ (1.21) that projects
the elementary degrees of freedom of an embedded system 𝑆 ⊂ 𝑉 and its
ambient environment ̄𝑆 = 𝑉 ⧵ 𝑆 into coarse-grained equivalence classes. As
derived formally in Section 2.2, the block contraction (1.22) decomposes the
relational capacity incident to 𝑆 into two orthogonal sectors, namely the di-
agonal intra-basin memory matrix KΩ (counting internal links within each
coarse-grained block 𝑆𝛼 ) and the active boundary cut sector K𝜕 , compris-
ing the hollow off-diagonal transition matrix K(int)

𝜕 between internal blocks

alongside the external cut matrix K(ext)
𝜕 spanning 𝜕𝑆:

KΩ ∶= diag(𝐾11, … , 𝐾𝑀𝑀 ), (1.26)

K(int)
𝜕 ∶= K𝑆 − KΩ. (1.27)

Rather than an arbitrary algebraic split, this decomposition reflects the phys-
ical division between pooling fine-grained states within coarse-grained re-
gisters and coupling across transition and environmental boundaries.Within
K𝑆 , each diagonal entry 𝐾𝛼𝛼 (in links) counts the twice-traversed internal
edges 𝐸(𝑆𝛼 ) induced within coarse-grained basin 𝑆𝛼 , while each off-diagonal
entry𝐾𝛼𝛽 (𝛼 ≠ 𝛽 , in links) counts the inter-basin cut edges 𝐸(𝑆𝛼 , 𝑆𝛽). Comple-

mentarily, each entry of the external boundary block K(ext)
𝜕 (in links) counts

the boundary edges 𝐸( ̄𝑆𝜇 , 𝑆𝛼 ) spanning the boundary cut 𝜕𝑆 between envir-
onmental block ̄𝑆𝜇 and system block 𝑆𝛼 (Figure 1.3):

𝐾𝛼𝛼 = (KΩ)𝛼𝛼 = 2|𝐸(𝑆𝛼 )|, (1.28)

𝐾𝛼𝛽 = (K(int)
𝜕 )𝛼𝛽 = |𝐸(𝑆𝛼 , 𝑆𝛽)|, (1.29)

(K(ext)
𝜕 )𝜇𝛼 = |𝐸( ̄𝑆𝜇 , 𝑆𝛼 )|. (1.30)

Because the block-diagonal assignment ΠΠΠ assigns every internal and envir-
onmental vertex to a unique block without mixing across 𝜕𝑆, repartitioning
conserves both the internal edge budget |𝐸(𝑆)| and the external boundary
cut budget |𝜕𝑆|:

|𝐸(𝑆)| = 1
2

𝑀
∑
𝛼=1

𝐾𝛼𝛼 + ∑
1≤𝛼<𝛽≤𝑀

𝐾𝛼𝛽 , (1.31)

|𝜕𝑆| =
𝑀 ̄𝑆
∑
𝜇=1

𝑀
∑
𝛼=1

(K(ext)
𝜕 )𝜇𝛼 , (1.32)
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shifting fixed relational capacity between intra-basinmemory (KΩ) and trans-
ition cuts without creating or destroying physical relations. Normalising link
counts by the unit reference quantum 𝒬0 = 1 link and applying the natural
logarithm converts raw relational capacity in links into dimensionless in-
formational measures in nats. For each connected basin (𝐾𝛼𝛼 ≥ 2), taking
the natural logarithm of its normalised diagonal capacity defines its coarse-
graining depth 𝐼𝛼𝛼 (in nats), and summing across the 𝑀 operational blocks
defines the preserved structural capacity 𝐼rev (in nats, see Section 2.3):

𝐼𝛼𝛼 ∶= ln𝐾𝛼𝛼 , (1.33)

𝐼rev ∶=
𝑀
∑
𝛼=1

𝐼𝛼𝛼 =
𝑀
∑
𝛼=1

ln𝐾𝛼𝛼 . (1.34)

Equation (1.34) quantifies the static intra-basin link capacity bundled inside
the 𝑀 coarse-grained registers by ΠΠΠ𝑆 , which remains non-zero even in an
undriven passive equilibrium well requiring zero continuous maintenance
(in contrast to the active non-equilibrium displacement 𝐼rev,Ω introduced in
Section 1.3.3).

Because 𝐺 carries no background clock, sequential ordering, duration, and
irreversible dissipation emerge first on the discrete capacity network before
any continuum limit is taken. Along the slowest non-trivial spectral mode
𝜙𝜙𝜙time, unordered coarse-grained blocks foliate into sequential discrete slices
𝑆𝜏 (𝜏 ∈ {1, … , 𝑁𝜏 }), while internal memory capacity within KΩ generates
each slice’s intrinsic observer proper-time increment Δ𝜏nat(𝜏 ) (in nats), sum-
ming across slices to an intrinsic proper-time horizon 𝜏nat,𝑇 and normalising
against a stationary reference sub-block ̄𝑆ref ⊂ ̄𝑆 inside K to fix a shared ref-
erence horizon 𝑇 when comparing distinct systems (Section 2.5.1). Across se-
quential slices, internal links KΩ support lossless state circulation, whereas
unresolved transitions and unaligned perturbations across the two cut sec-
tors relax irreversibly. Relaxation across internal cuts K(int)

𝜕 incurs per-slice
internal dissipation Δ𝐼irr,Ω(𝜏 ) ≥ 0 (in nats, summing to 𝐼irr,Ω), while unre-

solved distinctions expelled across external boundary cutsK(ext)
𝜕 into ̄𝑆 incur

per-slice boundary dissipation Δ𝐼irr,𝜕(𝜏 ) ≥ 0 (in nats), summing across slices
to the dimensionless irreversible boundary dissipation 𝐼irr,𝜕 and decomposing
total dissipation 𝐼irr additively (Section 3.2.2):

𝐼irr,𝜕 ∶=
𝑁𝜏
∑
𝜏=1

Δ𝐼irr,𝜕(𝜏 ) ≥ 0, (1.35)

𝐼irr = 𝐼irr,Ω + 𝐼irr,𝜕 . (1.36)

In the large-capacity, fine-slice continuum limit (𝑁 ≫ 1, 𝐾𝛼𝛼 ≫ 1, 𝑁𝜏 ≫ 1),
projecting the𝑀 discrete basins onto their 𝑑𝑠 slowest collective modes via a
spectral coordinate map ΦΦΦ completes a two-stage coarse-graining (denoted
collectively by Φ) onto a spectral coordinate chartℳspec ≅ ℝ𝑑𝑠 (Section 2.5):

ℝ𝑁 ΠΠΠ𝑆−−−→ ℝ𝑀 ΦΦΦ−−→ ℳspec ≅ ℝ𝑑𝑠 . (1.37)



14 introduction

Lifting the spatial coordinates of ℳspec together with conjugate momenta
and coarse-grained logarithmic capacity 𝑆 onto the extended state mani-
fold 𝒵 along the emergent continuous time parameter 𝑡 ∈ [0, 𝑇 ] (metered
against a stationary reference sub-block ̄𝑆ref, and expressed in seconds when
̄𝑆ref serves as a physical reference oscillator), KΩ generates conservative

Hamiltonian transport while the internal and external cut sectors map onto
an additive friction cometric 𝕄 (Section 2.5 and Section 3.2.1):

̇𝑍 = 𝕁∇𝐻 +𝕄∇𝑆, (1.38)

𝕁∇𝑆 = 0, (1.39)

𝕄∇𝐻 = 0, (1.40)

where 𝐻 is the conserved dynamical invariant (total system energy in phys-
ical systems), 𝑆 is the coarse-grained logarithmic capacity (in nats), 𝕁 is
the antisymmetric Poisson operator, and 𝕄 is the symmetric positive semi-
definite friction cometric separating internal and boundary relaxation (𝕄Ω
and𝕄𝜕 ), with ̇𝑍 denoting differentiation along emergent time 𝑡 (Section 2.5.2).
Conservative mechanics and irreversible thermodynamics are thus not dis-
joint physical regimes, but the continuum expressions of the internal and
boundary sectors of a single underlying capacity network.

1.3.3 Comparing Physical Substrates in Common Units

Grounding internal memory and boundary dissipation in graph-theoretic
coarse-graining explains why physical information accounting is substrate-
independent. Semiconductor gates, biological membranes, and optical traps
do not differ in the algebraic structure of information, but in the physical
observables (voltages, ionic concentrations, or particle displacements on𝒵 )
and the coarse-grainingΠΠΠ that partitions underlying configurations into op-
erational states.

In experimental practice, an observer does not count individual links in 𝐺
directly, but infers capacity ratios and dissipation rates from measurable
barrier heights, escape rates, and heat fluxes. The dimensional conversion
factor between energetic measurables (in joules) and dimensionless inform-
ational quantities (in nats) is the substrate’s characteristic fluctuation scale
𝜃 (in J nat−1), given by thermal energy per nat 𝑘B𝑇th in thermal reservoirs
(approximately 4.1 × 10−21 J nat−1 at room temperature 𝑇th = 300K) or the
zero-point fluctuation scale ℎ𝜈/2 per nat for a quantum mode of frequency
𝜈 (in s−1, with Planck’s constant ℎ as in (1.5)). Alongside the passive coarse-
graining depth 𝐼𝛼𝛼 (1.33), 𝜃 relates energetic measurables to barrier isola-
tion, active internal structure, and boundary dissipation across substrates
(derived in Chapters 2 and 3). First, for coupled basins (𝐾𝛼𝛽 ≥ 1), the di-
mensionless barrier isolation depth Δ𝐼barrier,𝛼→𝛽 (in nats) measures the logar-
ithmic ratio of intra-basin capacity to inter-basin cut capacity (Section 2.3.1
and Section 2.5.2):

Δ𝐼barrier,𝛼→𝛽 ∶= ln (𝐾𝛼𝛼
𝐾𝛼𝛽

) ≈ ΔΦ𝛼→𝛽
𝜃 , (1.41)
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quantifying how strongly the pairwise energetic saddle barrier ΔΦ𝛼→𝛽 (in
joules, reserving unsubscripted ΔΦ for the system-level barrier in Chapter 3)
suppresses spontaneous transitions from basin 𝛼 to basin 𝛽 (𝐾𝛼𝛽 ≪ 𝐾𝛼𝛼 ).
Second, holding an internal state out of equilibrium at an energetic displace-
ment Δ𝑈neq ≥ 0 (in joules) above its passive relaxed baseline stores active
preserved internal structure 𝐼rev,Ω (in nats), while multiplying boundary dis-
sipation 𝐼irr,𝜕 (1.35) by 𝜃 calibrates the energy 𝑄 (in joules) dissipated across
𝜕𝑆 (Section 3.2.2):

𝐼rev,Ω ∶= Δ𝑈neq
𝜃 , (1.42)

𝑄 = 𝜃𝐼irr,𝜕 . (1.43)

Unlike the static topological capacity 𝐼rev (1.34), which counts passive intra-
basin links logarithmically regardless of driving, 𝐼rev,Ω vanishes at equilib-
rium (Δ𝑈neq = 0) and incurs ongoing internal dissipation (𝐼irr,Ω > 0) in (1.36)
when sustained against spontaneous relaxation. Conversely, in an isothermal
bath at 𝜃 = 𝑘B𝑇th, a binary reset expelling 𝐼irr,𝜕 ≥ ln 2 across 𝜕𝑆 recovers
Landauer’s heat bound (1.14) directly from (1.43).

Expressed in units of 𝜃 , disparate physical realisations become directly com-
parable without domain-specific empirical conventions. A passive equilib-
riumwell retains static basin multiplicity (𝐼rev > 0) with zero active displace-
ment (𝐼rev,Ω = 0) or maintenance dissipation (𝐼irr,Ω = 0) and approaches the
quasi-static Landauer limit at slow switching rates. An externally clocked
semiconductor gate trades orders of magnitude of excess boundary dissipa-
tion (𝐼irr,𝜕 ≫ ln 2) for deep barrier isolation and rapid relaxation, whereas an
excitable biological membrane operates closer to the thermal margin while
expending continuous metabolic work to sustain non-equilibrium internal
structure (𝐼rev,Ω > 0). Yet accounting for how a substrate stores and switches
distinctions only establishes the physical cost of information, not what a sys-
tem accomplishes with it. Distinguishing passive persistence or externally
driven switching from autonomous agency requires measuring how an open
system deploys that capacity to sustain its own stability.

1.4 measuring intell igence and consciousness

Classical communication theory restricted its scope to how information is
transferred across a channel, leaving aside what that information accom-
plishes once received. Moving from transmission to how information is used
within a physical system requires evaluating how an embedded system de-
ploys information tomaintain its stability in an uncertain environment.Meas-
uring intelligence and consciousness relates the physical stability a system
achieves to the internal structure and boundary dissipation required to sus-
tain it.

Unlike a passive object that persists solely through a static potential barrier,
an intelligent physical system operates far from equilibrium, continually up-
dating its internal state to counteract environmental perturbations andmain-
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tain its boundary. Because the underlying capacity balance splits orthogon-
ally into boundary cuts and internal structure, evaluating how efficiently
a system sustains its stability separates into two complementary measures:
intelligence (𝜒 ), the ratio of preserved stability to boundary cost, and con-
sciousness (𝜅), the ratio of preserved stability to internal model structure—
evaluated statically in links/link and across emergent time in nats/nat.
Mirroring the progression from static network topology to emergent dynam-
ics in Section 1.3, these two measures are evaluated in two complement-
ary formalisms across Chapter 2 and Chapter 3: static structural capacity
on a single slice of the discrete graph, and through-time operational effi-
ciency across an emergent sequence of slices and its continuum limit. On
a single slice perpendicular to 𝜙𝜙𝜙time, the intra-basin memory matrix KΩ, in-
ternal transition cut matrix K(int)

𝜕 , and external boundary cut matrix K(ext)
𝜕

in (1.22) and (1.27) occupy disjoint matrix coordinates. Evaluating their Euc-
lidean Frobenius norms defines the internal memory load 𝒬Ω and boundary
cut load 𝒬𝜕 (both in links):

‖X‖𝐹 ∶= √Tr(XTX), (1.44)

𝒬Ω ∶= ‖KΩ‖𝐹 , (1.45)

𝒬𝜕 ∶= √‖K(int)
𝜕 ‖2𝐹 + ‖K(ext)

𝜕 ‖2𝐹 . (1.46)

Meanwhile, the embedded subsystem 𝑆 possesses a partition-invariant total
relational capacity 𝒬total (in links) counting all relational link endpoints in-
cident to 𝑆 across its interior 𝐸(𝑆) and boundary cut 𝜕𝑆. Combining 𝒬Ω and
𝒬𝜕 in quadrature fixes the allocated structural capacity 𝒬alloc and the remain-
ing uncommitted free capacity 𝒬free (both in links):

𝒬total ∶= 2|𝐸(𝑆)| + |𝜕𝑆|, (1.47)

𝒬alloc ∶= √𝒬2Ω + 𝒬2𝜕 , (1.48)

𝒬free ∶= 𝒬total − 𝒬alloc ≥ 0. (1.49)

For open or multi-basin partitions with 𝒬𝜕 > 0 and 𝒬Ω > 0, dividing uncom-
mitted free capacity 𝒬free by 𝒬𝜕 and 𝒬Ω defines the dimensionless structural
intelligence 𝜒struct and structural consciousness 𝜅struct (both in links/link) and
their coupling identity (Section 2.4), measuring static architectural head-
room on a single slice:

𝜒struct ∶=
𝒬free

𝒬𝜕
, (1.50)

𝜅struct ∶=
𝒬free

𝒬Ω
, (1.51)

𝜒struct = 𝜅struct
𝒬Ω
𝒬𝜕

. (1.52)

Evaluating how a systemdeploys that headroom across emergent time tracks
an ordered sequence of 𝑁𝜏 spectral slices 𝜏 ∈ {1, … , 𝑁𝜏 } carrying intrinsic
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slice proper-time increments Δ𝜏nat(𝜏 ) (in nats), intrinsic proper-time hori-
zon 𝜏nat,𝑇 (in nats), and dimensionless normalised proper-time weights 𝑤𝜏
(Section 2.5.1):

𝜏nat,𝑇 ∶=
𝑁𝜏
∑
𝜏=1

Δ𝜏nat(𝜏 ), (1.53)

𝑤𝜏 ∶=
Δ𝜏nat(𝜏 )
𝜏nat,𝑇

. (1.54)

Notice that𝑤𝜏 remains invariantwhen slice durations are normalised against
an embedded reference sub-block ̄𝑆ref of constant slice proper time Δ𝜏ref de-
fining the shared reference horizon 𝑇 . On each viable slice with 𝒬free,𝜏 > 𝒬0
above the elementary unit link 𝒬0 ∶= 1 link, uncommitted free capacity
defines a logarithmic slice barrier in nats, and averaging across the 𝑁𝜏 slices
by 𝑤𝜏 defines the dimensionless through-time stability barrier Δ𝐼barrier,𝑇 (in
nats), calibrated in joules at substrate scale 𝜃 :

Δ𝐼barrier,𝑇 ∶=
𝑁𝜏
∑
𝜏=1

𝑤𝜏 ln(
𝒬free,𝜏
𝒬0

) , (1.55)

ΔΦ𝑇 ∶= 𝜃 Δ𝐼barrier,𝑇 . (1.56)

Whereas Δ𝐼barrier,𝛼→𝛽 in (1.41) measures the local barrier between two spe-
cific basins, Δ𝐼barrier,𝑇 measures global uncommitted reserve across the open
system as a whole, connected through multi-register capacity partitioning
(Section 2.4.2 and Section 3.3.1) to open-boundary persistence (Section 8.1.1)
while penalising transient bottlenecks where 𝒬free,𝜏 contracts towards 𝒬0.

Across the same 𝑁𝜏 slices over evaluation horizon 𝑇 (accumulating stand-
ardised observer proper time 𝜏𝑇 ), cumulative boundary dissipation 𝐼irr,𝜕,𝑇
evaluates (1.35) across the horizon, while proper-time-averaged preserved
internal structure 𝐼rev,Ω,𝑇 weights active slice structure 𝐼rev,Ω(𝜏 ) (in nats) by
𝑤𝜏 , passing in the fine-slice continuum limit to continuum horizon integrals
(Section 3.2.2):

𝐼irr,𝜕,𝑇 ∶=
𝑁𝜏
∑
𝜏=1

Δ𝐼irr,𝜕(𝜏 ), (1.57)

𝐼rev,Ω,𝑇 ∶=
𝑁𝜏
∑
𝜏=1

𝑤𝜏 𝐼rev,Ω(𝜏 ). (1.58)

Pairing Δ𝐼barrier,𝑇 against these two burdens (𝐼irr,𝜕,𝑇 > 0, 𝐼rev,Ω,𝑇 > 0) defines
the dimensionless through-time intelligence 𝜒𝑇 and consciousness 𝜅𝑇 (both in
nats/nat) and their coupling identity (Section 3.3.1):

𝜒𝑇 ∶= Δ𝐼barrier,𝑇
𝐼irr,𝜕,𝑇

, (1.59)

𝜅𝑇 ∶= Δ𝐼barrier,𝑇
𝐼rev,Ω,𝑇

, (1.60)

𝜒𝑇 = 𝜅𝑇
𝐼rev,Ω,𝑇
𝐼irr,𝜕,𝑇

. (1.61)



18 introduction

Multiplying 𝜒𝑇 and 𝜅𝑇 by the substrate scale 𝜃 expresses both efficiencies dir-
ectly in SI units (𝜃𝜒𝑇 and 𝜃𝜅𝑇 in J nat−1) without introducing a third formal-
ism. Distinguishing single-slice structural capacity (𝜒struct, 𝜅struct) frommulti-
slice and continuum operational efficiency (𝜒𝑇 , 𝜅𝑇 ) separates passive topo-
logical capacity from active predictive boundary alignment (Section 3.3.2),
preventing boundary stabilisation from being conflated with static graph
size, raw state retention, or gross power dissipation. Crucially, these struc-
tural and dynamical bounds govern not only a physical system under study,
but also any observer or model embedded within the same universe.

1.5 the fallacy of the platonic observer

In developing the capacity balance and operational metrics of Section 1.3 and
Section 1.4, it is tempting to picture an external analyst inspecting a target
subsystem 𝑆 ⊂ 𝑉 from outside the graph. Yet any scientific observer, meas-
uring instrument, or modelling agent is itself an open physical subsystem
governed by the same conservation laws and dissipation limits [105, 171].
Forgetting that the observer sits inside the physical substrate gives rise to
what we term the Platonic Observer Fallacy—drawing on Plato’s separation
of invariant Forms from changeable material instances, dramatised by the
allegory of the cave [134, Book VII, 514a–521b]. Its classic expression in phys-
ics and computation is Laplace’s demon, an idealised intellect assumed to re-
solve every underlying coordinate, preserve infinite historical records, and
compute future trajectories without occupying physical capacity, disturbing
the observed system, or expending physical resources.

The fallacy begins when this mathematical convenience is treated as a phys-
ically realisable point of view. A continuous variable or universal time para-
meter 𝑡 written in an equation appears instantly readable, indefinitely stable,
and accessible at arbitrary precision without a physical clock. An embedded
observer possesses none of these privileges. Resolving𝑀 distinct metastable
pointer blocks (each with connected internal capacity 𝐾𝛼𝛼 ≥ 2 links) and re-
setting an equiprobable𝑀-outcome register in an𝑀-to-1 temporal compres-
sion enforces linear scaling of preserved structural capacity (1.34) (in nats)
alongside logarithmic reset dissipation (in nats):

𝐼rev =
𝑀
∑
𝛼=1

ln𝐾𝛼𝛼 ≥ 𝑀 ln 2, (1.62)

𝐼irr,𝜕 ≥ ln𝑀. (1.63)

Passing to the continuum limit of infinitely fine state resolution (𝑀 → ∞)
drives both physical costs of the observer to diverge:

lim𝑀→∞ 𝐼rev = ∞, (1.64)

lim𝑀→∞ 𝐼irr,𝜕 = ∞. (1.65)

Tracking continuous coordinates at infinite precision would therefore de-
mand unbounded structural capacity and generate infinite reset dissipation.
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Formal existence on paper is not physical reality in matter. An equation may
remain mathematically well-defined where no embedded observer can store
the records or sustain the computation required to test, distinguish, or retain
its solutions.

Prediction and retrodiction along emergent time 𝑡 expose the temporal asym-
metry of this bound under the coarse-grained projection Φ (1.37). In the for-
ward direction (predictive dissipation), projecting a physical state forward
from an observation epoch 𝑡0 tracks trajectories against accumulating per-
turbations and boundary dissipation until the surviving predictive inform-
ation decays beneath the physical noise floor at a finite forward horizon
𝑡+Φ > 𝑡0 (Section 6.3.2). In the backward direction (retrodictive divergence),
reconstructing the past begins from records at 𝑡0 that have already bundled
many fine-grained histories into a single coarse-grained state through the
non-injective partition ΠΠΠ. Integrating backward (𝑡 < 𝑡0) causes the branch-
ing multiplicity of compatible past histories to grow until it saturates the
observer’s preserved capacity at a backward horizon 𝑡−Φ < 𝑡0 (Section 6.3.1),
beyond which reversing an equation cannot restore distinctions that the sur-
viving physical record no longer contains. Together, predictive dissipation
and retrodictive divergence confine physically supportable inference around
𝑡0 to a bounded emergent interval—the observer’s Epistemic Bubble:

𝒟Φ ∶= [𝑡−Φ , 𝑡+Φ ], (1.66)

−∞ < 𝑡−Φ ≤ 𝑡0 ≤ 𝑡+Φ < +∞, (1.67)

outside which forward signal attenuation (𝑡 > 𝑡+Φ ) or backward branching
overload (𝑡 < 𝑡−Φ ) exceeds the physical capacity of the observer (Chapter 4
and Chapter 6).

Recognising embedded limits reshapes scientific modelling across scales. At
the quantum level, finite observer capacity restricts what can be empirically
certified about universal reversibility. As Chapter 4 shows (Section 4.1.1 and
Theorem 4.1), a quantum or physical measurement exists operationally only
when a coarse-grained projection stabilises a durable record in a finite phys-
ical substrate. Because an embedded detector has boundedmemory (𝐼rev) and
must eventually be reset at non-zero dissipative cost (𝐼irr,𝜕 > 0), no internal
observer can record the global degrees of freedom required to empirically
certify exact reversibility across the universe as a whole.

Extended to cosmological horizons, the same idealisation turns the limits
of equations into apparent limits of reality. Unrestricted extrapolation to-
wards a Big Bang singularity or an infinite heat-death future tacitly assumes
an external spectator with infinite informational bandwidth and zero noise.
Chapter 6 (Section 6.3 and Section 6.3.2) instead identifies these limits as the
operational boundaries of𝒟Φ, where incoming causal congruences saturate
the observer’s retrodictive capacity or outgoing signals dissolve beneath the
noise floor.

Finally, within computation and artificial intelligence, the Platonic fallacy
treats algorithms as disembodied Turing machines operating on cost-free
symbols or infinite-precision real numbers (Chapter 7). Abstracting away
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the substrate obscures that every logical transformation consumes uncom-
mitted capacity (𝒬free), requires maintained internal structure (𝐼rev,Ω,𝑇 ), and
expels boundary dissipation (𝐼irr,𝜕,𝑇 ). Returning to the challenge posed at
the outset of this chapter, intelligence and alignment cannot be reduced
to disembodied benchmark scores or syntactic rule-following, because they
are physical stability properties of embedded systems governed by 𝜒𝑇 and
𝜅𝑇 within shared material constraints (Chapters 8–10). With this embedded
foundation in place, we turn to the structure of the monograph.

1.6 how to read this book

This monograph develops the theory across four cumulative parts, taking
Conservation-Congruent Encoding (CCE) as its unifying construct so that
every chapter accounts for which fine-grained distinctions are preserved or
erased, which conserved quantities cross the system boundary, and hownon-
equilibrium flows secure operational stability against noise. In Part I (The
Foundations of Intelligence), Chapter 2 derives the discrete capacity network,
orthogonal capacity ledger, emergent spectral geometry and curvature, and
continuousmetriplectic flow from an unweighted relational graph. Chapter 3
then couples CCEs across open boundaries to formalise driven viability bar-
riers, the operational metrics of intelligence (𝜒 ) and consciousness (𝜅), cut
internalisation, and multi-system stability. Part II (The Epistemic Lens of In-
telligence) applies these observational limits across levels of coarse-graining.
Chapter 4 formalises how unresolved degrees of freedom map onto stable
coarse-grained records and quantummeasurements, Chapter 5 ascends from
fundamental particles to macromolecular observables via topological graph
Laplacians and environmental path integrals, and Chapter 6 projects these
capacity bounds outward into emergent spacetime geometry and cosmolo-
gical horizons.

Parts III and IV extend this physical foundation to synthetic, biological, and
civilisational systems. In Part III (Engineering Intelligence), Chapter 7 and
Chapter 8 investigate continuous dynamical computation beyond discrete
Boolean logic, non-Euclidean hardware topologies, and the physical con-
tainment of artificial agency. In Part IV (Human Intelligence), Chapter 9 and
Chapter 10 turn the framework towards biological cognition and civilisa-
tional coordination, analysing the physical self-models of conscious systems,
the metering of intelligence as an economic utility, and the evolutionary
constraints of long-lived agency, before the Epilogue reflects on the risks
and promise of artificial intelligence for humanity’s future. Readers focusing
on foundational physics should proceed through Parts I and II in sequence,
while those oriented towards hardware architecture and AI safety can move
from Part I to Part III, and those interested in biological cognition, conscious-
ness, andmacroeconomic stability can proceed directly from Part I to Part IV.
For reference across chapters, a unified Glossary of mathematical notation,
abbreviations, and core terms precedes the Bibliography at the end of the
book.



2
CON S E RVAT I ON - CONGRUEN T ENCOD I NG

This chapter formalises the Conservation-Congruent Encoding (CCE) frame-
work, deriving coarse-grained physical observables directly from the parti-
tioning of a discrete relational network. The framework enforces conserva-
tion because every relational coupling is partitioned without loss into in-
ternal state capacity, boundary interaction, or external environmental state,
and it is congruent because its operator projection preserves the symmetry
and algebraic structure of graph connectivity across levels of coarse-graining.
Standard physics and computation theory routinely commit the Platonic Ob-
server Fallacy by assuming continuous space, smooth phase spaces, and an
external time parameter as background containers. For an embedded system
possessing finite physical resources, however, such continuous containers
are unphysical idealisations. Physical substrates are modelled here not as
smooth continua, but as unweighted relational networks of discrete coup-
lings between elementary degrees of freedom.

Because an embedded observer cannot resolve every individual coupling, it
must group degrees of freedom into coarse-grained states represented by a
capacity matrix K. Under this coarse-graining, space, time, and dynamics
cease to be background containers and instead emerge from the structure of
the network. Effective distance between coarse-grained states reflects how
easily perturbations travel across the boundary links connecting them. An
arrow of time arises because each coarse-grained state pools many internal
couplings behind a narrow boundary cut, so once a transition mixes across
those internal couplings, the specific entry link can no longer be retraced.
In the continuum limit, state transitions across these boundary bottlenecks
recover standard continuous equations of motion, with transition barriers
set directly by the ratio of internal to boundary couplings.

An assignment matrix ΠΠΠ can partition the graph into arbitrary candidate
blocks, but only an admissible assignment yields a physical encoding. Un-
der an admissible assignment, each block with diagonal capacity 𝐾𝛼𝛼 in K
forms a Conservation-Congruent Encoding (CCE): a connected subgraphwith
non-empty internal support (Axiom I: Topological Resolvability), internal
connectivity that dominates its boundary cut across an operational window
(Axiom II: Structural Persistence), and lossless coupling accounting under
congruent projection (Axiom III: Conservation Congruence). Starting from
the unweighted relational graph and its open boundary cut (Section 2.1), we
construct the congruent operator compression (Section 2.2), formalise the
CCE axioms and multiscale coarsening (Section 2.3), establish the Capacity
Ledger and free capacity reserve (Section 2.4), and derive how the spectral
decomposition and algebraic curvature of K generate emergent spacetime
coordinates and continuous metriplectic dynamics (Section 2.5).

21
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2.1 the relational substrate

Standard statistical mechanics posits a continuous phase space, a smooth
spatial manifold, and an external time parameter [47, 68]. Before continu-
ous metrics or coarse-grained properties can be defined, however, under the
present theory physical reality at the foundational graph level consists of an
unweighted network of elementary couplings between discrete degrees of
freedom.

2.1.1 The Relational Graph

We model the underlying substrate as a connected, finite, undirected, un-
weighted relational graph

𝐺 = (𝑉 , 𝐸), (2.1)

where 𝑉 = {1, 2, … , 𝑁𝑉 } (𝑁𝑉 ∶= |𝑉 |) is the set of elementary degrees of free-
dom and 𝐸 is the set of active binary couplings between distinct vertices. The
network topology is represented by the symmetric binary adjacency matrix
A ∈ {0, 1}𝑁𝑉 ×𝑁𝑉 , whose entries equal 1 for coupled pairs {𝑖, 𝑗} ∈ 𝐸 and 0 oth-
erwise, with zero diagonal entries. Summing the couplings incident to each
vertex defines the diagonal vertex degree matrix D and the combinatorial
graph Laplacian L ∈ ℤ𝑁𝑉 ×𝑁𝑉 :

𝑑𝑖 ≡ deg𝐺(𝑖) ∶= ∑
𝑘∈𝑉

𝐴𝑖𝑘 , (2.2)

D ∶= diag(𝑑𝑖)𝑁𝑉𝑖=1, (2.3)

L ∶= D − A. (2.4)

The degree operator D records the local relational volume at each vertex
(writing deg𝐺(𝑖)whenever a concrete numeric vertex index is evaluated along-
side coarse-grained block degrees), while the Laplacian L measures rela-
tional differences across coupled neighbours.

While 𝐺 = (𝑉 , 𝐸) specifies the connectivity of the substrate, describing or
probing states across the network requires assigning a real scalar value 𝑥𝑖 ∈
ℝ to each vertex 𝑖 ∈ 𝑉 . Each elementary degree of freedom 𝑖 ∈ 𝑉 corresponds
to an orthogonal standard basis vector e𝑖 ∈ ℝ𝑁𝑉 representing a unit weight
localised at vertex 𝑖, so a general vector x = (𝑥1, … , 𝑥𝑁𝑉 )T ∈ ℝ𝑁𝑉 defines
a discrete scalar field across the vertices. Depending on how the graph is
probed, x may represent a binary indicator vector 1𝐴 ∈ {0, 1}𝑁𝑉 marking
whether each vertex belongs to a candidate subset 𝐴 ⊂ 𝑉 , or a continuous
distribution of nodal amplitudes, occupation weights, or potentials across
the graph. Acting with L on any such vertex state vector x ∈ ℝ𝑁𝑉 compares
each vertex value against those of its coupled neighbours:

(Lx)𝑖 = 𝑑𝑖𝑥𝑖 −∑
𝑗∈𝑉

𝐴𝑖𝑗𝑥𝑗 = ∑
𝑗∶{𝑖,𝑗}∈𝐸

(𝑥𝑖 − 𝑥𝑗). (2.5)
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In (2.5), the 𝑖-th component of Lx sums the differences between 𝑥𝑖 and its
directly coupled neighbours, measuring the net outward flux leaving vertex
𝑖.
Contracting (2.5) with xT sums the squared difference (𝑥𝑖 − 𝑥𝑗)2 over every
active coupling {𝑖, 𝑗} ∈ 𝐸, defining the discrete Dirichlet energy:

xTLx = 1
2 ∑
𝑖,𝑗∈𝑉

𝐴𝑖𝑗(𝑥𝑖 − 𝑥𝑗)2 = ∑
{𝑖,𝑗}∈𝐸

(𝑥𝑖 − 𝑥𝑗)2 ≥ 0. (2.6)

Equation (2.6) forms the discrete combinatorial precursor to the continuum
Dirichlet gradient norm. Physically, the Dirichlet energy measures the total
relational tension of the state x across the network, as coupled vertices carry-
ing equal values (𝑥𝑖 = 𝑥𝑗 ) are in local agreement and contribute zero whereas
coupled vertices carrying distinct values (𝑥𝑖 ≠ 𝑥𝑗 ) incur a positive mismatch
penalty (𝑥𝑖 − 𝑥𝑗)2 > 0.
Evaluating (2.5)–(2.6) on the global all-ones vector 1𝑉 ∈ {0, 1}𝑁𝑉 and on the
binary indicator vector 1𝐴 ∈ {0, 1}𝑁𝑉 of any proper vertex subset 𝐴 ⊂ 𝑉
yields two foundational identities:

L1𝑉 = 0, (2.7)

1T𝐴L1𝐴 = |𝜕𝐴|. (2.8)

On a connected graph, the uniform vector 1𝑉 assigns the same unit value
to every vertex so that all pairwise differences vanish, spanning the unique
zero-eigenvalue kernel (0 = 𝜆1 < 𝜆2) and expressing exact global closure
of the relational graph [57]. Conversely, on a proper subset indicator 1𝐴, all
edges internal to 𝐴 or external to 𝐴 connect equal entries and vanish from
the sum in (2.6), whereas every edge crossing between𝐴 and its complement
𝑉 ⧵ 𝐴 carries a unit difference 𝑥𝑖 − 𝑥𝑗 = ±1, so the Dirichlet energy counts
the exact number of boundary cut edges |𝜕𝐴|.

2.1.2 The Embedded Boundary Cut and Dirichlet Leakage

A physical detector, circuit, or organism is an embedded physical system, a
finite induced subgraph 𝐺[𝑆] = (𝑆, 𝐸(𝑆)) on 𝑁 ≡ 𝑁𝑆 ∶= |𝑆| vertices with
𝑁𝑆 ≪ 𝑁𝑉 , coupled to the external environment ̄𝑆 ∶= 𝑉 ⧵ 𝑆 of 𝑁 ̄𝑆 ∶= | ̄𝑆|
vertices. All interactions between the system 𝑆 and the environment ̄𝑆 must
traverse the boundary cut 𝜕𝑆:

𝑁𝑉 = 𝑁𝑆 + 𝑁 ̄𝑆 , (2.9)

𝜕𝑆 ∶= {{𝑖, 𝑗} ∈ 𝐸 ∶ 𝑖 ∈ 𝑆, 𝑗 ∈ ̄𝑆}. (2.10)

Summing the adjacency entries across and within 𝑆 counts the active bound-
ary cut couplings |𝜕𝑆| and the internal subgraph edges |𝐸(𝑆)|:

|𝜕𝑆| = ∑
𝑖∈𝑆

∑
𝑗∈ ̄𝑆

𝐴𝑖𝑗 , (2.11)

|𝐸(𝑆)| = 1
2 ∑
𝑖,𝑗∈𝑆

𝐴𝑖𝑗 . (2.12)
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Throughout this work, whenever an embedded subsystem 𝑆 ⊂ 𝑉 is the
primary object of analysis, we write 𝑁 ≡ 𝑁𝑆 (with 𝑀 denoting its coarse-
grained block count) for brevity.

Ordering the vertices as 𝑉 = (𝑆, ̄𝑆) partitions the adjacency, degree, and
Laplacian matrices into 2 × 2 block form:

A = (A𝑆𝑆 A𝑆 ̄𝑆
A ̄𝑆𝑆 A ̄𝑆 ̄𝑆

) , (2.13)

D = (D𝑆 0
0 D ̄𝑆

) , (2.14)

L = (L𝑆𝑆 L𝑆 ̄𝑆
L ̄𝑆𝑆 L ̄𝑆 ̄𝑆

) . (2.15)

For every vertex 𝑖 ∈ 𝑆, its total degree 𝑑𝑖 splits across the disjoint partition
𝑉 = 𝑆 ⊔ ̄𝑆 into its internal degree 𝑑(int)𝑖 (counting edges in 𝐸(𝑆)) and its
external boundary degree 𝑑(ext)𝑖 (counting cut edges in 𝜕𝑆):

𝑑𝑖 = ∑
𝑘∈𝑉

𝐴𝑖𝑘 = ∑
𝑗∈𝑆

𝐴𝑖𝑗
⏟⏟⏟⏟⏟⏟⏟
𝑑(int)𝑖

+ ∑
𝑗∈ ̄𝑆

𝐴𝑖𝑗
⏟⏟⏟⏟⏟⏟⏟
𝑑(ext)𝑖

= 𝑑(int)𝑖 + 𝑑(ext)𝑖 . (2.16)

Collecting these vertex degrees along the diagonal decomposes D𝑆 via the
block row sums A𝑆𝑆1𝑆 and A𝑆 ̄𝑆1 ̄𝑆 :

D𝑆 = D(int)
𝑆 + D(ext)

𝑆 , (2.17)

D(int)
𝑆 ∶= diag(A𝑆𝑆1𝑆), (2.18)

D(ext)
𝑆 ∶= diag(A𝑆 ̄𝑆1 ̄𝑆). (2.19)

Substituting (2.17) into the upper-left block L𝑆𝑆 = D𝑆 − A𝑆𝑆 separates the
open Dirichlet Laplacian L𝑆𝑆 into the isolated internal (Neumann) Laplacian
L(int)𝑆𝑆 of the induced subgraph 𝐺[𝑆] plus the diagonal boundary degree po-

tential D(ext)
𝑆 :

L𝑆𝑆 = D𝑆 − A𝑆𝑆 = (D(int)
𝑆 − A𝑆𝑆)⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

L(int)𝑆𝑆

+D(ext)
𝑆 = L(int)𝑆𝑆 + D(ext)

𝑆 . (2.20)

This degree split simultaneously partitions the system vertices 𝑆 into the
exposed boundary port set 𝑆𝜕 and the insulated interior core 𝑆Ω:

𝑆 = 𝑆𝜕 ⊔ 𝑆Ω, (2.21)

𝑆𝜕 ∶= {𝑖 ∈ 𝑆 ∶ 𝑑(ext)𝑖 > 0}, (2.22)

𝑆Ω ∶= {𝑖 ∈ 𝑆 ∶ 𝑑(ext)𝑖 = 0}. (2.23)

On the insulated core 𝑆Ω, the boundary potential D(ext)
𝑆 vanishes identically

and L𝑆𝑆 restricts to the interior sub-Laplacian LΩΩ.
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Because an open system couples to ̄𝑆 across 𝜕𝑆, the row sums of L𝑆𝑆 no
longer vanish on the boundary ports 𝑆𝜕 . Evaluating the quadratic form of
L𝑆𝑆 on any non-zero system vector x𝑆 ∈ ℝ𝑁 (corresponding to clamping
̄𝑆 to zero in (2.6)) separates the internal edge strain across 𝐸(𝑆) from the

boundary leakage penalty at 𝑆𝜕 :

xT𝑆L𝑆𝑆x𝑆 = xT𝑆L
(int)
𝑆𝑆 x𝑆 + xT𝑆D

(ext)
𝑆 x𝑆

= ∑
{𝑖,𝑗}∈𝐸(𝑆)

(𝑥𝑖 − 𝑥𝑗)2 +∑
𝑖∈𝑆𝜕

𝑑(ext)𝑖 𝑥2𝑖 > 0. (2.24)

Evaluating L𝑆𝑆 on the uniform system state 1𝑆 isolates the boundary port
degrees and total cut size:

L𝑆𝑆1𝑆 = D(ext)
𝑆 1𝑆 , (2.25)

1T𝑆L𝑆𝑆1𝑆 = ∑
𝑖∈𝑆𝜕

𝑑(ext)𝑖 = |𝜕𝑆| > 0. (2.26)

Whenever the induced subgraph 𝐺[𝑆] is connected and open (|𝜕𝑆| > 0), the
two sums in (2.24) cannot vanish simultaneously for x𝑆 ≠ 0, because the
internal strain sum vanishes only on spatially uniform vectors x𝑆 = 𝑐1𝑆 on
which the boundary sum evaluates to 𝑐2|𝜕𝑆| > 0 by (2.26). Consequently, L𝑆𝑆
is a strictly positive-definite Dirichlet Laplacian (L𝑆𝑆 > 0).

Strict positive-definiteness of L𝑆𝑆 governs the competing timescales of in-
ternal equilibration and boundary escape. Evaluating the Rayleigh–Ritz quo-
tient of L𝑆𝑆 on a single-vertex impulse e𝑖 and on the uniform system vector
1𝑆 bounds the ground leakage eigenvalue 𝜆1(L𝑆𝑆):

eT𝑖 L𝑆𝑆e𝑖 = 𝑑𝑖, (2.27)

0 < 𝜆1(L𝑆𝑆) ≤
1T𝑆L𝑆𝑆1𝑆
1T𝑆 1𝑆

= |𝜕𝑆|
|𝑆| . (2.28)

Open coupling across 𝜕𝑆 lifts the isolated zero mode into 𝜆1(L𝑆𝑆) > 0, setting
the rate at which unshielded vertex-level coherence leaks into ̄𝑆. Whereas
a perturbation localised at an individual vertex 𝑖 ∈ 𝑆 scatters at the full ver-
tex degree rate 𝑑𝑖, pooling amplitude uniformly across all |𝑆| vertices dilutes
the ground leakage bound by the system volume |𝑆| in (2.28). Comparing
the higher spectrum of L𝑆𝑆 against L(int)𝑆𝑆 via Weyl’s monotonicity theorem

(L𝑆𝑆 ≥ L(int)𝑆𝑆 ) bounds the diffusive mixing mode 𝜆2(L𝑆𝑆) from below and sets
the required persistence separation:

𝜆2(L𝑆𝑆) ≥ 𝜆2(L(int)𝑆𝑆 ) > 0, (2.29)

𝜆2(L𝑆𝑆)
𝜆1(L𝑆𝑆)

≫ 1. (2.30)

For 𝑆 to persist as a coherent entity rather than dissolving into ̄𝑆, internal
equilibration must outpace open leakage, requiring the spectral separation
in (2.30).
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Whereas L𝑆𝑆 describes open leakage when the environment ̄𝑆 is clamped
to zero, an unconstrained environment also feeds flux back across 𝜕𝑆. Be-
cause every connected component of ̄𝑆 couples across 𝜕𝑆 on the connected
graph 𝐺, the environmental Dirichlet block L ̄𝑆 ̄𝑆 is strictly positive-definite
(L ̄𝑆 ̄𝑆 > 0), and any boundary configuration x𝑆 ∈ ℝ𝑁 induces a unique source-
free harmonic relaxation profile x ̄𝑆 on ̄𝑆 in the partitioned Laplacian system
(2.15):

(L𝑆𝑆 L𝑆 ̄𝑆
L ̄𝑆𝑆 L ̄𝑆 ̄𝑆

) (x𝑆
x ̄𝑆
) = (Leffx𝑆

0
) , (2.31)

x ̄𝑆 = −L−1̄𝑆 ̄𝑆 L ̄𝑆𝑆x𝑆 . (2.32)

Substituting (2.32) into the upper block row of (2.31) via the Schur comple-
ment defines the environmental self-energy operator ΣΣΣenv and the effective
boundary Laplacian Leff (the discrete Dirichlet-to-Neumann operator across
𝜕𝑆, Figure 2.1):

ΣΣΣenv ∶= L𝑆 ̄𝑆L−1̄𝑆 ̄𝑆 L ̄𝑆𝑆 , (2.33)

Leff ∶= L𝑆𝑆 −ΣΣΣenv = L(int)𝑆𝑆 + D(ext)
𝑆 −ΣΣΣenv. (2.34)

Because the off-diagonal coupling block L𝑆 ̄𝑆 = −A𝑆 ̄𝑆 is supported solely on
the boundary ports 𝑆𝜕 , the symmetric positive semi-definite environmental
self-energy (return-flux) operator ΣΣΣenv ≥ 0 vanishes on the insulated core
𝑆Ω and acts exclusively on 𝑆𝜕 . Moreover, because global closure (2.7) implies
ΣΣΣenv1𝑆 = D(ext)

𝑆 1𝑆 , subtracting ΣΣΣenv cancels the boundary degree potential
on uniform states and restores the global zero mode (Leff1𝑆 = 0) at the cost
of coupling boundary vertices in 𝑆𝜕 non-locally through ̄𝑆. Facing finite in-
ternal resources (𝑁𝑆 ≪ 𝑁𝑉 ), narrow boundary bandwidth (|𝜕𝑆| ≪ 𝑁 ̄𝑆 ), and
continuous Dirichlet leakage (𝜆1(L𝑆𝑆) > 0), an embedded system cannot
store durable records in vulnerable individual vertices. To persist and com-
pute, it must partition its 𝑁 vertices into 𝑀 ≪ 𝑁 collective blocks {𝑆𝛼 }𝑀𝛼=1
whose internal equilibration outpaces boundary leakage.

example 2.1 (Dirichlet Leakage and Schur Complement). To establish a
single running example across the chapter, consider a nine-node relational
graph 𝐺 = (𝑉 , 𝐸) (𝑁𝑉 = 9, |𝐸| = 12) partitioned into an embedded six-node
dumbbell subsystem 𝑆 = {1, … , 6} (𝑁𝑆 = 6) and a three-node environmental
triangle ̄𝑆 = {7, 8, 9} (𝑁 ̄𝑆 = 3, Figure 2.1(a)). The internal subgraph 𝐺[𝑆]
consists of two triangles {1, 2, 3} and {4, 5, 6} joined by the bridge edge {3, 4}
(|𝐸(𝑆)| = 7), the environment 𝐺[ ̄𝑆] is a triangle on {7, 8, 9} (|𝐸( ̄𝑆)| = 3), and 𝑆
couples to ̄𝑆 across |𝜕𝑆| = 2 boundary cut edges {1, 7} and {6, 8}.
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(a) Nine-Node Relational Graph G

Subsystem S= {1, … , 6}

Bath ̄S= {7, 8, 9}

Insulated Core SΩ = {2, 3, 4, 5} (d (ext)
i = 0)

Boundary Cut ∂S (|∂S| = 2)

S∂

d (ext)
1 = 1

S∂

d (ext)
6 = 1

2

3 4

5

1 6

7 8

9

(b) Schur-Reduced Effective System Leff

Core SΩ: LΩΩ unchanged

Local return

Σ11 = 5
8

Local return

Σ66 = 5
8

Non-local bath coupling geff = Σ16 = 3
8

2

3 4

5

1 6

f igure 2.1: The nine-node running example and Dirichlet-to-Neumann Schur re-
duction (Example 2.1). (a) Relational graph 𝐺 = (𝑉 , 𝐸) (𝑁𝑉 = 9, |𝐸| =
12) partitioned into the six-node dumbbell subsystem 𝑆 = {1, … , 6}
(𝑁𝑆 = 6, comprising two triangles {1, 2, 3} and {4, 5, 6} joined by bridge
{3, 4}) and the three-node environmental bath ̄𝑆 = {7, 8, 9} (𝑁 ̄𝑆 = 3).
The diagonal boundary potential D(ext)

𝑆 = diag(1, 0, 0, 0, 0, 1) separates
𝑆 into the insulated interior core 𝑆Ω = {2, 3, 4, 5} (𝑑 (ext)𝑖 = 0, teal) and the
exposed boundary ports 𝑆𝜕 = {1, 6} (𝑑 (ext)𝑖 = 1, crimson) coupled across
|𝜕𝑆| = 2 cut edges {1, 7} and {6, 8}. (b) Schur-reduced effective system
Leff = L𝑆𝑆 − L𝑆 ̄𝑆L−1

̄𝑆 ̄𝑆 L ̄𝑆𝑆 on 𝑆. Eliminating ̄𝑆 leaves the core block LΩΩ
unchanged while returning 5/8 of leaked port flux locally (Σ11 = 5/8
and Σ66 = 5/8) and routing 3/8 non-locally across the bath between
ports 1 and 6 (𝑔eff = 3/8), restoring exact conservation Leff1𝑆 = 0.

Ordering the vertices of 𝑆 from 1 to 6, the 6 × 6 internal adjacency matrix
A𝑆𝑆 , isolated internal (Neumann) Laplacian L(int)𝑆𝑆 , and diagonal boundary

potential D(ext)
𝑆 take the explicit form:

A𝑆𝑆 =

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎝

0 1 1 0 0 0
1 0 1 0 0 0
1 1 0 1 0 0
0 0 1 0 1 1
0 0 0 1 0 1
0 0 0 1 1 0

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎠

, (2.35)

L(int)𝑆𝑆 =

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎝

2 −1 −1 0 0 0
−1 2 −1 0 0 0
−1 −1 3 −1 0 0
0 0 −1 3 −1 −1
0 0 0 −1 2 −1
0 0 0 −1 −1 2

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎠

, (2.36)

D(ext)
𝑆 = diag(1, 0, 0, 0, 0, 1). (2.37)

The diagonal boundary potentialD(ext)
𝑆 partitions 𝑆 into two exposed bound-

ary ports 𝑆𝜕 = {1, 6} and four insulated interior core vertices 𝑆Ω = {2, 3, 4, 5}
(𝑑(ext)𝑖 = 0). Adding D(ext)

𝑆 to L(int)𝑆𝑆 yields the open Dirichlet Laplacian L𝑆𝑆
(2.20). Evaluating the global closure and subset cut identities (2.7)–(2.8) on
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the 9 × 9 partitioned Laplacian L (2.15) for the global all-ones vector 1𝑉 and
the subsystem indicator 1𝐴 (𝐴 = 𝑆) verifies exact closure and boundary cut
counting (2.26):

L1𝑉 = (L𝑆𝑆 L𝑆 ̄𝑆
L ̄𝑆𝑆 L ̄𝑆 ̄𝑆

) (1𝑆
1 ̄𝑆
) = 09, (2.38)

L𝑆𝑆1𝑆 = −L𝑆 ̄𝑆1 ̄𝑆 = D(ext)
𝑆 1𝑆 = (1, 0, 0, 0, 0, 1)T, (2.39)

1T𝐴L1𝐴 = (1T𝑆 0T ̄𝑆) (
L𝑆𝑆 L𝑆 ̄𝑆
L ̄𝑆𝑆 L ̄𝑆 ̄𝑆

) (1𝑆
0 ̄𝑆
) = 1T𝑆L𝑆𝑆1𝑆 = |𝜕𝑆| = 2. (2.40)

On 1𝑉 , the outward row-sum leakage L𝑆𝑆1𝑆 at ports 1 and 6 is cancelled by
the environmental coupling block L𝑆 ̄𝑆1 ̄𝑆 , enforcing global closure. On the
subsystem indicator 1𝐴, clamping ̄𝑆 to zero projects L onto L𝑆𝑆 , as all seven
internal edges connect equal unit entries and vanish in L(int)𝑆𝑆 , leaving only
the two boundary cut edges {1, 7} and {6, 8}.
Comparing the single-port indicator 1{1} against the uniform subsystem state
1𝑆 then illustrates the spectral bounds (2.27)–(2.30):

1T{1}L1{1} = eT1L𝑆𝑆e1 = deg𝐺(1) = 3, (2.41)

0 < 𝜆1(L𝑆𝑆) = 2 − √3 ≈ 0.268 ≤
1T𝑆L𝑆𝑆1𝑆
1T𝑆 1𝑆

= |𝜕𝑆|
|𝑆| = 1

3 , (2.42)

𝜆2(L𝑆𝑆) ≈ 0.786 ≥ 𝜆2(L(int)𝑆𝑆 ) = 1
2(5 − √17) ≈ 0.438. (2.43)

Whereas an isolated vertex state at boundary port 1 scatters at rate deg𝐺(1) =
3, pooling vertices across 𝑆 suppresses the Rayleigh leakage quotient nine-
fold, separating the open escape mode 𝜆1(L𝑆𝑆) from the internal inter-lobe
Fiedler mixing mode 𝜆2(L𝑆𝑆) by the spectral ratio 𝜆2(L𝑆𝑆)/𝜆1(L𝑆𝑆) ≈ 2.93
(and scaling internal block volume |𝑆| ≫ |𝜕𝑆| suppresses 𝜆1(L𝑆𝑆) arbitrarily
further while preserving internal connectivity). Finally, inverting the envir-
onmental block L ̄𝑆 ̄𝑆 on ̄𝑆 = {7, 8, 9} yields the Schur return-flux operatorΣΣΣenv
on 𝑆𝜕 = {1, 6}:

L ̄𝑆 ̄𝑆 =
⎛
⎜⎜
⎝

3 −1 −1
−1 3 −1
−1 −1 2

⎞
⎟⎟
⎠
, (2.44)

L−1̄𝑆 ̄𝑆 = 1
8
⎛
⎜⎜
⎝

5 3 4
3 5 4
4 4 8

⎞
⎟⎟
⎠
, (2.45)

ΣΣΣenv|{1,6} = (L𝑆 ̄𝑆L−1̄𝑆 ̄𝑆 L ̄𝑆𝑆){1,6} =
1
8 (

5 3
3 5) . (2.46)

The Schur return matrix (2.46) shows that for any flux leaking from port 1
into ̄𝑆, a fraction 5/8 reflects locally back to port 1 while the remaining 3/8
traverses the bath triangle {7, 8, 9} to enter port 6 (Figure 2.1(b)), summing to
𝑑(ext)1 = 1, cancelling D(ext)

𝑆 1𝑆 , and restoring exact conservation Leff1𝑆 = 0
in (2.34). ♢
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2.2 congruent compress ion

On the bare relational graph 𝐺 = (𝑉 , 𝐸) of Section 2.1, physical reality con-
sists solely of unweighted vertices and elementary couplings, and informa-
tion does not yet exist as a distinct physical quantity. Because an embed-
ded subsystem 𝑆 ⊂ 𝑉 possesses bounded internal resources (𝑁𝑆 ≪ 𝑁𝑉 )
and suffers continuous Dirichlet leakage across its open boundary 𝜕𝑆 (Sec-
tion 2.1.2), it can neither resolve the full graph nor store durable records in
individual vertices. Coarse-graining 𝑉 = (𝑆, ̄𝑆) into collective equivalence
classes defines information and constitutes the embedded observer as an
information-processing system. By bundling many indistinguishable vertex
configurations into each collective block, the system trades vertex-level res-
olution for coarse-grained stability, forming addressable registers capable of
maintaining records and transforming signals.

Formalising this coarse-graining requires distinguishing how a partition acts
on state vectors versus graph operators, because vertex states carry a single
node index whereas network couplings connect pairs of nodes. A state vec-
tor assigns a single value to each vertex, so coarse-graining it is a linear
operation that averages the vertex values within each block into a single
block reading while discarding the fine-grained variations inside the block
(Section 2.2.1). A graph operator, by contrast, is a bilinear map that acts on
pairs of vertices to count couplings andmeasure relational differences across
links. Because every link has two endpoints, coarse-graining a graph oper-
ator must group both endpoints at once, summing—rather than averaging—
all couplings whose endpoints land in the same block into that register’s in-
ternal capacity, and all couplings whose endpoints land in different blocks
into the channels connecting them (Section 2.2.2).

2.2.1 The Assignment, Restriction, and Projection Operators

Coarse-graining the open subsystem 𝑆 ⊂ 𝑉 partitions its 𝑁 ≡ 𝑁𝑆 vertices
into 𝑀 (𝑀 < 𝑁 ) non-empty, mutually disjoint blocks {𝑆𝛼 }𝑀𝛼=1, where each
block induces a subgraph 𝐺[𝑆𝛼 ] = (𝑆𝛼 , 𝐸(𝑆𝛼 )) of vertex count 𝑁𝛼 ∶= |𝑆𝛼 | ≥ 1.
This partition 𝑆 = ⨆𝑀

𝛼=1 𝑆𝛼 is encoded algebraically by the binary assignment
matrix ΠΠΠ𝑆 ∈ {0, 1}𝑁𝑆×𝑀 (written ΠΠΠ ≡ ΠΠΠ𝑆 when restricted to 𝑆), whose 𝛼-th
column 𝜋𝜋𝜋𝛼 ∶= ΠΠΠ𝑆e𝛼 ∈ {0, 1}𝑁 is the indicator vector of block 𝑆𝛼 with entry
Π𝑖𝛼 = 1 if 𝑖 ∈ 𝑆𝛼 and 0 otherwise:

ΠΠΠ𝑆1𝑀 =
𝑀
∑
𝛼=1

𝜋𝜋𝜋𝛼 = 1𝑆 , (2.47)

𝜋𝜋𝜋T𝛼𝜋𝜋𝜋𝛽 = 𝑁𝛼𝛿𝛼𝛽 , (2.48)

MΠΠΠ ∶= ΠΠΠT𝑆ΠΠΠ𝑆 = diag(𝑁1, … , 𝑁𝑀 ). (2.49)

Each column 𝜋𝜋𝜋𝛼 identifies the vertices belonging to coarse-grained block
𝑆𝛼 . Because every vertex in 𝑆 is assigned to exactly one block—with no ver-
tex omitted and no two blocks overlapping—the indicator columns sum to



30 conservation-congruent encoding

the all-ones vector 1𝑆 in (2.47) and are mutually orthogonal in (2.48)–(2.49).
Since every block is also non-empty (𝑁𝛼 ≥ 1), the diagonal block-size matrix
MΠΠΠ simply records the vertex count of each block and is strictly positive-
definite and invertible.

For an embedded system interacting with its surroundings across 𝜕𝑆, the
internal partitionΠΠΠ𝑆 is paired with an environmental assignment matrixΠΠΠ ̄𝑆
that groups the 𝑁 ̄𝑆 vertices of the external bath ̄𝑆 = 𝑉 ⧵ 𝑆 into 𝑀 ̄𝑆 disjoint
environmental blocks { ̄𝑆𝜇}𝑀 ̄𝑆𝜇=1. Across the partitioned graph 𝑉 = (𝑆, ̄𝑆), these
two mappings combine into the block-diagonal assignment matrix ΠΠΠ:

ΠΠΠ ∶= (ΠΠΠ𝑆 0
0 ΠΠΠ ̄𝑆

) . (2.50)

The off-diagonal zero blocks in (2.50) ensure that the coarse-graining re-
spects the boundary cut 𝜕𝑆, since internal blocks 𝑆𝛼 ⊂ 𝑆 are formed exclus-
ively from vertices of 𝑆 and cannot include external vertices 𝑗 ∈ ̄𝑆, nor can
environmental blocks ̄𝑆𝜇 ⊂ ̄𝑆 include vertices of 𝑆.
On the subsystem graph 𝐺[𝑆], mapping state vectors between the coarse-
grained block space ℝ𝑀 and the vertex space ℝ𝑁 begins with the assignment
matrix ΠΠΠ𝑆 and its transpose ΠΠΠT𝑆 . For any block state vector z𝑆 ∈ ℝ𝑀 , vertex
state vector x𝑆 ∈ ℝ𝑁 , and vertex 𝑖 ∈ 𝑆𝛼 , their actions are given by:

(ΠΠΠ𝑆z𝑆)𝑖 = 𝑧𝑆,𝛼 , (2.51)

(ΠΠΠT𝑆x𝑆)𝛼 = 𝜋𝜋𝜋T𝛼x𝑆 = ∑
𝑖∈𝑆𝛼

𝑥𝑖. (2.52)

Acting from coarse to fine (ℝ𝑀 → ℝ𝑁 ), the lift operator ΠΠΠ𝑆 broadcasts each
block value 𝑧𝑆,𝛼 uniformly across all 𝑁𝛼 vertices of 𝑆𝛼 . Acting from fine to
coarse (ℝ𝑁 → ℝ𝑀 ), the transposeΠΠΠT𝑆 takes the inner product with each indic-
ator column 𝜋𝜋𝜋𝛼 to compute the extensive sum of vertex values inside block
𝑆𝛼 . Because blocks vary in size, applyingΠΠΠT𝑆 to a lifted stateΠΠΠ𝑆z𝑆 multiplies
each block value 𝑧𝑆,𝛼 by its vertex count 𝑁𝛼 rather than recovering z𝑆 .

Pre-multiplyingΠΠΠT𝑆 by the inverse block-size matrixM−1
ΠΠΠ divides each block

sum by 𝑁𝛼 , defining the fine-to-coarse restriction operator RΠΠΠ and its block-
averaging action:

RΠΠΠ ∶= M−1
ΠΠΠ ΠΠΠT

𝑆 ∈ ℝ𝑀×𝑁 , (2.53)

(RΠΠΠx𝑆)𝛼 = 1
𝑁𝛼

∑
𝑖∈𝑆𝛼

𝑥𝑖 =∶ 𝑧𝑆,𝛼 . (2.54)

WhereasΠΠΠT𝑆 tallies the extensive block sum, RΠΠΠ extracts the intensive block
average 𝑧𝑆,𝛼 in (2.53)–(2.54), forming the coarse-grained block state vector
z𝑆 = RΠΠΠx𝑆 ∈ ℝ𝑀 . Because averaging a state that is already constant across
each block recovers the block state itself, RΠΠΠ is the exact left inverse of ΠΠΠ𝑆
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(so RΠΠΠ1𝑆 = 1𝑀 ) and maps any vertex subset indicator 1𝐴 ∈ {0, 1}𝑁 (𝐴 ⊆ 𝑆)
to its fractional block occupancies:

RΠΠΠΠΠΠ𝑆 = I𝑀 , (2.55)

(RΠΠΠ1𝐴)𝛼 = |𝐴 ∩ 𝑆𝛼 |
𝑁𝛼

. (2.56)

WhereasRΠΠΠΠΠΠ𝑆 = I𝑀 is the identity on the𝑀-dimensional block space, com-
posing the two operators in the reverse order on ℝ𝑁—first restricting a state
to its 𝑀 block averages via RΠΠΠ and then lifting those averages back to the
𝑁 vertices via ΠΠΠ𝑆—discards intra-block variations whenever 𝑀 < 𝑁 . This
composition defines the coarse-graining projector PΠΠΠ ∈ ℝ𝑁×𝑁 :

PΠΠΠ ∶= ΠΠΠ𝑆RΠΠΠ = ΠΠΠ𝑆M−1
ΠΠΠ ΠΠΠT

𝑆 , (2.57)

P2ΠΠΠ = PΠΠΠ = PTΠΠΠ, (2.58)

Tr(PΠΠΠ) = 𝑀. (2.59)

In (2.57)–(2.59), the left-inverse relation RΠΠΠΠΠΠ𝑆 = I𝑀 immediately renders
PΠΠΠ idempotent, while the diagonal symmetry ofM−1

ΠΠΠ ensures that PΠΠΠ is self-
adjoint. By cyclic permutation of the trace, Tr(PΠΠΠ) equals Tr(I𝑀 ) and thus
PΠΠΠ has rank 𝑀 , projecting ℝ𝑁 orthogonally onto the 𝑀-dimensional sub-
space im(PΠΠΠ) = im(ΠΠΠ𝑆) of resolved block-constant states.

Subtracting PΠΠΠ from the identity on ℝ𝑁 defines its orthogonal complement,
the residual fluctuation projector QΠΠΠ ∈ ℝ𝑁×𝑁 :

QΠΠΠ ∶= I𝑁 − PΠΠΠ, (2.60)

PΠΠΠQΠΠΠ = 0, (2.61)

im(QΠΠΠ) = ker(RΠΠΠ). (2.62)

By construction, QΠΠΠ in (2.60)–(2.62) is a symmetric orthogonal projector of
rank Tr(QΠΠΠ) = 𝑁 − 𝑀 that annihilates PΠΠΠ and spans the unresolved kernel
ker(RΠΠΠ) of states invisible to RΠΠΠ.

Together, PΠΠΠ andQΠΠΠ induce an orthogonal direct-sum decomposition of the
vertex space ℝ𝑁 , splitting any vertex state vector x𝑆 ∈ ℝ𝑁 into a resolved
coarse-grained component and an unresolved fluctuation component anni-
hilated by RΠΠΠ:

ℝ𝑁 = im(PΠΠΠ) ⊕ im(QΠΠΠ), (2.63)

x𝑆 = PΠΠΠx𝑆 + QΠΠΠx𝑆 , (2.64)

RΠΠΠQΠΠΠx𝑆 = 0. (2.65)

Evaluated at any vertex 𝑖 ∈ 𝑆𝛼 , the two projected components take the entry-
wise form:

(PΠΠΠx𝑆)𝑖 = 𝑧𝑆,𝛼 , (2.66)

(QΠΠΠx𝑆)𝑖 = 𝑥𝑖 − 𝑧𝑆,𝛼 . (2.67)



32 conservation-congruent encoding

Equations (2.63)–(2.67) make the physical meaning of the projector split
transparent, as on each block 𝑆𝛼 , PΠΠΠx𝑆 replaces every vertex entry 𝑥𝑖 (𝑖 ∈ 𝑆𝛼 )
with the block mean 𝑧𝑆,𝛼 , whereas QΠΠΠx𝑆 isolates the zero-sum intra-block
deviation 𝑥𝑖 − 𝑧𝑆,𝛼 whose block average vanishes under RΠΠΠ.

Because PΠΠΠ andQΠΠΠ are mutually orthogonal and self-adjoint, the cross-term
(PΠΠΠx𝑆)T(QΠΠΠx𝑆) vanishes identically, yielding the Pythagorean variance de-
composition of the squared Euclidean norm ‖x𝑆 ‖22:

‖x𝑆 ‖22 = ‖PΠΠΠx𝑆 ‖22 + ‖QΠΠΠx𝑆 ‖22 =
𝑀
∑
𝛼=1

𝑁𝛼𝑧2𝑆,𝛼 +
𝑀
∑
𝛼=1

∑
𝑖∈𝑆𝛼

(𝑥𝑖 − 𝑧𝑆,𝛼 )2. (2.68)

In (2.68), the total squared norm of x𝑆 separates without cross-terms into
the resolved between-block mean energy ‖PΠΠΠx𝑆 ‖22 (weighted by the block
sizes 𝑁𝛼 ) plus the unresolved intra-block variance ‖QΠΠΠx𝑆 ‖22 concealed inside
ker(RΠΠΠ). Across the full partition (2.50), restriction and orthogonal projec-
tion act block-diagonally across 𝑆 and ̄𝑆 via RΠΠΠ𝑆 and RΠΠΠ ̄𝑆 . When an em-
bedded observer resolves only 𝑆 ⊂ 𝑉 while leaving ̄𝑆 unobserved, its par-
tial assignment on 𝑉 = (𝑆, ̄𝑆) factors through the vertex-inclusion matrix
ΠΠΠ0 ∶= (I𝑆 , 0)T ∈ {0, 1}𝑁𝑉 ×𝑁 as Π̃ΠΠ𝑆 ∶= ΠΠΠ0ΠΠΠ𝑆 , splitting the global residual
projector orthogonally across 𝑆 and ̄𝑆:

QΠ̃ΠΠ𝑆
∶= I𝑁𝑉 − Π̃ΠΠ𝑆M−1

ΠΠΠ Π̃ΠΠT
𝑆 = diag(QΠΠΠ𝑆 , I ̄𝑆). (2.69)

Equation (2.69) decomposes an embedded observer’s unresolved subspace
into intra-block fluctuations im(QΠΠΠ𝑆 ) inside 𝑆 and external environmental
modes on ̄𝑆.

example 2.2 (Assignment and State Projection). Partition the open six-
node dumbbell subsystem 𝑆 = {1, … , 6} of Example 2.1 (𝑁𝑆 = 6, Figure 2.1)
into 𝑀 = 2 disjoint three-node blocks 𝑆1 = {1, 2, 3} and 𝑆2 = {4, 5, 6} of
equal size 𝑁𝛼 = 3 (𝛼 ∈ {1, 2}), paired across 𝜕𝑆 with a single coarse-grained
environmental block ̄𝑆1 = {7, 8, 9} (𝑁 ̄𝑆 = 3, 𝑀 ̄𝑆 = 1, ΠΠΠ ̄𝑆 = 13). Collecting the
block-indicator columns 𝜋𝜋𝜋1 and 𝜋𝜋𝜋2 defines the assignment matrix ΠΠΠ𝑆 , the
block-size matrixMΠΠΠ, and the fine-to-coarse restriction operator RΠΠΠ (2.47)–
(2.54):

ΠΠΠ𝑆 =

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎝

1 0
1 0
1 0
0 1
0 1
0 1

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎠

, (2.70)

MΠΠΠ = (3 0
0 3) , (2.71)

RΠΠΠ = 1
3 (

1 1 1 0 0 0
0 0 0 1 1 1) . (2.72)
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ComposingΠΠΠ𝑆 andRΠΠΠ via (2.57)–(2.60) yields the orthogonal block-averaging
and residual fluctuation projectors on ℝ6:

PΠΠΠ = 1
3 (

13×3 03×3
03×3 13×3

) , (2.73)

QΠΠΠ = 1
3 (

3I3 − 13×3 03×3
03×3 3I3 − 13×3

) . (2.74)

For a non-uniform vertex state x𝑆 = (4, 1, 1, 0, 3, 6)T on ℝ6, these operators
evaluate to:

z𝑆 = RΠΠΠx𝑆 = (2, 3)T, (2.75)

PΠΠΠx𝑆 = (2, 2, 2, 3, 3, 3)T, (2.76)

QΠΠΠx𝑆 = (2, −1, −1, −3, 0, 3)T. (2.77)

On x𝑆 , the restriction operator RΠΠΠ divides each block sum by 𝑁𝛼 = 3 to
extract the resolved register coordinates z𝑆 = (𝑧𝑆,1, 𝑧𝑆,2)T, PΠΠΠ lifts z𝑆 into
the two-dimensional block-constant subspace im(PΠΠΠ) ⊂ ℝ6, and QΠΠΠ isolates
the orthogonal four-dimensional subspace im(QΠΠΠ) = ker(RΠΠΠ) of zero-sum
intra-triangle fluctuations (RΠΠΠQΠΠΠx𝑆 = 02) that the coarse-grained observer
cannot resolve. ♢

2.2.2 The Capacity Matrix and Capacity Laplacian

Whereas restricting a vertex state vector via RΠΠΠ divides by 𝑁𝛼 to average
vertex values within each block, compressing bilinear graph operators must
tally every relational edge within and between blocks without dividing by
𝑁𝛼 , preserving matrix symmetry when 𝑁𝛼 ≠ 𝑁𝛽 . Evaluating the quadratic
form of any vertex-level operator O on block-uniform statesΠΠΠ𝑆z𝑆 ∈ im(PΠΠΠ)
forces the operator to contract via the unnormalised matrix congruence 𝒞ΠΠΠ𝑆
(corresponding to a piecewise-constant Bubnov–Galerkin projection in nu-
merical analysis) on 𝑆 (and 𝒞ΠΠΠ across 𝑉 = (𝑆, ̄𝑆)):

(ΠΠΠ𝑆z𝑆)TO(ΠΠΠ𝑆z𝑆) = zT𝑆 (ΠΠΠT
𝑆OΠΠΠ𝑆)z𝑆 , (2.78)

𝒞ΠΠΠ𝑆 (O) ∶= ΠΠΠT𝑆OΠΠΠ𝑆 , (2.79)

𝒞ΠΠΠ(O) ∶= ΠΠΠTOΠΠΠ. (2.80)

For an open observer resolving only 𝑆 ⊂ 𝑉 via Π̃ΠΠ𝑆 = ΠΠΠ0ΠΠΠ𝑆 (2.69), congruence
with the vertex inclusion ΠΠΠ0 extracts the subsystem block 𝒞𝑆 and factors
coarse-graining across 𝜕𝑆:

𝒞𝑆(O) ∶= ΠΠΠT0OΠΠΠ0 = O𝑆𝑆 , (2.81)

𝒞Π̃ΠΠ𝑆
(O) = 𝒞ΠΠΠ𝑆 (𝒞𝑆(O)) = ΠΠΠT𝑆O𝑆𝑆ΠΠΠ𝑆 . (2.82)
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Applying 𝒞ΠΠΠ to the 2 × 2 partitioned adjacency matrix A (2.13) under the
assignment (2.50) yields the partitioned capacity matrix K:

K ∶= ΠΠΠTAΠΠΠ = (ΠΠΠ
T𝑆A𝑆𝑆ΠΠΠ𝑆 ΠΠΠT𝑆A𝑆 ̄𝑆ΠΠΠ ̄𝑆

ΠΠΠT ̄𝑆A ̄𝑆𝑆ΠΠΠ𝑆 ΠΠΠT ̄𝑆A ̄𝑆 ̄𝑆ΠΠΠ ̄𝑆
)

= ( K𝑆 (K(ext)
𝜕 )T

K(ext)
𝜕 K ̄𝑆

) .
(2.83)

Here the upper-left block K𝑆 (written K ≡ K𝑆 when restricted to 𝑆) encodes
the coarse-grained internal network of the subsystem, while the lower-right
block K ̄𝑆 and off-diagonal cut block K(ext)

𝜕 tally the coarse-grained environ-
mental network and the external boundary links |𝐸( ̄𝑆𝜇 , 𝑆𝛼 )| coupling envir-
onmental block ̄𝑆𝜇 to internal block 𝑆𝛼 :

K ̄𝑆 ∶= ΠΠΠT ̄𝑆A ̄𝑆 ̄𝑆ΠΠΠ ̄𝑆 ∈ ℕ𝑀 ̄𝑆×𝑀 ̄𝑆0 , (2.84)

K(ext)
𝜕 ∶= ΠΠΠT ̄𝑆A ̄𝑆𝑆ΠΠΠ𝑆 = (|𝐸( ̄𝑆𝜇 , 𝑆𝛼 )|) ∈ ℕ𝑀 ̄𝑆×𝑀0 . (2.85)

Within the subsystem 𝑆, the capacity matrixK𝑆 splits into the diagonal intra-
basin memory matrix KΩ and the hollow inter-basin transition cut matrix
K(int)
𝜕 (written K𝜕 ≡ K(int)

𝜕 ):

K𝑆 ∶= ΠΠΠT𝑆A𝑆𝑆ΠΠΠ𝑆 = KΩ + K(int)
𝜕 ∈ ℕ𝑀×𝑀0 , (2.86)

KΩ ∶= diag(𝐾11, … , 𝐾𝑀𝑀 ), (2.87)

K(int)
𝜕 ∶= K𝑆 − KΩ. (2.88)

On the weighted, self-looped capacity graph 𝐺K (Figure 2.2), KΩ collects the
diagonal self-loops that stabilise internal states within each block 𝑆𝛼 , while
K(int)
𝜕 collects the off-diagonal channels mediating transitions between dis-

tinct internal blocks. Because the block-diagonal assignment (2.50) forbids
grouping environmental vertices inside 𝑆, representing ̄𝑆 requires configur-
ing ΠΠΠ𝑆 so that the internal registers (KΩ) and transition couplings (K(int)

𝜕 )
form a structure-preserving coarse-grained model of the relevant environ-
mental states (K ̄𝑆 ) coupled through the boundary interface K(ext)

𝜕 .

Combinatorially, the entries 𝐾𝛼𝛽 (in links) of K𝑆 tally the induced internal
edge set 𝐸(𝑆𝛼 ) within each block and the inter-block cut edge set 𝐸(𝑆𝛼 , 𝑆𝛽)
spanning distinct blocks:

𝐸(𝑆𝛼 , 𝑆𝛽) ∶= {{𝑖, 𝑗} ∈ 𝐸(𝑆) ∶ 𝑖 ∈ 𝑆𝛼 , 𝑗 ∈ 𝑆𝛽 } (𝛼 ≠ 𝛽), (2.89)

𝐾𝛼𝛼 = (KΩ)𝛼𝛼 = 2|𝐸(𝑆𝛼 )|, (2.90)

𝐾𝛼𝛽 = (K(int)
𝜕 )𝛼𝛽 = |𝐸(𝑆𝛼 , 𝑆𝛽)| (𝛼 ≠ 𝛽). (2.91)

Each undirected internal edge {𝑖, 𝑗} ∈ 𝐸(𝑆𝛼 ) contributes two symmetric non-
zero entries (𝐴𝑖𝑗 = 1 and 𝐴𝑗𝑖 = 1) inside block 𝑆𝛼 , so the diagonal capacity
𝐾𝛼𝛼 = 2|𝐸(𝑆𝛼 )| counts directed internal link endpoints in links, whereas each
off-diagonal entry 𝐾𝛼𝛽 = |𝐸(𝑆𝛼 , 𝑆𝛽)| (𝛼 ≠ 𝛽) counts the cut links connecting
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(a) Relational Partition G[S]

S1 (|E(S1)| = 6) S2 (|E(S2)| = 6)

S3 (|E(S3)| = 3)

|E(S1, S2)| = 2

|E(S1, S3)| = 1 |E(S2, S3)| = 1

(b) Contracted Capacity Graph GK

K12 = 2

K13 = 1 K23 = 1

K11 = 12

I11 = ln12

K22 = 12

I22 = ln12

K33 = 6

I33 = ln6

S1 S2

S3

KS =ΠT
SASSΠS

f igure 2.2: The epistemic assignment operator ΠΠΠ𝑆 and the contracted capacity
graph 𝐺K. (a) Relational subgraph 𝐺[𝑆] = (𝑆, 𝐸(𝑆)) (𝑁 = 14 ver-
tices, |𝐸(𝑆)| = 19 edges) partitioned into 𝑀 = 3 disjoint blocks
(𝑆1, 𝑆2, 𝑆3) by the binary assignment matrix ΠΠΠ𝑆 ∈ {0, 1}𝑁×𝑀 , separat-
ing relational links into induced internal edge sets 𝐸(𝑆𝛼 ) (solid teal,
|𝐸(𝑆1)| = 6, |𝐸(𝑆2)| = 6, and |𝐸(𝑆3)| = 3, giving diagonal capacities
𝐾11 = 12 links, 𝐾22 = 12 links, and 𝐾33 = 6 links) and inter-block cut
edge sets 𝐸(𝑆𝛼 , 𝑆𝛽) (dashed crimson, |𝐸(𝑆1, 𝑆2)| = 2, |𝐸(𝑆1, 𝑆3)| = 1, and
|𝐸(𝑆2, 𝑆3)| = 1, giving cut capacities 𝐾12 = 2 links, 𝐾13 = 1 link, and
𝐾23 = 1 link). (b) Contracted capacity graph 𝐺K under congruent com-
pression K𝑆 = ΠΠΠT𝑆A𝑆𝑆ΠΠΠ𝑆 , where each block 𝑆𝛼 carries a self-loop of di-
agonal capacity 𝐾𝛼𝛼 (teal, coarse-graining depth 𝐼𝛼𝛼 = ln𝐾𝛼𝛼 in nats)
bridged by weighted boundary couplings 𝐾𝛼𝛽 (crimson), preserving
exact combinatorial edge conservation (|𝐸(𝑆)| = 19).

𝑆𝛼 to 𝑆𝛽 . Applying the natural logarithm to any block with non-empty in-
ternal edge support (𝐾𝛼𝛼 ≥ 2) converts raw link counts into dimensionless
informational units (nats), defining its coarse-graining depth 𝐼𝛼𝛼 :

𝐼𝛼𝛼 ∶= ln𝐾𝛼𝛼 . (2.92)

To display unequal coarse-graining depths and heterogeneous cut capacit-
ies that remain degenerate on the symmetric two-lobe running example,
Figure 2.2 illustrates this congruent compression on a general asymmetric
three-block subgraph (𝑁 = 14, 𝑀 = 3).
BecauseΠΠΠ𝑆1𝑀 = 1𝑆 andΠΠΠ ̄𝑆1𝑀 ̄𝑆 = 1 ̄𝑆 , applying the matrix congruence𝒞ΠΠΠ𝑆 to
the open-system degree split (2.17) projects the vertex degree matrices onto
the 𝑀 system blocks:

DK ∶= ΠΠΠT𝑆D𝑆ΠΠΠ𝑆 = D(int)
K + D(ext)

K = diag(𝑑𝛼 )𝑀𝛼=1, (2.93)

D(int)
K ∶= ΠΠΠT𝑆D

(int)
𝑆 ΠΠΠ𝑆 = KΩ + D(int)

𝜕 = diag(𝑑(int)𝛼 )𝑀𝛼=1, (2.94)

D(int)
𝜕 ∶= diag(∑

𝛽≠𝛼
𝐾𝛼𝛽)

𝑀

𝛼=1
. (2.95)

Here D(int)
𝜕 counts the internal inter-block cut edges incident to each block.

Similarly, projecting D(ext)
𝑆 onto the 𝑀 blocks yields the diagonal external
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boundary degree matrix D(ext)
K , whose entries match the column sums of

K(ext)
𝜕 and sum to |𝜕𝑆|:

D(ext)
K ∶= ΠΠΠT𝑆D

(ext)
𝑆 ΠΠΠ𝑆 = diag(𝑑(ext)𝛼 )𝑀𝛼=1, (2.96)

Tr(D(ext)
K ) =

𝑀
∑
𝛼=1

𝑑(ext)𝛼 = |𝜕𝑆|. (2.97)

Entrywise, each block’s internal degree volume 𝑑(int)𝛼 (summing across all
blocks to 2|𝐸(𝑆)|) and external boundary cut degree 𝑑(ext)𝛼 sum to its total
degree volume 𝑑𝛼 ∶= 𝑑(int)𝛼 + 𝑑(ext)𝛼 , equal to vol(𝑆𝛼 ), whose trace matches
the total relational capacity 𝒬total (2.195) identically:

𝑑(int)𝛼 = 𝐾𝛼𝛼 + ∑
𝛽≠𝛼

𝐾𝛼𝛽 = volint(𝑆𝛼 ), (2.98)

𝑑(ext)𝛼 = ∑
𝑖∈𝑆𝛼

𝑑(ext)𝑖 = |𝐸(𝑆𝛼 , ̄𝑆)|, (2.99)

Tr(DK) =
𝑀
∑
𝛼=1

𝑑𝛼 = 2|𝐸(𝑆)| + |𝜕𝑆| = vol(𝑆) = 𝒬total. (2.100)

Applying 𝒞ΠΠΠ𝑆 to the Laplacian split (2.20) similarly defines the isolated in-
ternal (Neumann) capacity Laplacian LK and the open Dirichlet capacity
Laplacian LK,𝑆𝑆 :

LK ∶= ΠΠΠT𝑆L
(int)
𝑆𝑆 ΠΠΠ𝑆 = D(int)

K − K𝑆 = D(int)
𝜕 − K(int)

𝜕 , (2.101)

LK,𝑆𝑆 ∶= ΠΠΠT𝑆L𝑆𝑆ΠΠΠ𝑆 = DK − K𝑆 = LK + D(ext)
K , (2.102)

1T𝑀LK,𝑆𝑆1𝑀 = Tr(D(ext)
K ) = |𝜕𝑆|. (2.103)

Whereas LK governs closed inter-block transport inside 𝑆 with zero row
sums (LK1𝑀 = 0), LK,𝑆𝑆 adds the diagonal boundary degree potential D(ext)

K
accounting for open leakage across 𝜕𝑆. Whenever the context is unambigu-
ous, K𝜕 denotes the active boundary cut (K(int)

𝜕 within 𝑆, or the combined

pair (K(int)
𝜕 ,K(ext)

𝜕 ) for an open system).

Evaluating the quadratic forms of LK and LK,𝑆𝑆 on any trial vector ΠΠΠ𝑆z𝑆 ∈
im(ΠΠΠ𝑆) (z𝑆 ∈ ℝ𝑀 ) exposes the complementary roles of KΩ, K(int)

𝜕 , and D(ext)
K :

zT𝑆LKz𝑆 = (ΠΠΠ𝑆z𝑆)TL(int)𝑆𝑆 (ΠΠΠ𝑆z𝑆) = ∑
𝛼<𝛽

𝐾𝛼𝛽(𝑧𝑆,𝛼 − 𝑧𝑆,𝛽)2 ≥ 0, (2.104)

zT𝑆LK,𝑆𝑆z𝑆 = (ΠΠΠ𝑆z𝑆)TL𝑆𝑆(ΠΠΠ𝑆z𝑆) = ∑
𝛼<𝛽

𝐾𝛼𝛽(𝑧𝑆,𝛼 − 𝑧𝑆,𝛽)2 +
𝑀
∑
𝛼=1

𝑑(ext)𝛼 𝑧2𝑆,𝛼 .

(2.105)

Because every internal edge in 𝐸(𝑆𝛼 ) connects vertices within the same block
sharing the identical trial amplitude 𝑧𝑆,𝛼 , internal self-loopsKΩ cancel identic-
ally out of both LK and LK,𝑆𝑆 . Evaluating LK and LK,𝑆𝑆 on a single block basis
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vector e𝛼 therefore isolates the internal inter-block cut edges incident to 𝑆𝛼
and the external boundary cut edges exiting 𝑆𝛼 into ̄𝑆:

eT𝛼LKe𝛼 = (D(int)
𝜕 )𝛼𝛼 = |𝐸(𝑆𝛼 , 𝑆 ⧵ 𝑆𝛼 )|, (2.106)

eT𝛼LK,𝑆𝑆e𝛼 = (D(int)
𝜕 )𝛼𝛼 + 𝑑(ext)𝛼 = |𝐸(𝑆𝛼 , 𝑆 ⧵ 𝑆𝛼 )| + |𝐸(𝑆𝛼 , ̄𝑆)|. (2.107)

How, then, does internal capacity KΩ stabilise a block against boundary es-
cape? Restricting the generalised Rayleigh quotient onto im(ΠΠΠ𝑆) projects
both numerator and denominator via 𝒞ΠΠΠ𝑆 , which in degree-weighted co-

ordinates z̃𝑆 ∶= (D(int)
K )1/2z𝑆 gives:

(ΠΠΠ𝑆z𝑆)TL(int)𝑆𝑆 (ΠΠΠ𝑆z𝑆)
(ΠΠΠ𝑆z𝑆)TD(int)

𝑆 (ΠΠΠ𝑆z𝑆)
=

zT𝑆 (D
(int)
𝜕 − K(int)

𝜕 )z𝑆
zT𝑆 (KΩ + D(int)

𝜕 )z𝑆

=
z̃T𝑆Lnormz̃𝑆

z̃T𝑆 z̃𝑆
.

(2.108)

Here the symmetric normalised capacity Laplacian Lnorm governs transport
in the degree-weighted basis:

Lnorm ∶= (D(int)
K )−1/2LK(D(int)

K )−1/2 = I𝑀 − (D(int)
K )−1/2K𝑆(D(int)

K )−1/2.
(2.109)

The degree-mass denominator in (2.108) re-introduces 𝐾𝛼𝛼 as volumetric in-
ertia, since out of all 𝑑(int)𝛼 internal edge endpoints incident to 𝑆𝛼 , 𝐾𝛼𝛼 recir-
culate internally while only (D(int)

𝜕 )𝛼𝛼 cross into adjacent internal blocks.
Evaluating Lnorm entrywise separates each block’s per-step boundary es-
cape fraction on the diagonal from its inter-block transition couplings off
the diagonal:

(Lnorm)𝛼𝛼 = 1 − 𝐾𝛼𝛼
𝑑(int)𝛼

=
∑𝛽≠𝛼 𝐾𝛼𝛽

𝑑(int)𝛼
, (2.110)

(Lnorm)𝛼𝛽 = − 𝐾𝛼𝛽

√𝑑(int)𝛼 𝑑(int)𝛽
(𝛼 ≠ 𝛽). (2.111)

Across the full spectrum 0 = 𝜇1 < 𝜇2 ≤ ⋯ ≤ 𝜇𝑀 ≤ 2 of Lnorm, the
slowest non-trivial eigenvalue 𝜇2(Lnorm) sets the inter-basin escape horizon
𝜏escape ∼ 𝜇2(Lnorm)−1 (Section 2.3 and Section 2.5).

When external boundary ports are included by replacing (LK,D(int)
K ) with

the open operators (LK,𝑆𝑆 ,DK), evaluating the Rayleigh quotient on a single
block indicator e𝛼 and on the uniform system state 1𝑀 yields the total open
block conductance 𝜙(tot)𝜕 (𝑆𝛼 ) and the collective subsystem leakage ratio:

𝜙(tot)𝜕 (𝑆𝛼 ) ∶=
eT𝛼LK,𝑆𝑆e𝛼
eT𝛼DKe𝛼

= 1 − 𝐾𝛼𝛼
𝑑𝛼

, (2.112)

1T𝑀LK,𝑆𝑆1𝑀
1T𝑀DK1𝑀

= |𝜕𝑆|
vol(𝑆) . (2.113)
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example 2.3 (Capacity Matrix and Capacity Laplacian on the Nine-Node
Graph). Applying the matrix congruence 𝒞ΠΠΠ (2.80) under the partitionΠΠΠ =
diag(ΠΠΠ𝑆 , 13) of Example 2.2 (2.70) to the vertex-level operators of Example 2.1
(2.35)–(2.37) contracts the nine-node dumbbell graph (|𝐸(𝑆)| = 7, |𝜕𝑆| =
2, Figure 2.1) into its coarse-grained capacity network without dividing by
𝑁𝛼 = 3. Specifically, 𝒞ΠΠΠ bundles the two internal triangles 𝐸(𝑆1) and 𝐸(𝑆2)
into KΩ, the single bridge cut {3, 4} into K(int)

𝜕 , the bath triangle {7, 8, 9} into
K ̄𝑆 = (6), and the two external boundary cut edges {1, 7} and {6, 8} into
K(ext)
𝜕 = (1, 1):

K𝑆 = (6 0
0 6)⏟⏟⏟⏟⏟⏟⏟⏟⏟
KΩ

+ (0 1
1 0)⏟⏟⏟⏟⏟⏟⏟⏟⏟
K(int)
𝜕

= (6 1
1 6) , (2.114)

K =
⎛
⎜⎜
⎝

6 1 1
1 6 1
1 1 6

⎞
⎟⎟
⎠
. (2.115)

Projecting the vertex degrees via (2.93)–(2.96) gives internal degree matrix
D(int)
K = diag(7, 7), boundary degree matrix D(ext)

K = diag(1, 1), and total
degree matrixDK = diag(8, 8), with 𝑑𝛼 = 8 and trace Tr(DK) = 16matching
𝒬total. Subtracting K𝑆 and normalising by D(int)

K yields the isolated, open,
and normalised capacity Laplacians:

LK = ( 1 −1
−1 1 ) , (2.116)

LK,𝑆𝑆 = ( 2 −1
−1 2 ) , (2.117)

Lnorm = 1
7 (

1 −1
−1 1 ) . (2.118)

From these contracted operators, each internal triangle has diagonal capa-
city 𝐾𝛼𝛼 = 6 links (𝛼 ∈ {1, 2}, |𝐸(𝑆𝛼 )| = 3 edges) and the bridge has 𝐾12 =
1 link, giving the coarse-graining depth, spectral relaxation eigenvalues (𝜇1 =
0), and open leakage ratios:

𝐼𝛼𝛼 = ln𝐾𝛼𝛼 = ln 6 ≈ 1.79 nats, (2.119)

𝜇2(Lnorm) =
𝜆2(LK)
𝑑(int)𝛼

= 2
7, (2.120)

𝜙(tot)𝜕 (𝑆𝛼 ) = 1 − 𝐾𝛼𝛼
𝑑𝛼

= 1
4 = 2 |𝜕𝑆|

vol(𝑆) . (2.121)

Although the internal capacity 𝐾𝛼𝛼 = 6 cancels out of both LK and LK,𝑆𝑆 , it
enters the internal degree mass D(int)

K to suppress the inter-lobe relaxation
eigenvalue from 𝜆2(LK) = 2 to 𝜇2(Lnorm) = 2/7, while in the open degree
mass DK it bounds the total open lobe conductance 𝜙(tot)𝜕 (𝑆𝛼 ) = 1/4 and
collective subsystem leakage |𝜕𝑆|/ vol(𝑆) = 1/8. ♢
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2.3 conservation-congruent encodings

The partition structure of ΠΠΠ𝑆 ∈ {0, 1}𝑁×𝑀—binary membership, exhaustive
non-overlapping row sums, and block-diagonality (2.50)—narrows all linear
mappings down to the Stirling partition count 𝑆(𝑁 ,𝑀) ∼ 𝑀𝑁 /𝑀! of can-
didate vertex partitions. Yet almost all candidate partitions are physically
inadmissible once coupled to the substrate adjacency A𝑆𝑆 . Evaluating the
generalised Rayleigh quotient (2.108) on a block indicator 𝜋𝜋𝜋𝛼 = ΠΠΠ𝑆e𝛼 gives
the exact fraction of block 𝛼 ’s internal relational endpoints that exit across
its inter-register boundary cut, defining its boundary conductance 𝜙𝜕(𝑆𝛼 ):

𝜙𝜕(𝑆𝛼 ) ∶=
𝜋𝜋𝜋T𝛼L(int)𝑆𝑆 𝜋𝜋𝜋𝛼
𝜋𝜋𝜋T𝛼D(int)

𝑆 𝜋𝜋𝜋𝛼
= |𝐸(𝑆𝛼 , 𝑆 ⧵ 𝑆𝛼 )|

volint(𝑆𝛼 )

=
∑𝛽≠𝛼 𝐾𝛼𝛽

𝑑(int)𝛼
= 1 − 𝐾𝛼𝛼

𝑑(int)𝛼
= (Lnorm)𝛼𝛼 .

(2.122)

Out of all 𝑑(int)𝛼 internal edge endpoints incident to 𝑆𝛼 , a fraction 𝐾𝛼𝛼/𝑑(int)𝛼
recirculates internally within 𝑆𝛼 , while the complementary fraction 𝜙𝜕(𝑆𝛼 ) ∈
[0, 1] crosses into peer registers 𝑆 ⧵ 𝑆𝛼 . In an open subsystem, replacing
(L(int)𝑆𝑆 ,D(int)

𝑆 ) with the open operators (L𝑆𝑆 ,D𝑆) adds external port leakage

𝑑(ext)𝛼 /𝑑𝛼 into ̄𝑆 via 𝜙(tot)𝜕 (𝑆𝛼 ) in (2.112). If a candidate partition cuts across
dense couplings (𝜙𝜕(𝑆𝛼 ) ∼ 1) or groups disconnected vertices (𝐾𝛼𝛼 = 0), any
state prepared in the coarse-grained subspace im(PΠΠΠ) escapes immediately
into the unresolved residual im(QΠΠΠ).

2.3.1 Admissible Mappings and Axioms I–III

definit ion 2.1 (Admissible Assignment and Conservation-Congruent En-
coding). A candidate partition ΠΠΠ = diag(ΠΠΠ𝑆 ,ΠΠΠ ̄𝑆) is admissible—and each
diagonal entry 𝐾𝛼𝛼 of KΩ, together with its induced subgraph 𝐺[𝑆𝛼 ], con-
stitutes a Conservation-Congruent Encoding (CCE) coupled across boundary
cuts 𝐾𝛼𝛽 (𝛼 ≠ 𝛽) on 𝐺K—if and only if it satisfies three foundational axioms:

First, Axiom I (Topological Resolvability) requires that distinct blocks occupy
disjoint vertex subsets and that each induced subgraph 𝐺[𝑆𝛼 ] = (𝑆𝛼 , 𝐸(𝑆𝛼 ))
form a single connected component with non-empty internal edge support
(𝑁𝛼 ≥ 2 on a loopless graph), characterised by strictly positive normalised
internal algebraic connectivity 𝛾int(𝑆𝛼 ) [57]:

𝑆𝛼 ∩ 𝑆𝛽 = ∅ (𝛼 ≠ 𝛽), (2.123)

𝛾int(𝑆𝛼 ) ∶= 𝜇2(Lnorm(𝐺[𝑆𝛼 ])) > 0, (2.124)

𝐾𝛼𝛼 = 2|𝐸(𝑆𝛼 )| ≥ 2(𝑁𝛼 − 1) ≥ 2. (2.125)

Second, Axiom II (Structural Persistence) requires that internal connectivity
𝛾int(𝑆𝛼 ) across 𝐺[𝑆𝛼 ] strictly exceed boundary cut conductance 𝜙𝜕(𝑆𝛼 ) (2.122),
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and defines for every block with 𝜙𝜕(𝑆𝛼 ) > 0 the dimensionless Spectral Per-
sistence Ratio Ξ(𝑆𝛼 ):

𝛾int(𝑆𝛼 ) > 𝜙𝜕(𝑆𝛼 ) ∀𝛼 ∈ {1, … ,𝑀}, (2.126)

Ξ(𝑆𝛼 ) ∶=
𝛾int(𝑆𝛼 )
𝜙𝜕(𝑆𝛼 )

> 1 (𝜙𝜕(𝑆𝛼 ) > 0), (2.127)

paired in open substrates with external persistence 𝜆2(L𝑆𝑆) > 𝜆1(L𝑆𝑆) (Sec-
tion 2.1.2), and achieving exponential barrier isolation in the strong-persistence
regime where Ξ(𝑆𝛼 ) ≫ 1 and 𝜆2(L𝑆𝑆) ≫ 𝜆1(L𝑆𝑆).
Third, Axiom III (Conservation Congruence) requires that the assignment be
exhaustive and non-overlapping (ΠΠΠ𝑆1𝑀 = 1𝑆 , ΠΠΠ ̄𝑆1𝑀 ̄𝑆 = 1 ̄𝑆 ) and contract the
graph adjacency congruently via (2.83), yielding exact bilinear edge conser-
vation across internal and boundary sectors:

1
21

T
𝑀K𝑆1𝑀 = 1

2 Tr(KΩ) + ∑
𝛼<𝛽

𝐾𝛼𝛽 = 1
2

𝑀
∑
𝛼=1

𝐾𝛼𝛼 + ∑
𝛼<𝛽

𝐾𝛼𝛽 = |𝐸(𝑆)|,

(2.128)

1T𝑀 ̄𝑆
K(ext)
𝜕 1𝑀 = Tr(D(ext)

K ) = |𝜕𝑆|. (2.129)

Each axiom in Definition 2.1 enforces an indispensable physical requirement.
Under Axiom I, if 𝐺[𝑆𝛼 ]were disconnected, its isolated normalised Laplacian
would possess multiple independent zero modes, preventing perturbations
from equilibrating across the block. Under Axiom II, on the capacity graph
𝐺K over {1, … ,𝑀}, the discrete Cheeger inequality for Lnorm (2.108) bounds
the slowest non-zero inter-basin eigenvalue 𝜇2(Lnorm) in terms of the net-
work Cheeger constant ℎK (and 𝜙𝜕(𝑆𝛼 ) whenever 2𝑑(int)𝛼 ≤ volint(𝑆)) [27, 31]:

1
2ℎ

2
K ≤ 𝜇2(Lnorm) ≤ 2ℎK ≤ 2𝜙𝜕(𝑆𝛼 ), (2.130)

ℎK ∶= min
∅⊊𝐴⊊{1,…,𝑀}

𝐾(𝐴, 𝐴̄)
min{volint(𝐴), volint(𝐴̄)}

, (2.131)

𝐾(𝐴, 𝐴̄) ∶= ∑
𝛼∈𝐴

∑
𝛽∈𝐴̄

𝐾𝛼𝛽 , (2.132)

where 𝐴̄ ∶= {1, … ,𝑀} ⧵ 𝐴 denotes the complement of 𝐴 in {1, … ,𝑀}. Be-
cause 𝛾int(𝑆𝛼 ) ≤ 2, condition (2.127) enforces strict diagonal dominance of
K with 𝜙𝜕(𝑆𝛼 ) ≪ 1. In the decoupled limit K𝜕 = 0, the 𝑀 blocks possess 𝑀
exact zero eigenvalues spanned by im(PΠΠΠ) and separated from unresolved
intra-block modes in im(QΠΠΠ) by 𝛾int(𝑆𝛼 ) > 0. When weak boundary cuts
are present, invariant-subspace perturbation theory (the Davis–Kahan sinΘ
theorem [41]) keeps im(PΠΠΠ) aligned with the slow 𝑀-dimensional invariant
eigenspace up to 𝒪(Ξ−1) ≪ 1, separating the fast intra-block mixing step
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count 𝑁 (𝛼)
relax from the slow inter-block escape step count 𝑁 (𝛼)

escape across an

operational step window 𝑁 (𝛼)
op :

𝑁 (𝛼)
relax ∼ 1

𝛾int(𝑆𝛼 )
≪ 𝑁 (𝛼)

op ≪ 𝑁 (𝛼)
escape ∼ 1

𝜙𝜕(𝑆𝛼 )
, (2.133)

𝑁 (𝛼)
escape

𝑁 (𝛼)
relax

= Ξ(𝑆𝛼 ) ≫ 1. (2.134)

Under Axiom III, every edge in 𝐸(𝑆) and 𝜕𝑆 belongs to a unique induced in-
ternal edge set 𝐸(𝑆𝛼 ), inter-register cut 𝐸(𝑆𝛼 , 𝑆𝛽) (𝛼 < 𝛽), or external bound-
ary cut 𝐸( ̄𝑆𝜇 , 𝑆𝛼 ), so summing twice (2.128) and (2.129) recovers the exact
subsystem degree volume Tr(DK) = vol(𝑆) (2.100).
Together, Axioms I–III characterise physical information on the capacity net-
work in natural units (nats) by applying the natural logarithm directly to
the link entries of K𝑆 , yielding two parameter-free invariants across the
𝑀 resolvable blocks. First, because Axiom I guarantees 𝐾𝛼𝛼 ≥ 2 (2.125)
so that every diagonal coarse-graining depth 𝐼𝛼𝛼 = ln𝐾𝛼𝛼 (2.92) satisfies
𝐼𝛼𝛼 ≥ ln 2 > 0 and is finite, the preserved internal capacities of Axiom III
sum to the preserved structural capacity 𝐼rev (1.34), whose block summands
correspond to the microcanonical Boltzmann entropy 𝑆th(𝛼) in thermal sub-
strates:

𝐼rev ∶=
𝑀
∑
𝛼=1

𝐼𝛼𝛼 =
𝑀
∑
𝛼=1

ln𝐾𝛼𝛼 ≥ 𝑀 ln 2. (2.135)

Second, for any coupled pair of blocks (𝐾𝛼𝛽 ≥ 1), the diagonal-to-cut dom-
inance of Axiom II defines the pairwise logarithmic barrier isolation depth
Δ𝐼barrier,𝛼→𝛽 (abbreviated Δ𝐼barrier,𝛼𝛽 for symmetric basins) separating CCE
𝛼 from CCE 𝛽 :

Δ𝐼barrier,𝛼→𝛽 ∶= ln(𝐾𝛼𝛼
𝐾𝛼𝛽

) , (2.136)

Δ𝐼barrier,𝛼→𝛽 − Δ𝐼barrier,𝛽→𝛼 = ln(𝐾𝛼𝛼
𝐾𝛽𝛽

) = 𝐼𝛼𝛼 − 𝐼𝛽𝛽 . (2.137)

Under an unbiased single-step selection among all 𝑑𝛼 link endpoints incident
to 𝑆𝛼 , 𝐾𝛼𝛼 remain inside 𝑆𝛼 while only 𝐾𝛼𝛽 cross into register 𝛽 ≠ 𝛼 , so
Δ𝐼barrier,𝛼→𝛽 exponentially suppresses the per-step inter-register transition
fraction 𝑇𝛼→𝛽 :

𝑇𝛼→𝛽 ∶= (D−1
K K)𝛼𝛽 = 𝐾𝛼𝛽

𝑑𝛼
≈ 𝐾𝛼𝛽

𝐾𝛼𝛼
= 𝑒−Δ𝐼barrier,𝛼→𝛽 (𝛼 ≠ 𝛽). (2.138)

Whenever a transition crosses one of the 𝐾𝛼𝛽 cut channels into 𝑆𝛽 and mixes

across all 𝐾𝛽𝛽 internal link endpoints over 𝑁 (𝛽)
op ≫ 𝑁 (𝛽)

relax, many-to-one
coarse-graining erases which cut edge mediated entry. When adjacent CCEs
have unequal internal capacities (𝐾𝛼𝛼 ≠ 𝐾𝛽𝛽 ), the depth difference 𝐼𝛼𝛼 − 𝐼𝛽𝛽
in (2.137) biases transitions towards larger basins, grounding retrodictive ir-
reversibility and dissipative relaxation (Section 2.5).
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example 2.4 (Admissible versus Inadmissible Assignments on the Six-Node
Dumbbell Graph). On the six-node dumbbell graph 𝐺[𝑆] of Examples 2.2
and 2.3 (|𝑆| = 6, |𝐸(𝑆)| = 7, with A𝑆𝑆 and L(int)𝑆𝑆 given in (2.35)), compare
the bottleneck-aligned assignment ΠΠΠadm ≡ ΠΠΠ𝑆 (𝑆1 = {1, 2, 3}, 𝑆2 = {4, 5, 6})
against a cross-cut assignment ΠΠΠinadm (𝑆′1 = {1, 2, 4}, 𝑆′2 = {3, 5, 6}):

ΠΠΠinadm = (1 1 0 1 0 0
0 0 1 0 1 1)

T

, (2.139)

Kadm = (6 1
1 6) , (2.140)

Kinadm = (2 5
5 2) . (2.141)

Both partitions are exhaustive and non-overlapping, satisfying Axiom III
(2.128)–(2.129) with matching degree matrices D(int)

K = diag(7, 7) and DK =
diag(8, 8) (2.93)–(2.96). Under the bottleneck-aligned assignmentΠΠΠadm, each
induced subgraph 𝐺[𝑆𝛼 ] ≅ 𝐾3 is a connected triangle that saturates the up-
per Cheeger bound (2.130):

𝛾int(𝑆𝛼 ) = 3
2 > 0, (2.142)

𝜙𝜕(𝑆𝛼 ) = 1
7 = ℎK, (2.143)

𝜇2(Lnorm) = 2
7 = 2ℎK. (2.144)

Evaluating (2.127) and (2.135)–(2.136) across the 𝑀 = 2 blocks confirms that
ΠΠΠadm satisfies both Axiom I and Axiom II:

Ξ(𝑆𝛼 ) = 21
2 = 10.5 ≫ 1, (2.145)

𝐼𝛼𝛼 (ΠΠΠadm) = ln 6 ≈ 1.79 nats, (2.146)

Δ𝐼barrier,12(ΠΠΠadm) = ln 6 ≈ 1.79 nats. (2.147)

Under the cross-cut assignmentΠΠΠinadm, by contrast, vertex 4 is isolated from
{1, 2} inside 𝑆′1 so each induced subgraph 𝐺[𝑆′𝛼 ] ≅ 𝐾2 ⊔ 𝐾1 is disconnected
with 𝛾int(𝑆′𝛼 ) = 0 and Ξ(𝑆′𝛼 ) = 0 (violating Axiom I), while five edges cross
the cut (violating Axiom II):

𝜙𝜕(𝑆′𝛼 ) = 5
7 ≈ 0.71, (2.148)

𝜇2(Lnorm) = 10
7 , (2.149)

Δ𝐼barrier,12(ΠΠΠinadm) = ln(25) ≈ −0.92 nats. (2.150)

A negative barrier isolation depth indicates that single-step escape across
the cut outweighs internal recirculation, confirming that ΠΠΠinadm supports
no metastable coarse-grained blocks. ♢
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2.3.2 The Coarse-Graining Algebra and Multiscale Invariance

Physical observation andmodelling ascend across nested levels of resolution,
from fundamental particles and atomic cores to macromolecular scaffolds,
cosmological horizons, synthetic hardware, and neural circuits (Chapters 5–
9). Let ΠΠΠ(1) ∈ {0, 1}𝑁×𝑀1 be an admissible assignment on 𝐺[𝑆] with capa-
city matrix K(1) ∈ ℕ𝑀1×𝑀10 . When the 𝑀1 level-1 CCEs are aggregated into
𝑀2 < 𝑀1 non-empty, mutually disjoint level-2 clusters {ℐ𝛼 }𝑀2𝛼=1 via a sur-
jective binary coarsening matrix P ∈ {0, 1}𝑀1×𝑀2 (𝑃𝑎𝛼 = 1 if block 𝑎 ∈ ℐ𝛼
and 0 otherwise) satisfying row-sum normalisation P1𝑀2 = 1𝑀1 , the compos-
ite level-2 assignment and its row-sum closure follow by associative matrix
multiplication:

ΠΠΠ(2) ∶= ΠΠΠ(1)P ∈ {0, 1}𝑁×𝑀2 , (2.151)

ΠΠΠ(2)1𝑀2 = ΠΠΠ(1)P1𝑀2 = 1𝑆 . (2.152)

Across any chain of successive coarsenings ΠΠΠ(1) P1→2−−−−→ ΠΠΠ(2) P2→3−−−−→ ΠΠΠ(3), the
coarsening matrices multiply associatively (P1→3 = P1→2P2→3) across nes-
ted partitions of 𝑆.

theorem 2.2 (Multiscale Coarse-Graining and Cut Internalisation). Let
ΠΠΠ(1) = diag(ΠΠΠ(1)

𝑆 ,ΠΠΠ(1)
̄𝑆 ) be an admissible level-1 partition of (𝑆, ̄𝑆) with subsys-

tem operator triple (K(1),D(1)
K ,L(1)K ), and letP = diag(P𝑆 ,P ̄𝑆) be any boundary-

respecting surjective binary coarsening satisfying P𝑆1𝑀2 = 1𝑀1 and P ̄𝑆1𝑀 ̄𝑆,2 =
1𝑀 ̄𝑆,1 . Under the congruence map 𝒞P𝑆 (⋅) ∶= PT𝑆 (⋅)P𝑆 (writing P ≡ P𝑆 on 𝑆), the
level-2 operator triple contracts directly across scales without referring back to
A𝑆𝑆 :

K(2) = PTK(1)P, (2.153)

D(2)
K = PTD(1)

K P, (2.154)

L(2)K = PTL(1)K P, (2.155)

preserving exact combinatorial edge conservation across scales:

1
21

T
𝑀2

K(2)1𝑀2 =
1
21

T
𝑀1

K(1)1𝑀1 = |𝐸(𝑆)|, (2.156)

while contracting the open internal and external boundary sectors independ-
ently:

K(2)
𝑆 = PT𝑆K

(1)
𝑆 P𝑆 , (2.157)

K(ext,2)
𝜕 = PT ̄𝑆K

(ext,1)
𝜕 P𝑆 . (2.158)
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Moreover, defining the diagonal cut-internalisation transfer operator 𝒯P, the
diagonal memory and hollow boundary-cut sectors ofK(1) = K(1)

Ω +K(1)
𝜕 trans-

form according to:

𝒯P(K(1)
𝜕 ) ∶= diag(PTK(1)

𝜕 P), (2.159)

K(2)
Ω = PTK(1)

Ω P + 𝒯P(K(1)
𝜕 ), (2.160)

K(2)
𝜕 = PTK(1)

𝜕 P − 𝒯P(K(1)
𝜕 ), (2.161)

evaluating entrywise on the diagonal and off-diagonal capacity entries (𝛼 ≠ 𝛽)
to:

𝐾 (2)𝛼𝛼 = ∑
𝑎∈ℐ𝛼

𝐾 (1)𝑎𝑎 + ∑
𝑎,𝑏∈ℐ𝛼
𝑎≠𝑏

𝐾 (1)
𝑎𝑏 , (2.162)

𝐾 (2)
𝛼𝛽 = ∑

𝑎∈ℐ𝛼
∑
𝑏∈ℐ𝛽

𝐾 (1)
𝑎𝑏 . (2.163)

proof. SubstitutingΠΠΠ(2) = ΠΠΠ(1)P (2.151) into the matrix congruence defini-
tions (2.85), (2.86), (2.93), and (2.101) yields (2.153)–(2.155) and (2.157)–(2.158)
by associativity of matrix multiplication. Row-sum normalisation P1𝑀2 =
1𝑀1 implies 1T𝑀2

PT = 1T𝑀1
, establishing (2.156) (and 1T𝑀 ̄𝑆,2

K(ext,2)
𝜕 1𝑀2 = |𝜕𝑆|).

Finally, because distinct columns of P have disjoint support (𝑃𝑎𝛼𝑃𝑎𝛽 = 0 for

𝛼 ≠ 𝛽), PTK(1)
Ω P is strictly diagonal. Extracting the diagonal and off-diagonal

parts ofK(2) = PT(K(1)
Ω +K(1)

𝜕 )P yields (2.159)–(2.161), whose (𝛼, 𝛼) and (𝛼, 𝛽)
(𝛼 ≠ 𝛽) entries expand directly to (2.162)–(2.163).

Physically, Theorem 2.2 shows that level-1 boundary cuts𝐾 (1)
𝑎𝑏 (𝑎, 𝑏 ∈ ℐ𝛼 , 𝑎 ≠

𝑏) mediating inter-basin transitions under ΠΠΠ(1) are internalised by 𝒯P into
diagonal CCE memory under ΠΠΠ(2), increasing each merged basin’s coarse-
graining depth 𝐼 (2)𝛼𝛼 while reducing the resolved block count (𝑀2 < 𝑀1), as
illustrated in Examples 2.5 and 2.6. This single algebraic mechanism gov-
erns the consolidation of local degrees of freedom into continuous attractor
basins (Section 2.5.2), cut internalisation and cooperative capacity gain dur-
ing multi-system coupling (Section 3.4.1), and CCE encapsulation of interior
quark and atomic core degrees of freedom (Section 5.1.2).

On the vertex spaceℝ𝑁 , because im(ΠΠΠ(2)) ⊂ im(ΠΠΠ(1)), the orthogonal project-
ors PΠΠΠ and residuals QΠΠΠ (Section 2.2.1) form a commuting projector tower:

PΠΠΠ(1)PΠΠΠ(2) = PΠΠΠ(2)PΠΠΠ(1) = PΠΠΠ(2) , (2.164)

ΔP1→2 ∶= PΠΠΠ(1) − PΠΠΠ(2) = QΠΠΠ(2) − QΠΠΠ(1) . (2.165)

Consequently, the difference operator ΔP1→2 in (2.165) is a symmetric, idem-
potent orthogonal projector of rank 𝑀1 − 𝑀2 that isolates the exact intra-
cluster degrees of freedom resolved under ΠΠΠ(1) but compressed into the un-
resolved residualQΠΠΠ(2) underΠΠΠ(2)—the operator subspace that generates un-
tracked gravitational stress in Section 6.2.
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Why do linear constructors such as DK and LK contract without correction
in (2.154)–(2.155), whereas sector extraction in (2.160)–(2.161) and boundary
elimination in (2.34) produce extra structural terms? Evaluating a general
operation 𝒪 after applying a ΠΠΠ-induced linear coarse-graining map 𝒞 need
not agree with coarse-graining the output of 𝒪 , defining the coarse-graining
commutator :

⟦𝒪, 𝒞 ⟧(𝑋) ∶= 𝒪(𝒞 (𝑋)) − 𝒞(𝒪(𝑋)). (2.166)

In (2.166), the left slot specifies the operation or physical law 𝒪 being coarse-
grained, while the right slot specifies theΠΠΠ-built linear coarse-graining map
𝒞 (such as 𝒞ΠΠΠ, 𝒞P, 𝒞𝑆 , or PΠΠΠ). Linear row-sum constructors such as degree
formation and the Laplacianmapℒ commute identicallywith𝒞P (⟦ℒ,𝒞P⟧ =
0), whereas sector splits, products, and inversions generate exact residuals
across unresolved modes.

lemma 2.3 (Coarse-Graining Commutator). Let 𝒪 be an operator and let
𝒞1, 𝒞2 be composable linear coarse-graining maps. Across scales, the commut-
ator (2.166) obeys the multiscale telescoping identity:

⟦𝒪, 𝒞2 ∘ 𝒞1⟧(𝑋) = ⟦𝒪, 𝒞2⟧(𝒞1(𝑋)) + 𝒞2(⟦𝒪, 𝒞1⟧(𝑋)). (2.167)

Under any surjective binary coarsening P ∈ {0, 1}𝑀1×𝑀2 (P1𝑀2 = 1𝑀1) with
offdiag(X) ∶= X − diag(X), diagonal and off-diagonal extraction satisfy:

⟦diag, 𝒞P⟧(K(1)) = −⟦offdiag, 𝒞P⟧(K(1)) = 𝒯P(K(1)
𝜕 ). (2.168)

Define orthogonal compression 𝒫ΠΠΠ(X) ∶= PΠΠΠXPΠΠΠ on ℝ𝑁 (ΠΠΠ(2) = ΠΠΠ(1)P) and
the hollow co-membership matrix EP ∶= PPT − I𝑀1 . For every conformable X,
operator squaring satisfies:

⟦(⋅)2, 𝒫ΠΠΠ(2)⟧(𝒫ΠΠΠ(1)(X)) = −PΠΠΠ(2)XΔP1→2XPΠΠΠ(2) , (2.169)

⟦(⋅)2, 𝒞P⟧(X) = PTXEPXP. (2.170)

Finally, on 𝑉 = (𝑆, ̄𝑆) with L ̄𝑆 ̄𝑆 > 0 and inclusion ΠΠΠ0 = (I𝑆 , 0)T (2.81), the
screened Laplacian L𝜀 ∶= L+𝜀ΠΠΠ0ΠΠΠT0 with screening stiffness 𝜀 > 0 (in links) is
strictly positive-definite with Green’s matrix G𝜀 ∶= L−1𝜀 , and matrix inversion
across 𝒞𝑆 satisfies for every 𝜀 > 0:

⟦(⋅)−1, 𝒞𝑆⟧(G𝜀) = −L𝑆 ̄𝑆L−1̄𝑆 ̄𝑆 L ̄𝑆𝑆 = −ΣΣΣenv. (2.171)

proof. Adding and subtracting𝒞2(𝒪(𝒞1(𝑋))) in ⟦𝒪, 𝒞2∘𝒞1⟧(𝑋) and apply-
ing linearity of𝒞2 yields (2.167), while (2.160)–(2.161) give (2.168). By the pro-
jector tower (2.164)–(2.165), 𝒫ΠΠΠ(2)(𝒫ΠΠΠ(1)(X)) = 𝒫ΠΠΠ(2)(X) and PΠΠΠ(2) − PΠΠΠ(1) =
−ΔP1→2, yielding (2.169). Because P ∈ {0, 1}𝑀1×𝑀2 has disjoint columns and
row sums P1𝑀2 = 1𝑀1 , EP = PPT − I𝑀1 has zero diagonal and unit entries
on distinct intra-cluster pairs 𝑎 ≠ 𝑏 (𝑎, 𝑏 ∈ ℐ𝛼 ). For any conformableX,Y,P′,
expanding EP gives:

(PTXP)(PTYP′) − PTXYP′ = PTXEPYP′, (2.172)
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which reduces to (2.170) at Y = X and P′ = P. Finally, since L ≥ 0 and
L ̄𝑆 ̄𝑆 > 0 imply L𝜀 > 0, block inversion of G𝜀 = L−1𝜀 gives:

⟦(⋅)−1, 𝒞𝑆⟧(G𝜀) = (L𝑆𝑆 + 𝜀I𝑆 −ΣΣΣenv) − (L𝑆𝑆 + 𝜀I𝑆) = −ΣΣΣenv, (2.173)

where 𝜀I𝑆 cancels identically at every 𝜀 > 0, establishing (2.171).

Together with the Poisson bracket {⋅, ⋅} governing reversible circulation in-
side KΩ and the symmetric metric bracket (⋅, ⋅) governing irreversible relax-
ation across K𝜕 (Section 2.5.2), ⟦𝒪, 𝒞 ⟧ completes the bracket algebra of the
monograph by isolating structural residuals across changes of resolution.
Applied to diagonal extraction, ⟦diag, 𝒞P⟧ yields cut internalisation 𝒯P in
(2.168), with ⟦diag, 𝒞ΠΠΠ𝑆⟧(A𝑆𝑆) = KΩ creating internal memory from a loop-
less graph. Applied to Green’s inversion across 𝜕𝑆, −⟦(⋅)−1, 𝒞𝑆⟧ recovers the
Schur self-energy ΣΣΣenv of (2.33) across Chapters 3–5 and 9, while applied to
quadratic curvature operators in Section 2.5.1 and Chapter 6, ⟦Ric, 𝒞P⟧ and
⟦𝐺𝜇𝜈 ,PΠΠΠ⟧ generate positive discrete Ricci mass-focusing and untracked grav-

itational stress–energy 𝑇 (untracked)𝜇𝜈 . Finally, while Axiom III holds automatic-
ally for every surjective binary P, an admissible assignmentΠΠΠ(1) coarsens to
an admissible assignmentΠΠΠ(2) (2.151) if and only if each clusterℐ𝛼 induces a
connected subgraph on the level-1 capacity graph 𝐺K(1) (preserving Axiom I)

and aligns with a higher-order spectral bottleneck of L(1)K (Ξ ≫ 1, preserving
Axiom II).

example 2.5 (Multiscale Coarsening and Cut Internalisation). On the nine-
node relational graph 𝐺 = (𝑉 , 𝐸) of Example 2.1 (𝑁𝑉 = 9, 𝑁𝑆 = 6, 𝑁 ̄𝑆 = 3,
|𝐸| = 12), let ΠΠΠ(1) ∈ {0, 1}𝑁𝑉 ×3 be the level-1 assignment resolving 𝑀1 = 3
three-node CCEs 𝑆1 = {1, 2, 3}, 𝑆2 = {4, 5, 6}, and ̄𝑆 = {7, 8, 9}:

K(1) =
⎛
⎜⎜
⎝

6 1 1
1 6 1
1 1 6

⎞
⎟⎟
⎠
, (2.174)

L(1)K =
⎛
⎜⎜
⎝

2 −1 −1
−1 2 −1
−1 −1 2

⎞
⎟⎟
⎠
. (2.175)

Now introduce the coarsening matrix P ∈ {0, 1}3×2 that merges the two sub-
system lobes ℐ1 = {1, 2} into the single six-node block 𝑆 = {1, … , 6} while
keeping the environment ℐ2 = {3} ( ̄𝑆) distinct:

P =
⎛
⎜⎜
⎝

1 0
1 0
0 1

⎞
⎟⎟
⎠
, (2.176)

ΠΠΠ(2) = ΠΠΠ(1)P = (16 06
03 13

) . (2.177)
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Without referencing A, the congruence map (2.153)–(2.155) contracts the
level-1 operators directly into their level-2 counterparts:

K(2) = PTK(1)P = (14 2
2 6) , (2.178)

L(2)K = PTL(1)K P = ( 2 −2
−2 2 ) . (2.179)

Evaluating the diagonal commutator (2.168) and sector transfer laws (2.160)–
(2.161) separates the internalised bridge cut from the surviving external in-
terface:

⟦diag, 𝒞P⟧(K(1)) = 𝒯P(K(1)
𝜕 ) = diag(2, 0), (2.180)

K(2)
Ω = diag(12, 6) + diag(2, 0) = diag(14, 6), (2.181)

K(2)
𝜕 = (0 2

2 0) . (2.182)

Simultaneously, the inter-level projector difference (2.165) isolates the rank-
1 antisymmetric inter-lobe dipole mode absorbed into QΠΠΠ(2) :

ΔP1→2 = 1
6d12d

T
12, (2.183)

d12 ∶= (1, 1, 1, −1, −1, −1, 0, 0, 0)T. (2.184)

This matrix congruence preserves the total edge count |𝐸| = 12 while trans-
ferring the level-1 inter-lobe bridge cut 𝐾 (1)

12 +𝐾 (1)
21 = 2 into level-2 diagonal

memory 𝐾 (2)
11 = 14, raising internal coarse-graining depth 𝐼11 from ln 6 to

ln 14. ♢

2.4 the capacity ledger

While Axiom III guarantees that the linear sum of graph edges is conserved
across every level of coarse-graining (2.156), any embedded physical system
faces an inescapable structural trade-off: finite material substrates cannot
simultaneously allocate unbounded relational degrees of freedom to main-
taining internal CCE representations (KΩ) and to interfacing across trans-
ition or environmental cuts (K𝜕 ). The capacity decomposition (2.83) provides
an exact, parameter-free accounting of this architectural trade-off.

2.4.1 Frobenius Orthogonality and the Capacity Ceiling

Within the subsystem capacity blockK𝑆 = KΩ+K(int)
𝜕 ∈ ℕ𝑀×𝑀0 (2.86), the di-

agonal intra-basin memory matrix KΩ and the hollow inter-basin transition
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cut matrixK(int)
𝜕 have disjoint entrywise support on ℝ𝑀×𝑀 and are therefore

strictly orthogonal under the Frobenius inner product:

⟨X,Y⟩𝐹 ∶= Tr(XTY), (2.185)

⟨KΩ,K(int)
𝜕 ⟩𝐹 = 0, (2.186)

‖K𝑆 ‖2𝐹 = ‖KΩ‖2𝐹 + ‖K(int)
𝜕 ‖2𝐹 . (2.187)

Taking the Frobenius norms of the two orthogonal sectors defines the Euc-
lidean internal memory load 𝒬Ω and internal transition load 𝒬(int)

𝜕 (both in
links):

𝒬Ω ∶= ‖KΩ‖𝐹 =
√

𝑀
∑
𝛼=1

𝐾2𝛼𝛼 , (2.188)

𝒬(int)
𝜕 ∶= ‖K(int)

𝜕 ‖𝐹 =
√
2 ∑
𝛼<𝛽

𝐾2𝛼𝛽 . (2.189)

Here𝒬Ω quantifies the Euclidean structural load committed to stabilising in-
ternal CCE memory registers, while 𝒬(int)

𝜕 quantifies the internal transition
load coupling distinct registers within 𝑆.
For an open subsystem embedded in an environment ̄𝑆 across the bound-
ary cut 𝜕𝑆, the rectangular off-diagonal block K(ext)

𝜕 ∈ ℕ𝑀 ̄𝑆×𝑀0 of the par-
titioned capacity matrix K (2.83) occupies a matrix sector disjoint from K𝑆
and carries the external interface load 𝒬(ext)

𝜕 . Combining the internal inter-
basin transition cuts 𝒬(int)

𝜕 and the external environmental ports 𝒬(ext)
𝜕 in

quadrature defines the total boundary cut load 𝒬𝜕 , yielding the three-sector
Pythagorean decomposition of the allocated structural capacity (henceforth
allocated capacity) 𝒬alloc (all in links):

𝒬(ext)
𝜕 ∶= ‖K(ext)

𝜕 ‖𝐹 , (2.190)

𝒬𝜕 ∶= √(𝒬(int)
𝜕 )2 + (𝒬(ext)

𝜕 )2, (2.191)

𝒬2
alloc ∶= 𝒬2Ω + 𝒬2𝜕 = 𝒬2Ω + (𝒬(int)

𝜕 )2 + (𝒬(ext)
𝜕 )2. (2.192)

While each Euclidean quantity 𝒬Ω, 𝒬(int)
𝜕 , 𝒬(ext)

𝜕 , 𝒬𝜕 , and 𝒬alloc depends on
the chosen partitionΠΠΠ, we suppress the explicit (ΠΠΠ) argument for notational
economy. When the subsystem is closed (𝜕𝑆 = ∅), 𝒬(ext)

𝜕 = 0 and 𝒬𝜕 re-
duces to the internal transition load 𝒬(int)

𝜕 . Conversely, when a subsystem is
coarse-grained as a single monolithic block (𝑀 = 1, as in the multi-system
network of Chapter 3), 𝒬(int)

𝜕 = 0 and 𝒬𝜕 reduces to the external port load
𝒬(ext)
𝜕 . When the subsystem does not partition ̄𝑆 (𝑀 ̄𝑆 = 1), the row vector

K(ext)
𝜕 carries the external port degrees 𝑑(ext)𝛼 , so𝒬(ext)

𝜕 depends solely on the
internal assignment ΠΠΠ𝑆 .

To make the capacity frontier strictly parameter-free on 𝐺 = (𝑉 , 𝐸), we
define the total relational capacity 𝒬total (in links) via the entrywise ℓ1 matrix
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norm as the partition-invariant relational capacity budget of the embedded
subgraph 𝑆. By Combinatorial Conservation (Axiom III, (2.128)–(2.129)) and
the graph-theoretic handshaking identity—since every internal edge in 𝐸(𝑆)
contributes two incident endpoints within 𝑆 and every boundary cut edge
in 𝜕𝑆 contributes one incident endpoint within 𝑆—this linear budget equals
the exact degree volume vol(𝑆) of the subsystem:

‖X‖1 ∶= ∑
𝑎,𝑏

|𝑋𝑎𝑏 |, (2.193)

𝒬max
total ∶= 𝑑max|𝑆|, (2.194)

𝒬total ∶= ‖K𝑆 ‖1 + ‖K(ext)
𝜕 ‖1 = 2|𝐸(𝑆)| + |𝜕𝑆| = vol(𝑆) ≤ 𝒬max

total, (2.195)

where vol(𝑆) sums the vertex degrees 𝑑𝑖 over 𝑖 ∈ 𝑆 (2.100) and 𝒬max
total is the

substrate valence ceiling in a network of maximum vertex degree 𝑑max.

theorem 2.4 (Orthogonal Capacity Ceiling and Strict Norm Gap). For any
partition ΠΠΠ = diag(ΠΠΠ𝑆 ,ΠΠΠ ̄𝑆) of (𝑆, ̄𝑆), the allocated capacity 𝒬alloc is bounded
universally by the partition-invariant total relational capacity 𝒬total = vol(𝑆),
and any plastic reconfiguration ΔK ∶= K′−K decomposes orthogonally across
its diagonal memory and cut sectors:

𝒬2
alloc = 𝒬2Ω + 𝒬2𝜕 = 𝒬2Ω + (𝒬(int)

𝜕 )2 + (𝒬(ext)
𝜕 )2 ≤ 𝒬2

total, (2.196)

ΔK = ΔKΩ + ΔK𝜕 , (2.197)

‖ΔK‖2𝐹 = ‖ΔKΩ‖2𝐹 + ‖ΔK𝜕‖2𝐹 . (2.198)

Moreover, strict inequality 𝒬alloc < 𝒬total holds if and only if at least two
entries of (K𝑆 ,K(ext)

𝜕 ) are strictly positive—in particular, for every admissible
partition (Definition 2.1) with 𝑀 ≥ 2, or with 𝑀 = 1 and open boundary
|𝜕𝑆| > 0.

proof. Collecting the 𝑅 ∶= 𝑀2 +𝑀 ̄𝑆𝑀 non-negative integer entries of K𝑆
and K(ext)

𝜕 into a single vector q = (𝑞1, … , 𝑞𝑅)T ∈ ℕ𝑅0 , we have 𝒬total = ‖q‖1
by (2.195) and 𝒬2

alloc = ‖q‖22 by (2.192), so their squared difference expands
into cross-products of distinct entries:

𝒬2
total − 𝒬2

alloc = (
𝑅
∑
𝑟=1

𝑞𝑟)
2
−

𝑅
∑
𝑟=1

𝑞2𝑟 = ∑
𝑟≠𝑠

𝑞𝑟𝑞𝑠 ≥ 0. (2.199)

Since 𝑞𝑟 ≥ 0 for all 𝑟 , (2.199) establishes 𝒬alloc ≤ 𝒬total, with strict inequality
𝒬alloc < 𝒬total if and only if at least two distinct entries satisfy 𝑞𝑟 , 𝑞𝑠 ≥ 1.
Under Axiom I (2.125), every block satisfies 𝐾𝛼𝛼 ≥ 2, providing at least two
positive diagonal entries whenever𝑀 ≥ 2, and pairing 𝐾11 ≥ 2 with at least
one positive boundary entry in K(ext)

𝜕 whenever 𝑀 = 1 and |𝜕𝑆| > 0. Finally,
becauseΔKΩ andΔK𝜕 occupy disjointmatrix coordinates, ⟨ΔKΩ, ΔK𝜕⟩𝐹 = 0,
proving (2.198).

Theorem 2.4 establishes the fundamental structural frontier of physical com-
putation: within a finite relational substrate, dedicating relational capacity to
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internal CCE storage (𝒬Ω) strictly limits the channel capacity available for
inter-basin transitions or external interfaces (𝒬𝜕 ). Physically, whereas the
linear ℓ1 ceiling 𝒬total counts the total relational capacity budget of incident
edge endpoints and is invariant under partitioning, the allocated capacity
𝒬alloc weights each block or cut quadratically in the Euclidean ℓ2 Frobenius
norm by its concentrated bundle capacity: concentrating many edges into
a single monolithic register (𝐾2𝛼𝛼 ) locks those degrees of freedom into mu-
tually redundant internal stabilisers of a single block state, whereas distrib-
uting edges across multiple distinct registers and boundary cuts preserves
independent cross-block pairings that can be differentiated or rewired. Sat-
uration 𝒬alloc = 𝒬total occurs only in the trivial degenerate limit where an
isolated closed graph (𝜕𝑆 = ∅) collapses into a single unpartitioned block
(𝑀 = 1).

2.4.2 Free Capacity and Structural Efficiency

With the total relational capacity 𝒬total established in (2.195), the founda-
tional numerator of agency is defined without free parameters from the ca-
pacity decomposition as the system’s unallocated relational capacity, or free
capacity (in links):

𝒬free ∶= 𝒬total − 𝒬alloc = 𝒬total − √𝒬2Ω + 𝒬2𝜕

= 𝒬total − √𝒬2Ω + (𝒬(int)
𝜕 )2 + (𝒬(ext)

𝜕 )2.
(2.200)

Geometrically, 𝒬free measures the radial gap between the allocated capacity
vector (𝒬Ω, 𝒬𝜕) (of Euclidean norm 𝒬alloc) and the invariant ℓ1 capacity ceil-
ing 𝒬total. By Theorem 2.4, 𝒬free > 0 for every admissible multi-basin or
open partition, quantifying the free capacity of reconfigurable degrees of
freedom available for active stability control, error correction, and learning
without exceeding substrate limits. Normalising 𝒬free by the boundary cut
load 𝒬𝜕 and internal CCE load 𝒬Ω defines the dimensionless structural intel-
ligence 𝜒struct and structural consciousness (internal model efficiency) 𝜅struct
(both in links/link), linked by the discrete bridge identity:

𝜒struct ∶=
𝒬free

𝒬𝜕
=

𝒬total − √𝒬2Ω + 𝒬2𝜕
𝒬𝜕

, (2.201)

𝜅struct ∶=
𝒬free

𝒬Ω
=

𝒬total − √𝒬2Ω + 𝒬2𝜕
𝒬Ω

, (2.202)

𝜒struct = 𝜅struct
𝒬Ω
𝒬𝜕

. (2.203)

Equations (2.201)–(2.203) make the coupled trade-off across 𝒬 explicit: com-
mitting additional capacity to𝒬Ω or𝒬𝜕 simultaneously contracts the numer-
ator 𝒬free (2.200) while rescaling the denominator, showing that an embed-
ded architecture achieves high structural intelligence 𝜒struct either through
economical internal representation (high 𝜅struct) or by committing a larger
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internal CCE load 𝒬Ω to buffer boundary cut exposure 𝒬𝜕 . Comparing the
linear ℓ1 budget 𝒬total against the Euclidean ℓ2 Frobenius norm 𝒬alloc yields
the static efficiency relations, Cauchy–Schwarz support bounds, and recon-
figuration difference identity used throughout the remainder of this work.

lemma 2.5 (Capacity Norm and Efficiency Bounds). Let 𝑆 ⊆ 𝑉 be a sub-
system with total relational capacity 𝒬total = vol(𝑆) > 0, positive internal
memory load 𝒬Ω = ‖KΩ‖𝐹 > 0, positive boundary cut load 𝒬𝜕 > 0 (2.191), and
positive free capacity 𝒬free = 𝒬total − 𝒬alloc > 0 (all in links). Then:

1. Quadratic Trade-OffCurve, Joint Ceiling, and Capacity Shares: The struc-
tural efficiencies 𝜒struct and 𝜅struct (2.201)–(2.202) satisfy the reciprocal
trade-off curve and symmetric joint ceiling:

1
𝜒2
struct

+ 1
𝜅2struct

= (𝒬alloc

𝒬free
)
2
, (2.204)

min(𝜒struct, 𝜅struct) ≤ √2 𝒬free

𝒬alloc
, (2.205)

with equality in (2.205) if and only if𝒬Ω = 𝒬𝜕 . Expressing𝒬total through
𝒬free defines the dimensionless free-capacity share 𝜂free(𝜒struct, 𝜅struct) ∈
(0, 1):

𝒬total = 𝒬free (1 + √𝜒−2
struct + 𝜅−2struct) , (2.206)

𝜂free(𝜒struct, 𝜅struct) ∶=
𝒬free

𝒬total
= 1

1 + √𝜒−2
struct + 𝜅−2struct

, (2.207)

and strictly bounds the boundary, internal memory, and total allocated
shares of 𝒬total:

𝒬𝜕
𝒬total

= 1
𝜒struct + √1 + 𝜒2

struct 𝜅−2struct

< 1
1 + 𝜒struct

, (2.208)

𝒬Ω
𝒬total

= 1
𝜅struct + √1 + 𝜅2struct 𝜒−2

struct

< 1
1 + 𝜅struct

, (2.209)

𝒬alloc

𝒬total
= 1 − 𝜂free(𝜒struct, 𝜅struct) < 1

𝜒struct
+ 1
𝜅struct

. (2.210)

2. Cauchy–Schwarz Support Bounds: Let 𝑆 be partitioned into 𝑀 ≥ 1 in-
ternal CCE blocks with 𝑚𝜕 ≥ 0 non-zero external port entries in K(ext)

𝜕
and 𝑚cut ≥ 1 total non-zero boundary entries across K(int)

𝜕 and K(ext)
𝜕 .

Then:

|𝜕𝑆| = ‖K(ext)
𝜕 ‖1 ≤ √𝑚𝜕 𝒬(ext)

𝜕 ≤ √𝑚𝜕 𝒬𝜕 , (2.211)

𝒬total ≤ √𝑀 𝒬Ω + √𝑚cut 𝒬𝜕 , (2.212)

1 < 𝜂free(𝜒struct, 𝜅struct)−1 ≤ √𝑀
𝜅struct

+ √𝑚cut

𝜒struct
. (2.213)

In particular, when 𝑀 = 1 and 𝑚cut = 1, exact additivity 𝒬total =
𝒬Ω + 𝒬𝜕 forces 𝜒struct < 1 and 𝜅struct < 1.
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3. Orthogonal Reconfiguration Difference Identity: Consider any capacity
reconfiguration at conserved𝒬total across pairwise Frobenius-orthogonal
internal, external, and newly activated coupling sectors, taking baseline
sector norms (𝒬int, 𝒬ext, 0) of allocated capacity𝒬alloc to (𝒬′

int, 𝒬′
ext, 𝒬cpl)

of allocated capacity 𝒬′
alloc. Defining the signed internal and external

quadratic reductions (in links2) yields the exact difference identity:

Δ𝒬2Ω,cons ∶= 𝒬2
int − (𝒬′

int)
2, (2.214)

Δ𝒬2𝜕,shed ∶= 𝒬2
ext − (𝒬′

ext)2, (2.215)

𝒬2
alloc − (𝒬′

alloc)
2 = Δ𝒬2Ω,cons + Δ𝒬2𝜕,shed − 𝒬2

cpl, (2.216)

so 𝒬′
free > 𝒬free holds if and only if 𝒬2

cpl < Δ𝒬2Ω,cons + Δ𝒬2𝜕,shed.

proof. Inverting (2.201)–(2.202) expresses the committed loads through
𝒬free, so dividing 𝒬2Ω + 𝒬2𝜕 = 𝒬2

alloc (2.192) by 𝒬2
free > 0 yields (2.204). Set-

ting 𝑐 ∶= min(𝜒struct, 𝜅struct) > 0 gives 𝜒−2
struct ≤ 𝑐−2 and 𝜅−2struct ≤ 𝑐−2, and

summing both inequalities against (2.204) establishes (2.205), with equality
if and only if 𝜒struct = 𝜅struct, or equivalently 𝒬Ω = 𝒬𝜕 . Substituting 𝒬alloc =
𝒬free√𝜒−2

struct + 𝜅−2struct from (2.204) into (2.200) yields (2.206)–(2.207). Divid-
ing𝒬𝜕 and𝒬Ω by (2.206) with 𝜅−2struct > 0 and 𝜒−2

struct > 0 gives (2.208)–(2.209).
Because 𝒬Ω > 0 and 𝒬𝜕 > 0, expanding squares gives 𝒬alloc < 𝒬Ω +𝒬𝜕 , and
combining this strict bound with 𝒬free < 𝒬total proves (2.210):

𝒬alloc

𝒬total
< 𝒬alloc

𝒬free
< 𝒬𝜕 + 𝒬Ω

𝒬free
= 1

𝜒struct
+ 1
𝜅struct

. (2.217)

For Part 2, applying the Cauchy–Schwarz inequality ‖u‖1 = ⟨1𝑟 ,u⟩ ≤ √𝑟 ‖u‖2
on ℝ𝑟≥0 across the 𝑚𝜕 active entries of K(ext)

𝜕 with 𝒬(ext)
𝜕 ≤ 𝒬𝜕 (2.191) yields

(2.211), and applying it across the 𝑀 diagonal entries of KΩ and 𝑚cut active
boundary entries in (2.195) gives (2.212). Dividing (2.212) by 𝒬free > 0 via
(2.206)–(2.207) establishes (2.213). At 𝑀 = 1 and 𝑚cut = 1, exact additivity
𝒬total = 𝒬Ω + 𝒬𝜕 combined with 𝒬alloc > 𝒬Ω and 𝒬alloc > 𝒬𝜕 forces 𝒬free <
𝒬𝜕 and 𝒬free < 𝒬Ω. For Part 3, Frobenius orthogonality gives 𝒬2

alloc = 𝒬2
int +

𝒬2
ext and (𝒬′

alloc)2 = (𝒬′
int)2 + (𝒬′

ext)2 + 𝒬2
cpl, whose difference substitutes

(2.214)–(2.215) directly into (2.216). At conserved 𝒬total, 𝒬′
free > 𝒬free holds

if and only if 𝒬′
alloc < 𝒬alloc, which is equivalent to positivity of (2.216).

Isolating the 𝑀-register diagonal block in Part 2 of Lemma 2.5 separates
single-register depth from system-level free capacity. Because K𝑆 splits into
KΩ and K(int)

𝜕 (2.86)–(2.88) with ℓ1 sum 2|𝐸(𝑆)| (2.195), summing the 𝑀 diag-
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onal entries fixes Tr(KΩ) and bounds 𝒬Ω from below by Cauchy–Schwarz,
capping 𝒬free in (2.200):

𝒬2Ω =
𝑀
∑
𝛼=1

𝐾2𝛼𝛼 ≥ Tr(KΩ)2
𝑀 = 1

𝑀 (2|𝐸(𝑆)| − ‖K(int)
𝜕 ‖1)

2
, (2.218)

𝒬free ≤ 𝒬total −
2|𝐸(𝑆)| − ‖K(int)

𝜕 ‖1
√𝑀

, (2.219)

𝒬free|𝑀=1 = 2|𝐸(𝑆)| + |𝜕𝑆| − √4|𝐸(𝑆)|2 + 𝒬2𝜕 < |𝜕𝑆| (|𝜕𝑆| > 0).
(2.220)

Equality holds in (2.218) if and only if all 𝑀 registers carry equal diagonal
capacity 𝐾𝛼𝛼 , while (2.219) is strict whenever 𝒬𝜕 > 0 since 𝒬alloc > 𝒬Ω. Mer-
ging all internal links into a single monolithic block (𝑀 = 1 with K(int)

𝜕 = 0)
maximises passive single-well depth 𝐼11 at 𝐾11 = 2|𝐸(𝑆)|, yet (2.220) caps
𝒬free strictly below |𝜕𝑆|, driving the free-capacity share 𝜂free (2.207) and
𝜅struct (2.202) to zero as |𝐸(𝑆)| grows at fixed boundary cut |𝜕𝑆|. Conversely,
partitioning 𝑆 across 𝑀 ≫ 1 registers suppresses 𝒬Ω by 𝑀−1/2 in (2.218)
while keeping each register well-isolated (𝐾𝛼𝛽 ≪ 𝐾𝛼𝛼 ), releasing𝒬free along-
side 𝜒struct, 𝜅struct, and 𝜂free prior to the through-time trajectory metrics
(𝜒𝑇 , 𝜅𝑇 ) developed in Chapter 3.

example 2.6 (Capacity Ledger across Partition Reconfigurations). On the
nine-node relational graph 𝐺 = (𝑉 , 𝐸) of Examples 2.1 and 2.5, the six-node
subsystem 𝑆 = {1, … , 6} (|𝐸(𝑆)| = 7, |𝜕𝑆| = 2, 𝑑max = 3) satisfies (2.195) and
(2.198) (for the reconfiguration ΔK𝑆 ∶= Kadm − Kinadm of Example 2.4):

𝒬total = 2|𝐸(𝑆)| + |𝜕𝑆| = 16 < 𝒬max
total = 18, (2.221)

‖ΔK𝑆 ‖2𝐹 = ‖ΔKΩ‖2𝐹 + ‖ΔK(int)
𝜕 ‖2𝐹 = 32 + 32 = 64. (2.222)

For the level-1 two-basin assignment ΠΠΠ(1) of (2.114)–(2.115), internal load
𝒬(1)
Ω = √72 (≈ 8.49) and cut loads 𝒬(int,1)

𝜕 = √2 and 𝒬(ext,1)
𝜕 = √2 yield

𝒬(1)
𝜕 = 2, so (2.192) and (2.200)–(2.201) give:

𝒬(1)
alloc = √72 + 4 = √76 ≈ 8.72, (2.223)

𝒬(1)
free = 16 − √76 ≈ 7.28, (2.224)

𝜒 (1)
struct = 16 − √76

2 ≈ 3.64, (2.225)

with structural consciousness 𝜅(1)struct ≈ 0.86 (2.202) and free-capacity share
𝜂(1)free ≈ 0.46 (2.207). Under the coarsened level-2 monolithic assignmentΠΠΠ(2)

of (2.178), where the scalar blocks 𝐾 (2)
𝑆 = 14 and 𝐾 (ext,2)

𝜕 = 2 give 𝒬(2)
Ω = 14,

𝒬(int,2)
𝜕 = 0, and 𝒬(2)

𝜕 = 2, the same capacity relations evaluate to:

𝒬(2)
alloc = √196 + 4 = √200 ≈ 14.14, (2.226)

𝒬(2)
free = 16 − √200 ≈ 1.86, (2.227)

𝜒 (2)
struct = 16 − √200

2 ≈ 0.93, (2.228)
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(a) Disjoint Capacity Matrix Sectors K
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̄S1

KΩ: memory (Q(1)
Ω = √72 )

K(int)
∂ : internal cut (√2 )

K(ext)
∂ : port cut (√2 )

K ̄S: external bath

⟨KΩ, K∂⟩F = 0, Qtotal = vol(S) = 16
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(b) Capacity Ceiling & Multiscale Reserve

Ceiling Qtotal = 16

Π(1): Q(1)
free ≈ 7.28

(χ(1)
struct ≈ 3.64)

Π(2): Q(2)
free ≈ 1.86

(χ(2)
struct ≈ 0.93)

f igure 2.3: Frobenius-orthogonal Capacity Ledger and multiscale free-capacity
compression on the nine-node dumbbell subsystem (degree volume
𝒬total = 16 links, Theorem 2.4 and Example 2.6). (a) Disjoint entry-
wise support of the partitioned capacity matrix K (2.115), separating
diagonal intra-basin memory KΩ (𝐾𝛼𝛼 = 6, teal) from hollow internal
transition cutsK(int)

𝜕 (𝐾12 = 1, light navy) and external boundary ports
K(ext)

𝜕 (𝐾𝜕,𝛼 = 1, crimson) with vanishing Frobenius cross-products
⟨KΩ,K𝜕⟩𝐹 = 0. (b) Euclidean capacity plane (𝒬Ω, 𝒬𝜕) bounded by the
quarter-circle ceiling 𝒬2Ω + 𝒬2𝜕 ≤ 𝒬2

total. The level-1 two-basin par-
tition ΠΠΠ(1) retains substantial radial free reserve 𝒬(1)

free ≈ 7.28 links
(𝜒 (1)

struct ≈ 3.64, 𝜅(1)struct ≈ 0.86, teal), whereas monolithic level-2 coarsen-
ingΠΠΠ(2) shifts cut capacity into diagonal load (𝒬(2)

alloc ≈ 14.14 links) and
compresses 𝒬(2)

free to 1.86 links (crimson).

with structural consciousness 𝜅(2)struct ≈ 0.13 and free-capacity share 𝜂(2)free ≈
0.12 (2.207). Whereas ΠΠΠ(1) saturates (2.218) across 𝑀 = 2 balanced registers
of capacity 𝐾𝛼𝛼 = 6, coarsening 𝑆 into a single monolithic block (𝑀 = 1)
raises single-block depth 𝐼11 from ln 6 to ln 14 (Example 2.5) only by con-
centrating all internal links into 𝐾 (2)

𝑆 = 14, inflating 𝒬alloc and compressing
𝒬free from 7.28 to 1.86 < |𝜕𝑆| in accordance with (2.220) (Figure 2.3). ♢

2.5 spectral dimens ions and emergent dynamics

On the relational graph 𝐺 = (𝑉 , 𝐸), vertices carry no spatial coordinates,
edges carry no lengths, and no external clock parameter exists. Under an
admissible partitionΠΠΠ, the subsystem initially consists only of𝑀 unordered
CCE registers coupled by the capacity matrixK. Both the emergent coordin-
ate geometry and the continuous equations ofmotion arise directly from this
relational operator. First, the spectrum and second-order operator products
ofK and LK determine the coordinate embedding, effective dimension 𝑑𝑠[ΠΠΠ],
resistance distance Ω𝛼𝛽 , emergent proper and relational time, and algebraic
curvature of the coarse-grained state space (Section 2.5.1). Second, trans-
porting state across those spectral coordinates along emergent time projects
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the orthogonal split K𝑆 = KΩ + K(int)
𝜕 and the Kulkarni–Nomizu capacity-

mobility tensor directly into continuousmetriplectic dynamics (Section 2.5.2).

2.5.1 Spectral Dimensions, Emergent Time, and Metric Geometry

Throughout Section 2.5, we analyse the closed subsystem baseline where
D(ext)
K = 0, so K ≡ K𝑆 , DK ≡ D(int)

K , and LK = DK − K in (2.101), before
Chapter 3 restores environmental driving across 𝜕𝑆. Because the block in-
dices 𝛼 ∈ {1, … ,𝑀} are arbitrary bookkeeping labels, relabelling the rows
and columns of K by any permutation leaves the network unchanged, and
index differences |𝛼 − 𝛽| carry no geometric meaning. For a candidate co-
ordinate vector 𝜙𝜙𝜙 ∈ ℝ𝑀 with entries 𝜙(𝛼) to order the CCEs according to
their physical connectivity, registers coupled by a large boundary cut 𝐾𝛼𝛽
must receive nearby coordinates 𝜙(𝛼) ≈ 𝜙(𝛽), confining large coordinate
jumps to narrow bottlenecks. As established in (2.104), the total cut-weighted
coordinate variation across 𝐺K is measured by the coarse-grained Dirichlet
energy 𝜙𝜙𝜙TLK𝜙𝜙𝜙.
Minimising 𝜙𝜙𝜙TLK𝜙𝜙𝜙 unconstrained is degenerate in two ways: scaling 𝜙𝜙𝜙 → 0
trivially drives the variation to zero, and assigning the same constant value
to every block via 𝜙𝜙𝜙1 = (TrDK)−1/21𝑀 achieves 𝜙𝜙𝜙T1LK𝜙𝜙𝜙1 = 0 by collapsing
all 𝑀 CCEs onto a single point. Eliminating scale collapse requires norm-
alising the degree-weighted variance 𝜙𝜙𝜙TDK𝜙𝜙𝜙 = 1 so that each register is
weighted by its degree volume 𝑑𝛼 , while eliminating point collapse requires
each successive coordinate axis 𝜙𝜙𝜙𝑘 (𝑘 = 2, … ,𝑀 ) to be DK-orthogonal to 𝜙𝜙𝜙1
and all preceding axes. By the Courant–Fischer min-max principle, the sta-
tionary directions of the Rayleigh quotient (2.108) under these constraints
are governed by the generalised eigenvalue problem of LK relative to the
degree mass matrix DK:

LK𝜙𝜙𝜙𝑘 = 𝜇𝑘DK𝜙𝜙𝜙𝑘 , (2.229)

𝜙𝜙𝜙T𝑗 DK𝜙𝜙𝜙𝑘 = 𝛿𝑗𝑘 , (2.230)

𝜇𝑘 =
𝜙𝜙𝜙T𝑘LK𝜙𝜙𝜙𝑘
𝜙𝜙𝜙T𝑘DK𝜙𝜙𝜙𝑘

=
1
2 ∑𝛼≠𝛽 𝐾𝛼𝛽(𝜙𝑘(𝛼) − 𝜙𝑘(𝛽))2

∑𝑀
𝛼=1 𝑑𝛼𝜙𝑘(𝛼)2

, (2.231)

with eigenvalues 0 = 𝜇1 < 𝜇2 ≤ ⋯ ≤ 𝜇𝑀 ≤ 2 matching the spectrum
of Lnorm in (2.109). Notice how the orthogonal sectors of K divide roles in
(2.229)–(2.231): diagonal intra-basin memory KΩ cancels identically out of
the Dirichlet numerator LK = D(int)

𝜕 −K(int)
𝜕 , which depends solely on inter-

register cuts K(int)
𝜕 , yet enters the degree-mass denominator DK = KΩ +

D(int)
𝜕 as local coarse-graining inertia weighting each register. The slowest

non-trivial eigenvector 𝜙𝜙𝜙2 (the Fiedler mode) defines the coarsest principal
coordinate axis across 𝐺K, and higher modes 𝑘 > 2 resolve progressively
finer orthogonal axes.

Retaining all𝑀 −1 non-trivial eigenvectors from (2.229) would trivially em-
bed the 𝑀 registers into ℝ𝑀−1 without isolating the effective dimensional-
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ity of the coarse-grained state space. To calibrate the effective dimension
𝑑𝑠 directly from the spectrum {𝜇𝑘}𝑀𝑘=1, we examine how rapidly a localised
state spreads across 𝐺K under the heat kernel 𝑒−𝑠Lnorm , where 𝑠 ≥ 0 denotes
an auxiliary dimensionless spectral diffusion scale probing network topo-
logy (distinct from the emergent time parameter 𝑡 calibrated below). In a
geometry with 𝑑𝑠 independent directions, diffusive spreading over scale 𝑠
fills a region whose effective volume grows as 𝑠𝑑𝑠/2, causing the average re-
turn probability 𝑃(𝑠) of remaining at the initial register to decay inversely
as 𝑠−𝑑𝑠/2. On a finite network (𝑀 ≫ 1), this power-law scaling holds across
the intermediate diffusion window 𝜇−1𝑀 ≪ 𝑠 ≪ 𝜇−12 , after single-step dis-
cretisation transients (𝑠 ≲ 𝜇−1𝑀 ) have decayed yet before diffusion saturates
the global bottleneck across all 𝑀 registers (𝑠 ≳ 𝜇−12 , where 𝑃(𝑠) → 1/𝑀 ).
Across this window, the logarithmic decay slope of 𝑃(𝑠)—equivalently, the
Weyl cumulative eigenvalue count—calibrates the spectral dimension 𝑑𝑠[ΠΠΠ]:

𝑃(𝑠) ∶= 1
𝑀 Tr(𝑒−𝑠Lnorm) = 1

𝑀
𝑀
∑
𝑘=1

𝑒−𝜇𝑘 𝑠 ∼ 𝑠−𝑑𝑠/2, (2.232)

𝑑𝑠[ΠΠΠ] ∶= −2d ln 𝑃(𝑠)
d ln 𝑠 , (2.233)

|{𝑘 ≥ 2 ∶ 𝜇𝑘 ≤ 𝜇}| ∼ 𝜇𝑑𝑠/2. (2.234)

Because Lnorm depends on the partition ΠΠΠ, the spectral dimension 𝑑𝑠[ΠΠΠ] is
a functional of the coarse-graining and substrate connectivity: while spe-
cialised connectivity networks can operate at 𝑑𝑠 = 1 (linear chains and
pipelines), 𝑑𝑠 = 2 (planar circuits and membranes), or 𝑑𝑠 ≫ 4 (dense neural
and relational graphs), for physical spacetime 𝑑𝑠 = 4, comprising three spa-
tial dimensions and one temporal dimension (Chapter 6).

Retaining the 𝑑𝑠 slowest non-trivial eigenvectors constructs the spectral co-
ordinatemapΦΦΦ, completing a two-stage linear reduction from the coordinate-
free vertex space to the spectral coordinate chart ℳspec:

ℝ𝑁 ΠΠΠ−−→ ℝ𝑀 ΦΦΦ−−→ ℳspec ≅ ℝ𝑑𝑠 , (2.235)

ΦΦΦ ∶= [𝜙𝜙𝜙2, … ,𝜙𝜙𝜙𝑑𝑠+1] ∈ ℝ𝑀×𝑑𝑠 , (2.236)

z(𝛼) ∶= ΦΦΦTe𝛼 = (𝜙2(𝛼), … , 𝜙𝑑𝑠+1(𝛼))
T ∈ ℝ𝑑𝑠 . (2.237)

On this coordinate chart, metric distance cannot be measured by shortest-
path hop counts, which ignore cut widths and parallel pathways, because
relational transport sums over all parallel paths weighted by their conduct-
ances 𝐾𝛼𝛽 . Injecting a unit flux at register 𝛼 and extracting it at register 𝛽
via LKz𝑆 = e𝛼 − e𝛽 , inverted on the zero-sum subspace 1⟂𝑀 by the Moore–

Penrose pseudoinverse L†K, produces a potential drop equal to the intrinsic
Klein–Randić resistance distance Ω𝛼𝛽 [85]. Because e𝛼 − e𝛽 is orthogonal
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to span(1𝑀 ), Ω𝛼𝛽 expands directly in the generalised eigenbasis (𝜇𝑘 , 𝜙𝜙𝜙𝑘) of
(2.229):

Ω𝛼𝛽 ∶= (e𝛼 − e𝛽)TL†K(e𝛼 − e𝛽) = 𝐿†K,𝛼𝛼 + 𝐿†K,𝛽𝛽 − 2𝐿†K,𝛼𝛽 , (2.238)

Ω𝛼𝛽 =
𝑀
∑
𝑘=2

𝜇−1𝑘 (𝜙𝑘(𝛼) − 𝜙𝑘(𝛽))2. (2.239)

Equation (2.239) shows that Ω𝛼𝛽 is the exact squared Euclidean distance

in 𝜇−1/2𝑘 -scaled spectral coordinates, with vol(𝑆) Ω𝛼𝛽 giving the random-
walk commute time between registers 𝛼 and 𝛽 . Because higher modes (𝑘 >
𝑑𝑠 + 1) are suppressed by 𝜇−1𝑘 , truncating (2.239) to the 𝑑𝑠 slowest modes
expresses effective distance directly on z(𝛼), while in an open subsystem en-
vironmental port resistance enters analogously through the effective Schur-
complement Laplacian Leff (2.34).

How these spectral axes partition across space and time—and how temporal
duration is calibrated—depends on whether ΠΠΠ𝑆 resolves multi-epoch his-
tories or instantaneous configuration states. In a multi-epoch causal-history
partition (𝑀 ≫ 1), ΠΠΠ𝑆 indexes coarse-grained blocks across successive per-
sistence epochs without assuming an external clock. When intra-epoch spa-
tial cuts exceed inter-epoch persistence bottlenecks, the slowest non-trivial
eigenvector 𝜙𝜙𝜙time ≡ 𝜙𝜙𝜙2 takes constant level-set values across coexisting
registers within each epoch, foliating {1, … ,𝑀} into 𝑁𝜏 disjoint sequential
slices 𝑆𝜏 ordered by strictly increasing Fiedler coordinate:

𝑆𝜏 ∶= {𝛼 ∈ {1, … ,𝑀} ∶ 𝜙time(𝛼) = 𝜙(𝜏 )time}, (2.240)

𝜙(1)time < 𝜙(2)time < ⋯ < 𝜙(𝑁𝜏 )
time, (2.241)

{1, … ,𝑀} =
𝑁𝜏
⨆
𝜏=1

𝑆𝜏 . (2.242)

Within this foliation (𝑑𝑠 = 1 + 𝑑spatial𝑠 ), 𝜙𝜙𝜙time supplies a single emergent tem-
poral axis while theDK-orthogonal modes 𝜙𝜙𝜙𝑘 (𝑘 > 2) align coexisting spatial
registers 𝑥 ∈ 𝑆𝜏 across 𝑑spatial𝑠 = 𝑑𝑠 − 1 spatial axes governed by Ω𝛼𝛽 . Or-
dering slices via (2.240)–(2.242) establishes discrete succession without yet
fixing duration, which separates into three nested tiers: intrinsic observer
proper time on 𝑆, relational reference time against an external sub-block,
and standardised clock units. At the intrinsic tier, Axiom I (2.125) guaran-
tees 𝐾(𝜏 ,𝑥),(𝜏 ,𝑥) ≥ 2 links on every connected slice register (𝜏 , 𝑥) (𝑥 ∈ 𝑆𝜏 ).
Summing the logarithmic coarse-graining depths (1.33) across slice 𝑆𝜏 defines
the observer’s dimensionless intrinsic slice proper-time increment Δ𝜏nat(𝜏 ) (in



58 conservation-congruent encoding

nats), the cumulative intrinsic proper-time horizon 𝜏nat,𝑇 (in nats), and the
normalised proper-time weights 𝑤𝜏 :

Δ𝜏nat(𝜏 ) ∶= ∑
𝑥∈𝑆𝜏

ln𝐾(𝜏 ,𝑥),(𝜏 ,𝑥) ≥ |𝑆𝜏 | ln 2 > 0, (2.243)

𝜏nat,𝑇 ∶=
𝑁𝜏
∑
𝜏=1

Δ𝜏nat(𝜏 ), (2.244)

𝑤𝜏 ∶=
Δ𝜏nat(𝜏 )
𝜏nat,𝑇

, (2.245)

whose strictly positive weights 𝑤𝜏 sum to unity across the 𝑁𝜏 slices, accu-
mulating up to slice 𝜏 into the observer’s partial proper-time sum 𝜏nat(𝜏 ) (in
nats):

𝜏nat(𝜏 ) ∶=
𝜏
∑
𝑠=1

Δ𝜏nat(𝑠) = 𝜏nat,𝑇
𝜏
∑
𝑠=1

𝑤𝑠 . (2.246)

Because a fixed slice degree budget splits between diagonalmemory𝐾(𝜏 ,𝑥),(𝜏 ,𝑥)
and boundary transition cuts, diverting capacity from KΩ into K𝜕 strictly
reduces 𝐾(𝜏 ,𝑥),(𝜏 ,𝑥) and contracts Δ𝜏nat(𝜏 ). At the relational tier, comparing
durations or operational rates across distinct systems without positing a
background clock resolves a stationary reference sub-block ̄𝑆ref ⊂ ̄𝑆 inside
Kwhose internal capacity maintains a constant slice proper-time increment
Δ𝜏ref > 0 (in nats) across the 𝑁𝜏 -slice reference horizon 𝑁𝜏Δ𝜏ref (in nats).
Normalising each slice increment by Δ𝜏ref relates 𝜏nat,𝑇 to 𝑁𝜏Δ𝜏ref through
the slice-mean lapse ratio (nats/nat) and leaves the proper-time weights 𝑤𝜏
identically invariant:

𝜏nat,𝑇
𝑁𝜏Δ𝜏ref

= 1
𝑁𝜏

𝑁𝜏
∑
𝜏=1

Δ𝜏nat(𝜏 )
Δ𝜏ref

, (2.247)

𝑤𝜏 =
Δ𝜏nat(𝜏 )/Δ𝜏ref

∑𝑁𝜏𝑠=1 Δ𝜏nat(𝑠)/Δ𝜏ref
= Δ𝜏nat(𝜏 )

𝜏nat,𝑇
. (2.248)

Complementarily, in a single-epoch state-space partition of configuration di-
mension 𝑛 ∶= 𝑑spatial𝑠 , ΠΠΠ𝑆 groups coexisting configuration registers while
sequential updates advance along the internal memory diagonal KΩ (2.88).
Both the local step count 𝑘 ∈ ℕ0 along a trajectory and the collective count
𝑘Ω ∈ ℕ0 of elementary internal memory updates across all Tr(KΩ) retained
internal channels are dimensionless integers. At the standardised clock tier,
normalising the subsystem’s intrinsic proper-time distinction increment d𝜏nat
(in nats) by its own active rest-frame reversible distinction rate ΩΦ > 0—
or equivalently normalising collective channel updates d𝑘Ω by 𝜈0 Tr(KΩ) at
constant elementary substrate step cadence 𝜈0 > 0—defines the subsystem’s
standardised proper-time increment d𝜏 :

d𝑘Ω ∶= Tr(KΩ) d𝑘, (2.249)

d𝜏 ∶= d𝜏nat
ΩΦ

= d𝑘Ω
𝜈0 Tr(KΩ)

. (2.250)



2.5 spectral dimens ions and emergent dynamics 59

Prior to external clock selection (𝜈0 = 1 per substrate step), d𝜏 counts local
internal steps d𝑘 while collective channel updates advance by Tr(KΩ) ≥ 2𝑀
links per step under Axiom I. On any non-empty uncoupled vertex core
𝑆Ω = 𝑆 ⧵ 𝑆𝜕 , the interior sub-Laplacian LΩΩ (Section 2.1.2 and Section 3.2.1)
shields core transitions identically from external boundary perturbations.
Whereas Δ𝜏nat(𝜏 ) (2.243) sums logarithmic coarse-graining depths across a
causal slice (in nats), collective channel updates d𝑘Ω (2.249) scale linearly
with Tr(KΩ), a distinction reconciled via concavity and theMargolus–Levitin
bound [106] in Section 6.1. Because any embedded subsystem obeys 𝒬alloc ≤
𝒬total, sustaining internal clock progression without unbounded register al-
location or continuous erasure requires wrapping internal updates into com-
pact, volume-preserving periodic orbits that cyclically reuse a finite register
set. Metering state displacements at rest relative to ̄𝑆ref (d𝜏 = d𝑡) and inter-
register transitions per local step defines relational velocities and single-step
transition probabilities via the Page–Wootters mechanism [127]:

̇𝑧 ∶= d𝑧
d𝑡 = ΩΦ

d𝑧
d𝜏nat

= 𝜈0 Tr(KΩ) d𝑧
d𝑘Ω

, (2.251)

𝑇𝛼→𝛽 ∶= 𝐾𝛼𝛽
𝑑𝛼

≈ 𝐾𝛼𝛽
𝐾𝛼𝛼

= 𝑒−Δ𝐼barrier,𝛼→𝛽 (𝛼 ≠ 𝛽). (2.252)

Because 𝑇𝛼→𝛽 depends solely on 𝐾𝛼𝛽 and the local degree 𝑑𝛼 , adding un-
coupled registers outside 𝑆𝛼 ∪ 𝑆𝛽 leaves the transition probability between
𝛼 and 𝛽 strictly invariant. Metering coordinate time strictly against the ex-
ternal reference sub-block ̄𝑆ref at its own reversible distinction rate Ωref >
0 fixes the discrete reference slice coordinates 𝑡𝜏 , the shared reference co-
ordinate horizon 𝑇 , and the continuous reference-time increment d𝑡 (distinct
from observer partial proper time 𝜏nat(𝜏 ) in (2.246) whenever Δ𝜏nat(𝜏 ) varies
across slices):

𝑡𝜏 ∶=
𝜏 Δ𝜏ref
Ωref

= 𝜏
𝑁𝜏

𝑇 , (2.253)

𝑇 ∶= 𝑁𝜏 Δ𝜏ref
Ωref

, (2.254)

d𝑡 ∶= d𝜏ref
Ωref

. (2.255)

Selecting SI seconds requires no separate time variable, as it simply chooses
an agreed-upon physical reference oscillator for ̄𝑆ref of defined reversible
rate Ωref > 0 in nats s−1 (versus Ωref = 1 in uncalibrated reference nats),
fixing 𝜈0 in s−1 and ΩΦ in nats s−1 so that 𝑡 , 𝜏 , and 𝑇 carry seconds dir-
ectly while d𝜏 = d𝑡 holds for every subsystem at rest relative to ̄𝑆ref despite
distinct internal capacities ΩΦ ≠ Ωref. In the large-capacity, fine-slice con-
tinuum limit (𝐾(𝜏 ,𝑥),(𝜏 ,𝑥) ≫ 1, 𝑁𝜏 ≫ 1) where the maximum slice weight 𝑤𝜏
vanishes inside the spectral diffusion window of (2.232) at non-zero Fiedler
gap 𝜇2(Lnorm) ≥ 𝜆0 > 0, 𝑡𝜏 converges to smooth reference coordinate time
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𝑡 ∈ [0, 𝑇 ] while d𝜏 integrates to elapsed standardised observer proper time
𝜏𝑇 and normalised proper-time weight:

𝜏𝑇 ∶= ∫
𝑇

0
d𝜏 = 𝜏nat,𝑇

ΩΦ
, (2.256)

d𝜏nat
𝜏nat,𝑇

= d𝜏
𝜏𝑇

. (2.257)

Slicing perpendicular to 𝜙𝜙𝜙time isolates a static cross-section 𝑆𝜏 governed by
(𝜒struct, 𝜅struct), whereas aggregating proper-time-weighted stability and dis-
sipation across the slices 𝑆1, … , 𝑆𝑁𝜏 yields the through-time efficiencies 𝜒𝑇
and 𝜅𝑇 developed in Chapter 3. Later, in Chapter 6 (Section 6.1), non-planar
signal routing (𝑑spatial𝑠 ≥ 3) and Gauss-law orbital stability (𝑑spatial𝑠 < 4)
fix 𝑑spatial𝑠 = 3 and hence total spectral dimension 𝑑𝑠 = 4, while project-
ing ⟨KΩ,K𝜕⟩𝐹 = 0 onto a differential update interval yields the Lorentzian
spacetime interval.

example 2.7 (Spectral Ordering, Resistance, and Proper Time). Consider
an assignment ΠΠΠ𝑆 ∈ {0, 1}𝑁×6 that coarse-grains the subsystem subgraph
𝐺[𝑆] (𝑁 ≡ 𝑁𝑆 ) into a 6×6 capacity matrixK ≡ K𝑆 over𝑀 = 6 CCEs ordered
as (1𝐴, 1𝐵, 2𝐴, 2𝐵, 3𝐴, 3𝐵), maintaining two coexisting CCEs (𝐴, 𝐵) across
three sequential persistence epochs (𝜏 = 1, 2, 3). Coexisting CCEs within
each epoch share a spatial cut 𝐾𝜏𝐴,𝜏𝐵 = 4, consecutive epochs are linked
by temporal transition cuts 𝐾𝜏𝑥,(𝜏+1)𝑥 = 2 for 𝑥 ∈ {𝐴, 𝐵}, and even diagonal
capacities𝐾1𝑥,1𝑥 = 42,𝐾3𝑥,3𝑥 = 42, and𝐾2𝑥,2𝑥 = 40 (corresponding to 21 and
20 undirected intra-register links under Axiom I) give every CCE a uniform
degree volume 𝑑𝛼 = 48 with DK = 48 I6. Because diagonal self-loops cancel
in LK = DK − K, the capacity Laplacian decomposes as a Kronecker sum
across the temporal and spatial factors:

LK = Ltime ⊗ I2 + I3 ⊗ Lspace, (2.258)

Ltime =
⎛
⎜⎜
⎝

2 −2 0
−2 4 −2
0 −2 2

⎞
⎟⎟
⎠
, (2.259)

Lspace = ( 4 −4
−4 4 ) . (2.260)

With DK = 48 I6, solving the generalised eigenvalue problem (2.229) across
the Kronecker factors yields the exact eigenvalues 𝜇𝑘 equal to 0, 1/24, 1/8,
1/6, 5/24, and 7/24, with slowest temporal mode 𝜙𝜙𝜙time ≡ 𝜙𝜙𝜙2 (𝜇2 = 1/24) and
lowest spatial mode 𝜙𝜙𝜙space ≡ 𝜙𝜙𝜙4 (𝜇4 = 1/6):

𝜙𝜙𝜙time = 1
8√3

(−1, −1, 0, 0, +1, +1)T, (2.261)

𝜙𝜙𝜙space = 1
12√2

(−1, +1, −1, +1, −1, +1)T. (2.262)
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Summing (2.239) over the non-zero modes yields the intra-epoch spatial res-
istance Ω2𝐴,2𝐵 (from 𝜇4 = 1/6 and 𝜇6 = 7/24) and the end-to-end temporal
resistance Ω1𝐴,3𝐴 (from 𝜇2 = 1/24 and 𝜇5 = 5/24):

Ω2𝐴,2𝐵 = 1
12 + 2

21 = 5
28 ≈ 0.18, (2.263)

Ω1𝐴,3𝐴 = 1
2 + 1

10 = 3
5 = 0.60. (2.264)

Evaluating the intrinsic slice proper-time increments (2.243) across the three
foliated slices shows that diverting two units of capacity into the additional
interior temporal cut reduces diagonal capacity from 42 at the outer epochs
to 40 at 𝜏 = 2, producing discrete proper-time dilation at the interior slice:

Δ𝜏nat(1) = Δ𝜏nat(3) = 2 ln 42 ≈ 7.48 nats, (2.265)

Δ𝜏nat(2) = 2 ln 40 ≈ 7.38 nats. (2.266)

The slowest mode 𝜙𝜙𝜙time orders the three epochs sequentially (𝜏 = 1 < 2 < 3)
with intrinsic slice durations Δ𝜏nat(𝜏 ) summing to 𝜏nat,𝑇 ≈ 22.33 nats, while
𝜙𝜙𝜙space separates the coexisting CCEs 𝐴 and 𝐵 at every epoch onto a (1 + 1)-
dimensional grid. ♢

Only a uniform lattice with identical degree volumes 𝑑𝛼 and uniform bound-
ary cuts 𝐾𝛼𝛽 embeds isometrically into flat space ℝ𝑑𝑠 . When coarse-graining
concentrates heterogeneous capacities across 𝐺K, the emergent coordinate
chart is intrinsically curved. Whereas single-step differences in LK cancel di-
agonal capacities 𝐾𝛼𝛼 , two-step propagation L2K subtracted from D2

K retains
𝐾𝛼𝛼 through symmetrised degree coupling minus two-step path summation
K2. With degree vector d ∶= DK1𝑀 of block entries (𝑑𝛼 )𝑀𝛼=1, subtracting
the diagonal neighbour-degree dispersion diag(Kd) removes the flat-lattice
baseline so that the row divergence RicK 1𝑀 = LKd vanishes whenever de-
gree volumes are uniform, defining the symmetric rank-2 capacity-Ricci op-
erator RicK and scalar curvature ScalK:

diag(Kd)𝛼𝛽 ∶= 𝛿𝛼𝛽
𝑀
∑
𝛾=1

𝐾𝛼𝛾 𝑑𝛾 , (2.267)

(RicK)𝛼𝛽 ∶= (𝑑𝛼 + 𝑑𝛽)𝐾𝛼𝛽 − diag(Kd)𝛼𝛽 − (K2)𝛼𝛽 , (2.268)

ScalK ∶= Tr(RicK) =
𝑀
∑
𝛼=1

(RicK)𝛼𝛼 . (2.269)

lemma 2.6 (Capacity-Ricci Laplacian Identity). Let K be the capacity mat-
rix, DK its diagonal degree matrix with degree vector d ∶= DK1𝑀 , and LK ∶=
DK − K the capacity Laplacian (2.101). Subtracting the diagonal neighbour-
degree dispersion diag(Kd) (2.267), the capacity-Ricci operator (2.268) identic-
ally satisfies:

RicK = D2
K − L2K − diag(Kd). (2.270)
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proof. Expanding the squared capacity Laplacian L2K = (DK − K)2 and
evaluating the symmetrised product DKK + KDK entrywise gives:

L2K = D2
K − (DKK + KDK) + K2, (2.271)

(DKK + KDK)𝛼𝛽 = (𝑑𝛼 + 𝑑𝛽)𝐾𝛼𝛽 , (2.272)

(DKK + KDK) − K2 = D2
K − L2K. (2.273)

Subtracting diag(Kd) from both sides of (2.273) recovers (2.268).

Equation (2.270) forms the discrete relational counterpart of the Bochner–
Weitzenböck identity and the Bakry–Émery Γ2 criterion [8], complementing
cell-complex curvature [58] and optimal-transport Markov curvature [123]
by retaining intra-register multiplicities directly through KΩ. Separating di-
agonal and off-diagonal summands in (2.268) yields the exact diagonal re-
duction at each CCE 𝛼 :

(RicK)𝛼𝛼 = ∑
𝛽≠𝛼

𝐾𝛼𝛽(𝐾𝛼𝛼 − 𝑑𝛽 − 𝐾𝛼𝛽). (2.274)

Writing 𝑑𝛼 = 𝐾𝛼𝛼 + (LK)𝛼𝛼 for the inter-register cut degree (LK)𝛼𝛼 (2.106)
and summing (2.274) over all𝑀 blocks cancels 𝐾𝛼𝛼 identically by symmetry
𝐾𝛼𝛽 = 𝐾𝛽𝛼 (Axiom III), leaving a strictly negative cut-determined global
scalar curvature on every connected multi-block capacity graph (𝑀 ≥ 2):

ScalK = −
𝑀
∑
𝛼=1

(LK)2𝛼𝛼 − ‖K𝜕‖2𝐹 < 0. (2.275)

BecauseD2
K−diag(Kd) = diag(LKd), (2.270) contracts to RicK = diag(LKd)−

L2K, and Lemma 2.3 (2.170)–(2.172) gives its exact coarse-graining commut-
ator across ΠΠΠ(2) = ΠΠΠ(1)P:

⟦Ric, 𝒞P⟧(K(1)) = diag(PTL(1)K EPd(1)) − PTL(1)K EPL
(1)
K P. (2.276)

On a loopless graph with 𝐾𝛼𝛼 = 0, every connected neighbour contributes
a negative summand in (2.274), rendering branching interconnect networks
intrinsically hyperbolic and prone to central bridge congestion (Chapter 7).
Conversely, when 𝒞P pools intra-cluster co-members across EP in (2.276) so
that 𝐾𝛼𝛼 > 𝑑𝛽 + 𝐾𝛼𝛽 , concentrated internal multiplicity generates positive
local curvature surrounded by compensating negative throat curvature on
lighter flanking neighbours while preserving (2.275) (Chapter 6).

Lifting symmetric rank-2 operators to rank-4 curvature andmobility tensors
relies on the Kulkarni–Nomizu product ℎ ∧⃝ 𝑘 [91, 120], which automatically
satisfies pair antisymmetry, pair interchange, and the first algebraic Bianchi
identity:

(ℎ ∧⃝ 𝑘)𝛼𝛽𝛾𝛿 ∶= ℎ𝛼𝛾 𝑘𝛽𝛿 − ℎ𝛼𝛿𝑘𝛽𝛾 + 𝑘𝛼𝛾ℎ𝛽𝛿 − 𝑘𝛼𝛿ℎ𝛽𝛾 , (2.277)

(ℎ ∧⃝ 𝑘)𝛼𝛽𝛾𝛿 + (ℎ ∧⃝ 𝑘)𝛼𝛾𝛿𝛽 + (ℎ ∧⃝ 𝑘)𝛼𝛿𝛽𝛾 = 0. (2.278)

On the 𝑀-register block space ℝ𝑀 (𝑀 ≥ 3), pairing the symmetric Schouten
capacity operator SK with the identity I𝑀 defines the Weyl-free algebraic
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capacity curvature tensor ℛK, whose single and double contractions recover
RicK and ScalK identically:

SK ∶= 1
𝑀 − 2 (RicK − ScalK

2(𝑀 − 1)I𝑀) , (2.279)

ℛK ∶= SK ∧⃝ I𝑀 , (2.280)
𝑀
∑
𝛽=1

(ℛK)𝛼𝛽𝛾𝛽 = (RicK)𝛼𝛾 . (2.281)

Here ℛK acts algebraically on ℝ𝑀 with denominators 𝑀 − 2 and 2(𝑀 − 1),
whereas once continuum metric closure projects onto a three-dimensional
spatial slice (𝑑 = 3) in Chapter 6, vanishing of the tangent-space Weyl
tensor similarly reconstructs the full spatial Riemann tensor from spatial
Ricci curvature on 𝑇𝑝Σ.

example 2.8 (Curvature of aHeavily Coarse-GrainedCCE). Consider three
CCEs (𝑀 = 3) connected along a chain by unit boundary cuts between adja-
cent registers, where two light outer registers of internal capacity 10 flank a
heavily coarse-grained interior register of internal capacity 100:

K =
⎛
⎜⎜
⎝

10 1 0
1 100 1
0 1 10

⎞
⎟⎟
⎠
, (2.282)

DK = diag(11, 102, 11), (2.283)

LK =
⎛
⎜⎜
⎝

1 −1 0
−1 2 −1
0 −1 1

⎞
⎟⎟
⎠
. (2.284)

Squaring LK and evaluating the neighbour-degree dispersion (2.267) gives:

L2K =
⎛
⎜⎜
⎝

2 −3 1
−3 6 −3
1 −3 2

⎞
⎟⎟
⎠
, (2.285)

diag(Kd) = diag(212, 10222, 212). (2.286)

Evaluating the capacity-Ricci identity (2.270) and trace (2.269) (matching
(2.275) at cut degrees (1, 2, 1) and ‖K𝜕‖2𝐹 = 4) gives:

RicK =
⎛
⎜⎜
⎝

−93 3 −1
3 176 3
−1 3 −93

⎞
⎟⎟
⎠
, (2.287)

ScalK = −10. (2.288)
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f igure 2.4: Emergent spectral coordinates, resistance metric, and algebraic
curvature on coarse-grained capacity networks (Examples 2.7 and 2.8).
(a) Spectral embedding ΦΦΦ = [𝜙𝜙𝜙time, 𝜙𝜙𝜙space] (2.261)–(2.262) of six un-
ordered CCEs (1𝐴, 1𝐵, 2𝐴, 2𝐵, 3𝐴, 3𝐵)with uniform degree 𝑑𝛼 = 48, or-
dering three sequential persistence epochs (𝜏 = 1, 2, 3) along 𝜙time and
separating coexisting registers (𝐴, 𝐵) across 𝜙space, with tighter intra-
epoch spatial resistance Ω2𝐴,2𝐵 = 5/28 (teal) than multi-epoch separa-
tion Ω1𝐴,3𝐴 = 3/5 (light navy). (b) Diagonal capacity-Ricci curvature
(RicK)𝛼𝛼 (2.287) and Schouten sectional curvatures (ℛK)𝛼𝛽𝛼𝛽 (2.290)–
(2.291) along the three-CCE chain (𝐾11 = 10, 𝐾22 = 100, 𝐾33 = 10): con-
centrated internal multiplicity generates positive attractor curvature
+176 (adjacent sectional curvature +88, teal) flanked by negative outer
throat curvature −93 (end-to-end sectional curvature −181, crimson),
summing to ScalK = −10.

At 𝑀 = 3, the discrete Schouten operator (2.279) and the sectional compon-
ents of ℛK (2.280) evaluate to:

SK = RicK −1
4 ScalK I3 = RicK +5

2I3, (2.289)

(ℛK)1212 = (ℛK)2323 = +88, (2.290)

(ℛK)1313 = −181. (2.291)

In agreement with (2.274), the heavy interior register carries positive local
curvature +176 and positive adjacent sectional focusing +88, while the two
lighter outer registers carry negative throat curvature −93 and negative end-
to-end sectional curvature −181, showing how concentrated internal capa-
city warps the surrounding relational metric (Figure 2.4, Chapter 6). ♢

2.5.2 Emergent Dynamics and the Metriplectic Continuum

On a single-epoch configuration partition of spectral dimension 𝑛 ∶= 𝑑spatial𝑠 ,
the spectral coordinatemapΦΦΦ (2.236) assigns each CCE register 𝛼 ∈ {1, … ,𝑀}
a configuration vector z(𝛼) = (𝑧1(𝛼), … , 𝑧𝑛(𝛼))T ∈ ℝ𝑛, where 𝑧𝑖(𝛼) ∶= 𝜙𝑘𝑖(𝛼)
(𝑖 = 1, … , 𝑛) denotes the 𝑖-th retained spatial eigenmode. Why can z ∈ ℝ𝑛
alone not form a closed dynamical state, and how do symmetric capacity
matrices (A𝑆𝑆 = AT

𝑆𝑆 , K𝑆 = KT
𝑆 ) generate both antisymmetric Hamiltonian

circulation and symmetric dissipative relaxation?WhereasA𝑆𝑆 is symmetric



2.5 spectral dimens ions and emergent dynamics 65

because undirected links {𝑖, 𝑗} ∈ 𝐸(𝑆) specify structural channels, instantan-
eous transport across {𝑖, 𝑗} is directional and forms a real skew-symmetric
edge-flow matrix J = −JT ∈ ℝ𝑁×𝑁 supported exclusively on active links:

𝐽𝑖𝑗 = −𝐽𝑗𝑖, (2.292)

𝐴𝑖𝑗 = 0 ⟹ 𝐽𝑖𝑗 = 0. (2.293)

On this |𝐸(𝑆)|-dimensional flow space equipped with the Frobenius inner
product (2.185), vertex potential differences of any state x𝑆 ∈ ℝ𝑁 drive the
gradient edge flow Jgrad(x𝑆), whereas divergence-free circulation around
closed cycles forms the Kirchhoff cycle subspace where net vertex flux Jcyc1𝑆
vanishes:

(Jgrad(x𝑆))𝑖𝑗 ∶= 𝐴𝑖𝑗(𝑥𝑖 − 𝑥𝑗), (2.294)

Jgrad(x𝑆)1𝑆 = L(int)𝑆𝑆 x𝑆 , (2.295)

Jcyc1𝑆 = 0. (2.296)

Equations (2.294)–(2.296) partition edge transport on𝐺[𝑆] into two Frobenius-
orthogonal algebraic sectors that transform oppositely under the coarse-
graining projection ΠΠΠ𝑆 .

lemma 2.7 (Cycle–Gradient Orthogonality and Sector Split). Let 𝐺[𝑆] =
(𝑆, 𝐸(𝑆)) be an undirected subgraph partitioned by an admissible assignment
ΠΠΠ𝑆 ∈ {0, 1}𝑁×𝑀 into connected blocks {𝑆𝛼 }𝑀𝛼=1 of vertex counts 𝑁𝛼 = |𝑆𝛼 | and
diagonal capacities 𝐾𝛼𝛼 = 2|𝐸(𝑆𝛼 )|. Every Kirchhoff cycle flow Jcyc satisfying
(2.292)–(2.296) is orthogonal to every gradient flow Jgrad(x𝑆) (x𝑆 ∈ ℝ𝑁 ), while
lifted block potentials ΠΠΠ𝑆z𝑆 (z𝑆 ∈ ℝ𝑀 ) excite exclusively inter-block cut gradi-
ents matching the Dirichlet energy (2.104):

⟨Jcyc, Jgrad(x𝑆)⟩𝐹 = 0, (2.297)
1
2‖Jgrad(ΠΠΠ𝑆z𝑆)‖2𝐹 = zT𝑆LKz𝑆 ≥ 0. (2.298)

Furthermore, intra-block Kirchhoff cycle flows JΩ = −JTΩ supported on the in-
ternal edge sets 𝐸(𝑆𝛼 ) span a subspace of dimension |𝐸(𝑆𝛼 )| − 𝑁𝛼 + 1 on each
connected block 𝐺[𝑆𝛼 ] (non-zero if and only if 𝐾𝛼𝛼 ≥ 2𝑁𝛼 ), vanish under con-
gruent block compression, act as skew-symmetric operators inside the residual
fluctuation subspace im(QΠΠΠ), and conserve the Euclidean norm of every state
vector x𝑆 ∈ ℝ𝑁 :

ΠΠΠT𝑆 JΩΠΠΠ𝑆 = 0, (2.299)

QΠΠΠJΩQΠΠΠ = JΩ = −JTΩ, (2.300)

xT𝑆 JΩx𝑆 = 0. (2.301)

proof. Using skew-symmetry (2.292), active-link support 𝐽 cyc𝑖𝑗 𝐴𝑖𝑗 = 𝐽 cyc𝑖𝑗
(2.293), and Kirchhoff balance (2.296) evaluates the Frobenius inner product
(2.185):

⟨Jcyc, Jgrad(x𝑆)⟩𝐹 = ∑
𝑖,𝑗∈𝑆

𝐽 cyc𝑖𝑗 𝐴𝑖𝑗(𝑥𝑖 − 𝑥𝑗)

= 2∑
𝑖∈𝑆

𝑥𝑖(Jcyc1𝑆)𝑖 = 0,
(2.302)
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establishing (2.297). For a lifted potential x𝑆 = ΠΠΠ𝑆z𝑆 (2.51), intra-block edges
{𝑖, 𝑗} ∈ 𝐸(𝑆𝛼 ) share identical values 𝑧𝑆,𝛼 and vanish in Jgrad(ΠΠΠ𝑆z𝑆), whereas
𝐴2𝑖𝑗 = 𝐴𝑖𝑗 across inter-block cut edges 𝐸(𝑆𝛼 , 𝑆𝛽) (𝛼 ≠ 𝛽) yields (2.298):

1
2‖Jgrad(ΠΠΠ𝑆z𝑆)‖2𝐹 = 1

2 ∑
𝛼≠𝛽

𝐾𝛼𝛽(𝑧𝑆,𝛼 − 𝑧𝑆,𝛽)2 = zT𝑆LKz𝑆 ≥ 0. (2.303)

On each connected block 𝐺[𝑆𝛼 ], gradient flows span an (𝑁𝛼−1)-dimensional
subspace inside the |𝐸(𝑆𝛼 )|-dimensional space of skew-symmetric edge flows
on 𝐸(𝑆𝛼 ), leaving an orthogonal Kirchhoff cycle complement of dimension
|𝐸(𝑆𝛼 )|−𝑁𝛼 +1, which is positive by (2.90) if and only if 𝐾𝛼𝛼 ≥ 2𝑁𝛼 . Because
JΩ is block-diagonal across {𝑆𝛼 }𝑀𝛼=1 and satisfies Kirchhoff closure on each
𝑆𝛼 , it annihilates every block indicator column 𝜋𝜋𝜋𝛼 and hence both ΠΠΠ𝑆 and
the block-averaging projector PΠΠΠ (2.57):

JΩΠΠΠ𝑆 = 0, (2.304)

JΩPΠΠΠ = PΠΠΠJΩ = 0. (2.305)

Left-multiplying (2.304) by ΠΠΠT𝑆 yields (2.299), substituting QΠΠΠ = I𝑁 − PΠΠΠ
(2.60) into (2.305) gives (2.300), and skew-symmetry JTΩ = −JΩ reverses the
sign of the scalar xT𝑆 JΩx𝑆 under transposition to establish (2.301).

Lemma 2.7 explains why the capacity matrix K𝑆 (2.86) is purely symmet-
ric, since congruent block compression annihilates JΩ via (2.299), and why
z ∈ ℝ𝑛 alone cannot close the coarse-grained dynamics. Because KΩ can-
celled identically out of the Dirichlet numerator LK in (2.231), z records
where a state sits across inter-register boundary cuts while omitting two
intra-register sectors concealed inside the fluctuation subspace of QΠΠΠ. On
a tree block with 𝐾𝛼𝛼 = 2(𝑁𝛼 − 1), the cycle space is trivial (JΩ = 0)
and relaxation is purely overdamped. Whenever finite relational capacity
(𝒬alloc ≤ 𝒬total) closes cyclic subgraphs inside 𝐺[𝑆𝛼 ] at 𝐾𝛼𝛼 ≥ 2𝑁𝛼 , how-
ever, JΩ ≠ 0 generates canonical skew-symmetric symplectic pairs inside
the fluctuation subspace. On each three-vertex triangle lobe 𝐺[𝑆𝛼 ] ≅ 𝐾3 of
the nine-node dumbbell graph in Example 2.1 (𝑁𝛼 = 3, 𝐾𝛼𝛼 = 6), projecting
the unit triangle cycle matrix J𝐾3 onto an orthonormal fluctuation basis U𝛼
on 𝑆𝛼 yields the canonical 2 × 2 symplectic block directly:

J𝐾3 ∶=
⎛
⎜⎜
⎝

0 1 −1
−1 0 1
1 −1 0

⎞
⎟⎟
⎠
, (2.306)

U𝛼 ∶=
⎛
⎜⎜
⎝

1/√2 1/√6
−1/√2 1/√6

0 −2/√6

⎞
⎟⎟
⎠
, (2.307)

UT𝛼 J𝐾3U𝛼 = √3 ( 0 1
−1 0) . (2.308)

Across the 𝑛 retained spatial modes, these cyclic currents inside KΩ pair
each configuration coordinate 𝑧𝑖 with a conjugate momentum 𝑝𝑖 to form p ∈
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ℝ𝑛, while the remaining unoriented internal link capacity 𝐾𝛼𝛼 compressed
into im(QΠΠΠ) defines the coarse-grained logarithmic capacity 𝑆 = ln𝐾𝛼𝛼 (in
nats). Adjoining both intra-register sectors to z completes the closed coarse-
grained state vector 𝑍 :

𝑍 ∶= (zT,pT, 𝑆)T ∈ 𝒵 ≅ ℝ2𝑛+1. (2.309)

Equation (2.309) lifts the 𝑛-dimensional spectral configuration chart of Sec-
tion 2.5.1 onto a (2𝑛 + 1)-dimensional state manifold 𝒵 capable of tracking
both inertial oscillation and lossless energy-to-entropy conversion (for 𝑛 = 1,
𝑍 = (𝑥, 𝑝, 𝑆)T ∈ ℝ3, as in Example 2.9).

How do the spectral modes of LK govern state transport across 𝐺K? Across
the capacity network, K specifies structural channels rather than active cur-
rents, so a vanishing boundary cut strictly forbids coarse-grained flux across
that channel:

𝐾𝛼𝛽 = 0 ⟹ 𝐽𝛼𝛽 = 0, (2.310)

whereas a positive cut 𝐾𝛼𝛽 > 0 conducts state transitions across the spectral
coordinate jump Δ𝑧𝑖𝛼𝛽 ∶= 𝑧𝑖(𝛼) − 𝑧𝑖(𝛽). Weighting outer products of these
coordinate jumps by 𝐾𝛼𝛽 defines the local positive-semidefinite spectral cut-
conductance matrix Σ𝑖𝑗(𝛼) at each register 𝛼 , whose global sum over all 𝑀
registers evaluates directly via the eigenproblem (2.229)–(2.230):

Σ𝑖𝑗(𝛼) ∶= 1
2 ∑
𝛽≠𝛼

𝐾𝛼𝛽 Δ𝑧𝑖𝛼𝛽 Δ𝑧𝑗𝛼𝛽 ⪰ 0, (2.311)

𝑀
∑
𝛼=1

Σ𝑖𝑗(𝛼) = 𝜙𝜙𝜙T𝑘𝑖LK𝜙𝜙𝜙𝑘𝑗 = 𝜇𝑘𝑖𝛿𝑖𝑗 . (2.312)

Equations (2.311)–(2.312) establish the direct dynamical role of the spectral
coordinates derived in Section 2.5.1: the retained eigenmodes 𝑧𝑖 form the
global orthogonal principal axes of boundary transport across 𝐺K, with each
eigenvalue 𝜇𝑘𝑖 setting the global cut conductivity along axis 𝑧𝑖 in exact recip-
rocal duality to the resistance metric weight 𝜇−1𝑘𝑖 in (2.239).

Along the continuous reference clock 𝑡 ∈ [0, 𝑇 ] of (2.253)–(2.255) at large
block capacity (𝐾𝛼𝛼 ≫ 1), combining the orthogonal split of K𝑆 intoKΩ and
K(int)
𝜕 (2.186) with Lemma 2.7 decomposes ̇𝑍 into two complementary vector

fields generated by a conserved dynamical invariant 𝐻(𝑍) (total energy in
mechanical systems) and the coarse-grained logarithmic capacity 𝑆(𝑍) (in
nats):

̇𝑍 𝑎
rev = (𝕁(𝑍)∇𝐻(𝑍))𝑎 = 𝐽 𝑎𝑏(𝑍)𝜕𝑏𝐻(𝑍), (2.313)

̇𝑍 𝑎
diss = (𝕄(𝑍)∇𝑆(𝑍))𝑎 = 𝑀𝑎𝑏(𝑍)𝜕𝑏𝑆(𝑍), (2.314)

where 𝐽 𝑎𝑏 = −𝐽 𝑏𝑎 is the antisymmetric Poisson tensor projected from the
skew-symmetric intra-block cycle operators JΩ = −JTΩ (2.300) (satisfying the
Jacobi identity on canonical symplectic pairs (2.308)) and 𝑀𝑎𝑏 = 𝑀𝑏𝑎 ⪰ 0
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is the symmetric positive-semidefinite cometric tensor projected from inter-
block cut gradients (2.298). Within KΩ, cyclic exchange between (z,p) pre-
serves intra-basin capacity 𝐾𝛼𝛼 and phase-space volume by Liouville’s the-
orem (𝕁∇𝑆 = 0), generating closed periodic orbits on level sets of 𝐻(𝑍) that
sustain internal clock updates across KΩ (2.249). Complementarily, across
K(int)
𝜕 , cut conductances drive irreversible gradient relaxation ̇𝑍diss towards

higher-capacity states, contracting phase-space volume into attractor basins
and supplying the directional arrow of time.

Why can the dissipative cometric 𝕄(𝑍) not be chosen as an unconstrained
positive diagonal matrix? Because Conservation Congruence (Axiom III) for-
bids graph couplings and the conserved invariant 𝐻(𝑍) they carry from van-
ishing during coarse-grained relaxation: ordered kinetic or configurational
energy damped across boundary cuts must transfer equally into unresolved
internal capacity 𝜃𝑆, requiring 𝕄∇𝐻 = 0 across 𝒵 . On the discrete capa-
city graph, pairing K with the positive diagonal degree matrix DK via the
Kulkarni–Nomizu product (2.277) defines the rank-4 capacity mobility tensor
ℳK:

ℳK ∶= K ∧⃝ DK, (2.315)

(ℳK)𝛼𝛽𝛼𝛽 = 𝐾𝛼𝛼𝑑𝛽 + 𝑑𝛼𝐾𝛽𝛽 > 0 (𝛼 ≠ 𝛽). (2.316)

Whereas the curvature tensorℛK (2.280) changes sign across basins and bot-
tlenecks, Axiom I (𝐾𝛼𝛼 ≥ 2, (2.125)) guarantees that every distinct two-plane
component of ℳK is strictly positive while pair antisymmetry (ℳK)𝛼𝛽𝛾𝛿 =
−(ℳK)𝛽𝛼𝛾𝛿 holds identically. Mapping the spectral cut-conductance and
degree-mass operators onto the cotangent bundle 𝑇 ∗𝒵 as symmetric positive-
semidefinite mobility tensors 𝜎, 𝜇 ⪰ 0 defines the continuum dissipation
tensor 𝑅𝑎𝑏𝑐𝑑 and the Morrison–Updike metriplectic 4-bracket for smooth ob-
servables 𝐴, 𝐵, 𝐶, 𝐷 ∈ 𝐶∞(𝒵) [115]:

𝑅𝑎𝑏𝑐𝑑 ∶= (𝜎 ∧⃝ 𝜇)𝑎𝑏𝑐𝑑 = 𝜎𝑎𝑐𝜇𝑏𝑑 − 𝜎𝑎𝑑𝜇𝑏𝑐 + 𝜇𝑎𝑐𝜎 𝑏𝑑 − 𝜇𝑎𝑑𝜎 𝑏𝑐 ,
(2.317)

(𝐴, 𝐵; 𝐶, 𝐷)𝑅 ∶= 𝑅𝑎𝑏𝑐𝑑𝜕𝑎𝐴𝜕𝑏𝐵 𝜕𝑐𝐶 𝜕𝑑𝐷. (2.318)

Freezing the conserved invariant 𝐻 into the second and fourth slots defines
the binary metric bracket (𝐴, 𝐶) and the continuous cometric tensor 𝕄(𝑍):

(𝐴, 𝐶) ∶= (𝐴, 𝐻 ; 𝐶, 𝐻)𝑅 = ∇𝐴 ⋅ 𝕄(𝑍)∇𝐶, (2.319)

𝑀𝑎𝑐(𝑍) ∶= 𝑅𝑎𝑏𝑐𝑑 (𝑍)𝜕𝑏𝐻 𝜕𝑑𝐻 = (𝜎 ∧⃝ 𝜇)𝑎𝑏𝑐𝑑𝜕𝑏𝐻 𝜕𝑑𝐻. (2.320)

Because 𝜎 is supported strictly on the active cuts of K via (2.311), 𝐾𝛼𝛽 = 0
forces the corresponding cometric channel to vanish, enforcing (2.310) auto-
matically.

Combining Poisson circulation (2.313) and Kulkarni–Nomizu metric relaxa-
tion (2.314) yields the unified metriplectic equation of motion and the Mor-
rison Casimir degeneracies [71, 83, 88, 114, 115, 126, 142]:

̇𝑍 = 𝕁(𝑍)∇𝐻(𝑍) +𝕄(𝑍)∇𝑆(𝑍), (2.321)

𝕁∇𝑆 = 0, (2.322)

𝕄∇𝐻 = 0. (2.323)
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Both Casimir degeneracies {𝑆, ⋅} = 0 and (𝐻 , ⋅) = 0 hold identically as con-
tinuum consequences of Conservation-Congruent Encoding: internal cyclic
circulation preserves coarse-grained capacity via 𝕁∇𝑆 = 0, while pair anti-
symmetry 𝑅𝑎𝑏𝑐𝑑 = −𝑅𝑏𝑎𝑐𝑑 annihilates ∇𝐻 identically along dissipative flows.
Moreover, for positive semidefinite 𝜎, 𝜇 ⪰ 0, applying Cauchy–Schwarz
and the arithmetic–geometric mean inequality to the bilinear cross-terms
of ∇𝐶 ⋅ 𝕄(𝑍)∇𝐶 confirms 𝕄(𝑍) ⪰ 0 for every observable 𝐶 :

(𝐻 , 𝐶) = 𝑅𝑎𝑏𝑐𝑑𝜕𝑎𝐻 𝜕𝑏𝐻 𝜕𝑐𝐶 𝜕𝑑𝐻 = 0, (2.324)
̇𝑆 = {𝑆, 𝐻 } + (𝑆, 𝑆) = ∇𝑆 ⋅ 𝕄(𝑍)∇𝑆 ≥ 0. (2.325)

In the overdamped limit where momentum relaxation outpaces configura-
tional drift (𝕁∇𝐻 → 0) at substrate fluctuation scale 𝜃 ∶= (𝜕𝐻/𝜕𝑆)z > 0 and
calibrated step cadence 𝜈0 (s−1, (2.250)), coarsening fine spectral coordin-
ates via Theorem 2.2 maps each strongly persistent CCE 𝑆𝛼 (Ξ(𝑆𝛼 ) ≫ 1)
onto a continuous attractor basin ℬ𝛼 ⊂ 𝒵 separated from adjacent basins
by saddle hypersurfaces 𝜕ℬ𝛼𝛽 . States relax intra-basin along 𝕄∇𝑆 at rate
𝜏−1relax ∼ 𝜈0 𝛾int(𝑆𝛼 ) while noise-activated escape across 𝜕ℬ𝛼𝛽 over saddle
barrier ΔΦ𝛼→𝛽 occurs at the exponentially suppressed Eyring–Kramers rate
[73, 89], matching discrete boundary conductance 𝜙𝜕(𝑆𝛼 ) via the universal
barrier correspondence:

𝜏−1escape = 𝜈0 𝜇2(Lnorm) ≍ 𝜏−1relax 𝑒−ΔΦ𝛼→𝛽/𝜃 , (2.326)
ΔΦ𝛼→𝛽

𝜃 ≈ − ln 𝜙𝜕(𝑆𝛼 ) ≃ ln(𝐾𝛼𝛼
𝐾𝛼𝛽

) = Δ𝐼barrier,𝛼→𝛽 ≈ lnΞ. (2.327)

Continuous attractor basins thus correspond to regions of high diagonal ca-
pacity 𝐾𝛼𝛼 ≫ 1, whereas separatrix barriers correspond to narrow topolo-
gical bottlenecks 𝐾𝛼𝛽 ≪ 𝐾𝛼𝛼 (Table 2.1).

example 2.9 (Metriplectic Flow andCasimir Conditions). Consider a single
spectral configuration coordinate 𝑥 ≡ 𝑧1 (𝑛 = 1) of inertia 𝑚 in a poten-
tial 𝑈 (𝑥), paired with conjugate momentum 𝑝 and unresolved bath multi-
plicity 𝑆 (in nats) at substrate fluctuation scale 𝜃 > 0 and friction coeffi-
cient 𝛾 > 0 (in kg s−1, yielding momentum damping rate 𝛾/𝑚). On the three-
dimensional state manifold 𝑍 = (𝑥, 𝑝, 𝑆)T ∈ ℝ3 (2.309), the conserved total
energy 𝐻(𝑥, 𝑝, 𝑆) and scalar gradients are:

𝐻(𝑥, 𝑝, 𝑆) = 𝑝2
2𝑚 + 𝑈 (𝑥) + 𝜃𝑆, (2.328)

∇𝐻 =
⎛
⎜⎜
⎝

𝜕𝑥𝑈
𝑝/𝑚
𝜃

⎞
⎟⎟
⎠
, (2.329)

∇𝑆 =
⎛
⎜⎜
⎝

0
0
1

⎞
⎟⎟
⎠
. (2.330)

Assigning the momentum-cut mobility 𝜎 = diag(0, 𝛾/𝜃, 0) and entropic de-
gree weight 𝜇 = diag(0, 0, 1), the Kulkarni–Nomizu tensor 𝑅 = 𝜎 ∧⃝ 𝜇 (2.317)
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is supported in the (𝑝, 𝑆) two-plane with sectional component 𝑅𝑝𝑆𝑝𝑆 = 𝛾/𝜃 .
Contracting 𝑅 with ∇𝐻 via (2.320) alongside the canonical (𝑥, 𝑝) symplectic
block yields the 3 × 3 operators:

𝕁 =
⎛
⎜⎜
⎝

0 1 0
−1 0 0
0 0 0

⎞
⎟⎟
⎠
, (2.331)

𝕄(𝑍) = 𝛾
𝑚2𝜃

⎛
⎜⎜
⎝

0 0 0
0 𝑚2𝜃2 −𝑚𝑝𝜃
0 −𝑚𝑝𝜃 𝑝2

⎞
⎟⎟
⎠
. (2.332)

Directmultiplication confirms 𝕁∇𝑆 = 0 and𝕄∇𝐻 = 0, and evaluating (2.321)
yields the closed flow, exact energy conservation, and non-negative entropy
production:

⎛
⎜⎜
⎝

̇𝑥
̇𝑝
̇𝑆

⎞
⎟⎟
⎠
=
⎛
⎜⎜
⎝

𝑝/𝑚
−𝜕𝑥𝑈 − (𝛾/𝑚)𝑝

𝛾𝑝2/(𝑚2𝜃)

⎞
⎟⎟
⎠
, (2.333)

𝐻̇ = ∇𝐻 ⋅ ̇𝑍 = −𝛾𝑝2
𝑚2 + 𝜃 ( 𝛾𝑝

2

𝑚2𝜃 ) = 0, (2.334)

̇𝑆 = ∇𝑆 ⋅ 𝕄(𝑍)∇𝑆 = 𝛾𝑝2
𝑚2𝜃 ≥ 0. (2.335)

Projecting onto (𝑥, 𝑝) recovers standard underdamped Langevin damping
̇𝑝 = −𝜕𝑥𝑈 −(𝛾/𝑚)𝑝 (and overdamped gradient drift in the high-friction limit

𝑚/𝛾 → 0), while kinetic energy lost to friction is converted one-for-one into
coarse-grained multiplicity 𝑆. ♢

Table 2.1 summarises the complete structural dictionary derived across this
chapter: starting solely from an unweighted relational graph 𝐺 = (𝑉 , 𝐸) and
an admissible assignmentΠΠΠ (Definition 2.1), congruent coarse-graining gen-
erates the multiscale capacity algebra (Theorem 2.2), the Capacity Ledger
with strictly positive free capacity 𝒬free > 0 and efficiency bounds (The-
orem 2.4 and Lemma 2.5), emergent spectral coordinates, proper time, and
Kulkarni–Nomizu curvature (Lemma 2.6), and closed-system metriplectic
dynamics from cycle–gradient orthogonality (Lemma 2.7, (2.321)). In an isol-
ated subsystem (𝜕𝑆 = ∅), however, passive barrier persistence succumbs to
Kramers escape (2.326) and relaxes to equilibrium at maximum multiplicity.
Sustaining viability far from equilibrium requires re-opening the boundary
cut 𝜕𝑆 ≠ ∅, so Chapter 3 couples CCEs to driven environments, converting
free capacity𝒬free into active boundary control and elevating (𝜒struct, 𝜅struct)
to the dynamical operational metrics of physical intelligence (𝜒𝑇 ) and con-
sciousness (𝜅𝑇 ).
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Discrete relational
graph

Continuous dynamical
limit

Physical and operational
meaning

Induced subgraph
𝐺[𝑆𝛼 ]

Attractor basin ℬ𝛼 ⊂ 𝒵 Configuration domain
supporting a coarse-grained
operational state.

Diagonal capacity
𝐾𝛼𝛼 = 2|𝐸(𝑆𝛼 )|

Phase-space volume
vol(ℬ𝛼 )

Coarse-graining depth
𝐼𝛼𝛼 = ln𝐾𝛼𝛼 (nats) and
Boltzmann entropy
𝑆th(𝛼) = 𝑘B ln(vol(ℬ𝛼 )/𝑉0)
relative to cell 𝑉0.

Intra-block cycle
flow JΩ = −JTΩ
(𝐾𝛼𝛼 ≥ 2𝑁𝛼 )

Poisson tensor 𝕁 = −𝕁T
and momenta p

Divergence-free Kirchhoff
circulation inside im(QΠΠΠ)
preserving capacity (𝕁∇𝑆 = 0).

Laplacian
eigenmodes (𝜇𝑘 , 𝜙𝜙𝜙𝑘)

Spectral chart z and cut
conductivity Σ𝑖𝑗

Principal transport axes with
global conductivity 𝜇𝑘𝑖 and
resistance scale 𝜇−1𝑘𝑖 .

Boundary cut
𝐸(𝑆𝛼 , 𝑆𝛽) of capacity
𝐾𝛼𝛽

Separatrix saddle
hypersurface 𝜕ℬ𝛼𝛽

Narrow bottleneck channel
mediating transitions
between adjacent
coarse-grained states.

Internal
connectivity 𝛾int =
𝜇2(Lnorm(𝐺[𝑆𝛼 ]))

Intra-basin relaxation
rate 𝜏−1relax ∼ 𝜈0𝛾int

Rapid internal mixing and
equilibration restoring local
basin steady state.

Boundary
conductance 𝜙𝜕(𝑆𝛼 )

Eyring–Kramers escape
rate
𝜏−1escape ≍ 𝜏−1relax𝑒−ΔΦ𝛼→𝛽/𝜃

Exponentially suppressed
escape across the saddle
barrier ΔΦ𝛼→𝛽 ≈ −𝜃 ln 𝜙𝜕 .

Strong persistence
Ξ = 𝛾int/𝜙𝜕 ≫ 1

Generator spectral gap
𝜏escape/𝜏relax ≫ 1
(ΔΦ𝛼→𝛽/𝜃 ≫ 1)

Timescale separation
decoupling memory lifetime
from operational update
speed.

Combinatorial edge
conservation
(2.128)–(2.129)

Metriplectic Casimir
constraints {𝑆, ⋅} = 0,
(𝐻 , ⋅) = 0

Exact physical bookkeeping
separating reversible
circulation from metric
dissipation.

table 2.1: Dictionary connecting discrete relational subgraph constructs to emer-
gent spectral coordinates, metastable attractor basins, and continuous
metriplectic dynamics.





3
PH Y S I CA L AGENCY , I N T E L L I G ENC E , AND
CON SC I OU SN E S S

An embodied physical system is not a mathematical abstraction. To sur-
vive and compute, it must maintain its internal structure against environ-
mental perturbations across an open boundary. Whereas Chapter 2 estab-
lished the architecture of Conservation-Congruent Encodings (CCEs), show-
ing how coarse-graining a relational substrate partitions couplings into in-
ternal memory and boundary cuts while generating emergent geometry,
curvature, and continuous metriplectic dynamics, this chapter builds on that
architecture across open boundaries to establish quantitative metrics for in-
telligence and consciousness. Expressing these properties as measurable effi-
ciencies rather than qualitative abstractions places biological and engineered
systems on a common physical footing.

This chapter is organised into five sections. Section 3.1 introduces physical
agency, contrasting closed-loop boundary preservation with passive sym-
bol transmission in classical communication theory. Section 3.2 couples the
agent’s metriplectic dynamics to an open environment across its boundary
cut, separating irreversible boundary dissipation from preserved internal
structure. Section 3.3 formalises intelligence (𝜒 ) and consciousness (𝜅) across
two complementary formalisms, capturing static structural capacity on a
graph cross-section (in links/link) and through-time trajectory efficiency
across the spectral dimension of time (in nats/nat). Across both formalisms,
intelligence measures preserved stability relative to boundary cost, while
consciousness measures that same stability barrier relative to internal model
structure. Section 3.4 defines physical emergence along a continuous co-
ordination scale, placing communicative signalling, endosymbiosis, and indi-
vidual systems on a single spectrum of boundary internalisation while show-
ing how scaling limits drive modular seed replication. Finally, Section 3.5
connects classical game theory to multi-system capacity networks by identi-
fying coupling payoffs with free-capacity gains and conserved efficiencies,
unifying non-cooperative equilibria, physical Nash bargaining, weakest-link
stability, and exhaustive versus generative dissipation.

3.1 agency

Classical information theory begins with signal transmission: under what
conditions can a message selected at an emission point be faithfully repro-
duced at a destination? Foundational concepts such as Shannon entropy and
channel capacity quantify the reliable transmission of bitstrings through
noisy media [151]. In Shannon’s schematic (Figure 3.1), information flows
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Information Source
Distribution p(x)

Transmitter
Encoder: X→W

Noisy Channel
Transition p(y ∣w)

Noise Source
Entropy H(N)

Receiver
Decoder: Y→ X̂

Destination
Passive Sink

X W Y X̂

N

f igure 3.1: Shannon’s classical communication architecture [151]. Information
transfer proceeds along a linear open-loop pipeline: an information
source selects a message 𝑋 ∼ 𝑝(𝑥), a transmitter encodes it into a
channel signal𝑊 , a noisy channel governed by transition law 𝑝(𝑦 ∣ 𝑤)
perturbs𝑊 via an external noise source 𝑁 (entropy 𝐻(𝑁)) to produce
the received signal 𝑌 , and a receiver decodes 𝑌 into an estimate 𝑋̂ de-
livered to a passive destination sink, optimising mutual information
𝐼 (𝑋 ; 𝑌 ) up to channel capacity 𝐶 .

linearly from a source through an encoder, channel, and decoder to a re-
ceiving terminal. The semantic significance and physical consequences of
the message lie strictly outside this formulation. The receiver appears in the
communication model merely as a passive sink whose sole function is the
statistical reconstruction of symbols.

Physical agency shifts the question fromhowa passive endpoint reconstructs
symbols to how an embedded system maintains its internal structure across
an open boundary. An incoming signal is not an abstract token to be decoded,
but a physical perturbation across that boundary. It acquires operational sig-
nificance when it updates or stabilises a Conservation-Congruent Encoding
that constrains the system’s subsequent dynamics.

Because every CCE is realised on a finite relational substrate, acquiring, stor-
ing, computing, and resetting distinctions are physical transformations gov-
erned by the relational and dynamical conservation laws of Chapter 2. The
same invariants that constrain internal state transitions also govern external
flux exchange across the boundary cut (appearing in thermal substrates as
work and heat exchange), placing internal information processing and ex-
ternal action within a single conservation balance.

The two frameworks differ directly in their optimisation objectives. In Shan-
non’s theory, information transport is quantified by the mutual information
between the source variable 𝑋 and received variable 𝑌 :

𝐼 (𝑋 ; 𝑌 ) = 𝐻(𝑋) − 𝐻(𝑋 ∣ 𝑌 ). (3.1)

The conditional entropy 𝐻(𝑋 ∣ 𝑌 ) represents equivocation, the residual un-
certainty about the source remaining after observing the received channel
output. Mutual informationmeasures the reduction in statistical uncertainty,
and channel capacity defines the supremum of this reduction across admiss-
ible input distributions:

𝐶 = max
𝑝(𝑥)

𝐼 (𝑋 ; 𝑌 ). (3.2)

Reconstructing the message completes the communication account.
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Two receivers that decode the same bitstring achieve identical mutual in-
formation 𝐼 (𝑋 ; 𝑌 ), whether one is a passive recording tape destroyed by the
next environmental fluctuation or an adaptive organism that uses the sig-
nal to deflect the perturbation and survive. Rather than halting at symbol
reconstruction, physical agency asks how materially supported distinctions
sustain an operational stability barrier (Δ𝐼barrier,𝑇 ) against environmental dis-
persion. Maintaining this barrier imposes both an extrinsic boundary burden
fromunpredicted environmental collisions across the interface cut (𝐼irr,𝜕 ) and
an intrinsic model burden to hold and maintain active internal representa-
tions (𝐼rev,Ω). As formalised across static network topology (links/link) and
through-time trajectories (nats/nat) in Section 3.3, intelligence (𝜒 ) measures
the stability barrier maintained relative to boundary burden—rewarding pre-
dictive boundary alignment that tracks incoming perturbations smoothly
rather than suffering unaligned boundary collisions—while consciousness (𝜅)
measures the same stability barrier relative to internal model burden, re-
warding compact, compressed internal representations over brute-force stor-
age. These metrics do not supplant Shannon’s channel formulations, but
extend physical accounting from passive symbol transport to closed-loop
boundary preservation.

3.2 open systems

Before defining operational efficiencies in Section 3.3, we must clarify how
an embedded physical system interacts with its surroundings and accounts
for information across its boundary. Under the open-observer factorisation
𝒞Π̃ΠΠ𝑆

= 𝒞ΠΠΠ𝑆 ∘ 𝒞𝑆 (2.82) of Chapter 2, two reductions meet at the interface
cut 𝜕𝑆: Schur boundary reduction across 𝒞𝑆 , which folds the external envir-
onment ̄𝑆 onto the system’s exposed ports 𝑆𝜕 while leaving 𝑆 uncontracted,
and congruent coarse-graining via 𝒞ΠΠΠ𝑆 , which contracts 𝑆 into 𝑀 ≪ 𝑁𝑆 col-
lective registers. Physically, Schur reduction captures how external reality
acts upon the system’s boundary, whereas coarse-graining models the sys-
tem’s own compressed internal projection of reality. Subsection 3.2.1 com-
poses these two operations to connect discrete relational graphs to openmet-
riplectic dynamics on 𝒵 , and Subsection 3.2.2 separates irreversible bound-
ary dissipation from preserved internal structure.

3.2.1 Environmental Coupling and Open Dynamics

Recall from Section 2.1.2 (2.20)–(2.34) and Lemma 2.3 (2.171) that partitioning
the closed relational graph 𝐺 = (𝑉 , 𝐸) into 𝑉 = 𝑆⊔ ̄𝑆 across the boundary cut
𝜕𝑆 separates the system vertices 𝑆 = 𝑆𝜕 ⊔ 𝑆Ω into exposed boundary ports
𝑆𝜕 (𝑑(ext)𝑖 > 0) and the insulated interior core 𝑆Ω (𝑑(ext)𝑖 = 0). Eliminating ̄𝑆
via the inversion commutator of the screened Green’s matrix G𝜀 across 𝒞𝑆
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defines the effective Dirichlet-to-Neumann Schur Laplacian Leff, the envir-
onmental self-energy ΣΣΣenv, and the spectral persistence ratio on L𝑆𝑆 :

Leff = L𝑆𝑆 −ΣΣΣenv = L(int)𝑆𝑆 + (D(ext)
𝑆 −ΣΣΣenv), (3.3)

ΣΣΣenv ∶= −⟦(⋅)−1, 𝒞𝑆⟧(G𝜀) = L𝑆 ̄𝑆L−1̄𝑆 ̄𝑆 L ̄𝑆𝑆 , (3.4)

𝜆2(L𝑆𝑆)
𝜆1(L𝑆𝑆)

≫ 1. (3.5)

Equations (3.3)–(3.4) leave the internal graph 𝐺[𝑆] uncontracted while fold-
ing the external environment ̄𝑆 onto the boundary ports 𝑆𝜕 . Within the three-
term decomposition (3.3), L(int)𝑆𝑆 governs isolated transport across internal

edges 𝐸(𝑆), the diagonal degree potential D(ext)
𝑆 penalises outward Dirichlet

leakage across 𝜕𝑆, and −ΣΣΣenv routes flux through the environmental Green’s
operator L−1̄𝑆 ̄𝑆 back onto 𝑆𝜕 . Unlike Shannon’s one-way channel (Figure 3.1),
outgoing actions at 𝑆𝜕 propagate through ̄𝑆 and return to perturb sensory
ports in a closed physical loop. Because global closure on 𝑉 enforcesΣΣΣenv1𝑆 =
D(ext)
𝑆 1𝑆 , the positive-semidefinite boundary residual D(ext)

𝑆 − ΣΣΣenv ⪰ 0 re-
stores exact conservation (Leff1𝑆 = 0) while vanishing identically on 𝑆Ω. This
topological shielding insulates core channel updates on KΩ (2.249) from dir-
ect external bombardment, while spectral admissibility (3.5) ensures internal
mixing outpaces open boundary leakage (𝜏relax ≪ 𝜏escape, Example 2.1).

Because an embedded agent possesses far fewer vertices than its surround-
ings (𝑁𝑆 ≪ 𝑁𝑉 ), it cannot track every external degree of freedom individu-
ally. Instead, its admissible assignment matrix ΠΠΠ𝑆 ∈ {0, 1}𝑁𝑆×𝑀 projects 𝑆
onto 𝑀 ≪ 𝑁𝑆 metastable CCE registers (Section 2.2). Applying the mat-
rix congruence 𝒞ΠΠΠ𝑆 (2.79) to (3.3) projects this boundary coupling onto the
coarse-grained capacity network:

LK,eff ∶= ΠΠΠT𝑆LeffΠΠΠ𝑆 = LK + (D(ext)
K −ΣΣΣK,env), (3.6)

ΣΣΣK,env ∶= ΠΠΠT𝑆ΣΣΣenvΠΠΠ𝑆 = −𝒞ΠΠΠ𝑆 (⟦(⋅)−1, 𝒞𝑆⟧(G𝜀)). (3.7)

Equation (3.6) preserves coarse-grained closure (LK,eff1𝑀 = 0) while sep-
arating the agent’s two dissipative cut channels, where the internal capa-
city Laplacian LK (2.101) governs inter-basin relaxation across internal cuts
K(int)
𝜕 , whereas D(ext)

K −ΣΣΣK,env ⪰ 0 acts exclusively on registers coupled to ̄𝑆
across the external boundary cut K(ext)

𝜕 (2.83). Intra-basin memory links KΩ
cancel identically out of LK,eff and enter instead through the block degree-
volume mass DK (2.108), providing volumetric inertia and supporting in-
ternal state circulation.

Lifting the coarse-grained capacity architecture onto the spectral state mani-
fold𝒵 viaΦΦΦ (Section 2.5) maps internal circulation onKΩ and cut relaxation
on LK,eff onto the unified metriplectic generator metered by the emergent
clock 𝑡 (2.253)–(2.255) [88, 114, 115, 142]:

̇𝑍 = 𝕁(𝑍)∇𝐻(𝑍) +𝕄(𝑍)∇𝑆(𝑍), (3.8)

𝕄(𝑍) = 𝕄Ω(𝑍) +𝕄𝜕(𝑍). (3.9)
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Because 𝐺 is globally closed and environmental coupling enters solely via
LK,eff, no ad hoc external force vector is appended to (3.8). By Lemma 2.7, cyc-
lic subgraphs within KΩ generate divergence-free Poisson circulation along
constant-𝐻 level sets (2.313). Complementarily, pushing the additive split
(3.6) through the Kulkarni–Nomizu 4-bracket (2.320) decomposes the comet-
ric 𝕄(𝑍) into an internal relaxation cometric 𝕄Ω(𝑍) supported on K(int)

𝜕
and a boundary port cometric𝕄𝜕(𝑍) supported on K(ext)

𝜕 , both obeying the
channel support rule (2.310). Pair antisymmetry of the Kulkarni–Nomizumo-
bility tensor (2.317) and (2.324) enforces the Morrison Casimir degeneracies
(2.322) and (2.323) across 𝕁, 𝕄Ω, and 𝕄𝜕 for the total invariant 𝐻(𝑍) on
the extended state manifold 𝒵 , conserving total energy identically while
partitioning irreversible entropy production across internal and boundary
cuts. Marginalising external probe work onto a reduced subsystem state, by
contrast, requires Quantum Non-Demolition commutation to conserve the
subsystem Hamiltonian alone (Section 4.2.2).

3.2.2 Boundary Dissipation and Preserved Internal Structure

Why does physical accounting for an embedded system separate boundary
and internal quantities? Because coarse-graining ΠΠΠ𝑆 compresses a vast ex-
ternal environment ̄𝑆 into𝑀 finite registers, evolution across emergent slices
incurs two distinct physical costs. Whenever incoming modes across K(ext)

𝜕
exceed or arrive out of phase with the boundary state, the mismatch dis-
sipates across 𝕄𝜕 as irreversible boundary dissipation. Meanwhile, holding
those 𝑀 registers in a displaced state within KΩ stores preserved internal
structure against relaxation across𝕄Ω. Along the emergent continuum time
𝑡 ∈ [0, 𝑇 ] derived in Section 2.5.2 (metered against an embedded reference
sub-block ̄𝑆ref via (2.247)–(2.255), carrying reference nats prior to clock se-
lection and seconds when ̄𝑆ref is chosen as a physical reference oscillator),
contracting the entropy gradient ∇𝑆(𝑍) (with 𝑆(𝑍) in nats) against the comet-
ric split (3.9) defines the internal and boundary entropy production rates (in
nats/nat against uncalibrated 𝜏ref, or nats s−1 when 𝑡 is in seconds):

̇𝐼irr,Ω(𝑡) ∶= ∇𝑆(𝑍𝑡) ⋅ 𝕄Ω(𝑍𝑡)∇𝑆(𝑍𝑡) ≥ 0, (3.10)
̇𝐼irr,𝜕(𝑡) ∶= ∇𝑆(𝑍𝑡) ⋅ 𝕄𝜕(𝑍𝑡)∇𝑆(𝑍𝑡) ≥ 0. (3.11)

On the coarse-grained capacity network (K,ΠΠΠ) with dimensionless block
potentials z𝑆(𝑡) ∈ ℝ𝑀 on 𝑆 and z ̄𝑆(𝑡) ∈ ℝ𝑀 ̄𝑆 on ̄𝑆 (entries 𝑧𝑆,𝛼 (𝑡) and 𝑧 ̄𝑆,𝜇(𝑡)),
boundary dissipation originates in potential mismatch across the external
cutmatrixK(ext)

𝜕 (2.83), quantified by the cross-boundaryDirichletmismatch
(in links):

∑
{𝑖,𝑗}∈𝜕𝑆

((ΠΠΠ𝑆z𝑆(𝑡))𝑖−(ΠΠΠ ̄𝑆z ̄𝑆(𝑡))𝑗)
2 =

𝑀
∑
𝛼=1

𝑀 ̄𝑆
∑
𝜇=1

(K(ext)
𝜕 )𝜇𝛼(𝑧𝑆,𝛼 (𝑡)−𝑧 ̄𝑆,𝜇(𝑡))

2 ≥ 0.

(3.12)
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Equation (3.12) grounds the physical distinction between aligned and un-
aligned boundary interaction. Under predictive boundary alignment, an in-
ternal model that anticipates incoming environmental trajectories coordin-
ates its boundary port potentials ahead of impact so that 𝑧𝑆,𝛼 (𝑡) tracks 𝑧 ̄𝑆,𝜇(𝑡)
across coupled ports ((K(ext)

𝜕 )𝜇𝛼 > 0), driving cross-cut strain and boundary
dissipation towards zero ( ̇𝐼irr,𝜕 → 0). Conversely, under unpredicted bound-
ary collisions, an uncoordinated interface meets external perturbations out
of phase (𝑧𝑆,𝛼 (𝑡) ≠ 𝑧 ̄𝑆,𝜇(𝑡)), generating large cross-cut gradients that relax ir-
reversibly through 𝕄𝜕 ( ̇𝐼irr,𝜕 ≫ 0). Along multi-slice trajectories, this align-
ment parallels path-space selection principles such asmaximum calibre [136]
and resonant matching to structured environmental inputs [132].

Across a discrete sequence of 𝑁𝜏 spectral slices 𝜏 ∈ {1, … , 𝑁𝜏 } (Section 2.5.1),
summing the per-slice irreversible boundary dissipation Δ𝐼irr,𝜕(𝜏 ) ≥ 0 (1.35)
defines the cumulative boundary dissipation 𝐼irr,𝜕,𝑇 in nats, passing in the
fine-slice continuum limit to the emergent-horizon integral of ̇𝐼irr,𝜕(𝑡). When
𝑡 is metered in seconds via (2.255) at substrate fluctuation scale 𝜃 (J nat−1,
such as 𝜃 = 𝑘B𝑇th in an isothermal bath at temperature 𝑇th), multiplying
̇𝐼irr,𝜕(𝑡) by 𝜃 expresses instantaneous boundary dissipation power 𝑃diss,𝜕(𝑡)

directly in watts:

𝐼irr,𝜕,𝑇 ∶=
𝑁𝜏
∑
𝜏=1

Δ𝐼irr,𝜕(𝜏 ), (3.13)

𝐼irr,𝜕,𝑇 = ∫
𝑇

0
̇𝐼irr,𝜕(𝑡) d𝑡 , (3.14)

𝑃diss,𝜕(𝑡) ∶= 𝜃 ̇𝐼irr,𝜕(𝑡). (3.15)

The integral 𝐼irr,𝜕,𝑇 is invariant under reference-clock rescaling andmeasures
physical entropy dissipated across the interface cut 𝜕𝑆, distinct from logical
Landauer bit erasure. A physical system dissipates finite boundary entropy
resisting unpredicted environmental collisions even when zero internal lo-
gical bits are erased.

Whereas 𝐼irr,𝜕,𝑇 accumulates path-dependent dissipation across 𝜕𝑆, the in-
ternal state measures the preserved structure retained within the intra-basin
memory sector KΩ. On the capacity network of Chapter 2 (Section 2.3.1 and
Section 2.5.2, (2.137) and (2.325)), isolated internal cuts K(int)

𝜕 relax along
𝕄∇𝑆 towards the passive degree-weighted baseline (𝑑𝛼/Tr(DK) on 𝐺K). Sus-
taining predictive states on 𝒵 requires holding internal registers at a posit-
ive state displacement Δ𝑈neq(𝑡) ≥ 0 (calibrated in joules at substrate scale 𝜃 ,
or dimensionless Kullback–Leibler divergence on uncalibrated discrete net-
works) above this passive baseline. Dividing Δ𝑈neq by 𝜃 (J nat−1) defines pre-
served internal structure 𝐼rev,Ω in nats, whose proper-time-weighted average
across slices by 𝑤𝜏 (2.248) passes in the fine-slice limit over elapsed stand-
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ardised observer proper time 𝜏𝑇 (2.256)–(2.257) to the proper-time horizon
average 𝐼rev,Ω,𝑇 :

𝐼rev,Ω(𝑡) ∶=
Δ𝑈neq(𝑡)

𝜃 , (3.16)

𝐼rev,Ω,𝑇 ∶=
𝑁𝜏
∑
𝜏=1

𝑤𝜏 𝐼rev,Ω(𝜏 ), (3.17)

𝐼rev,Ω,𝑇 = 1
𝜏𝑇 ∫

𝜏𝑇

0
𝐼rev,Ω(𝜏 ) d𝜏 . (3.18)

Pairing cumulative boundary dissipation (3.13)–(3.14) with the proper-time-
weighted internal average (3.17)–(3.18) places 𝐼irr,𝜕,𝑇 and 𝐼rev,Ω,𝑇 in identical,
clock-invariant units of nats, directly paralleling the discrete structural loads
𝒬𝜕 and 𝒬Ω in links. Specifically, ̇𝐼irr,𝜕(𝑡) d𝑡 integrates total boundary entropy
in (3.14) while d𝜏 cancels 𝜏−1𝑇 in (3.18) via (2.257), leaving both quantities
strictly independent of ̄𝑆ref and exact along general worldlines (Section 6.2.3).
Whenever the proper-time lapse rate is constant across [0, 𝑇 ] (as at rest re-
lative to ̄𝑆ref, where d𝜏 = d𝑡 and 𝜏𝑇 = 𝑇 ), (3.18) reduces identically to the
coordinate-time average over [0, 𝑇 ].
Because internal barriers across K(int)

𝜕 are finite (Ξ < ∞), spontaneous re-
laxation along 𝕄Ω continuously pulls displaced states back towards the
passive baseline over a characteristic relaxation timescale 𝜏relax > 0 (meas-
ured in the same time unit as 𝑡 , whether reference nats or seconds). Holding
Δ𝑈neq(𝑡) against this decay requires continuous internal maintenance dissip-
ation ̇𝐼irr,Ω(𝑡) and maintenance power 𝑃maint,Ω(𝑡) (in watts when 𝑡 and 𝜏relax
are in seconds), decomposing total entropy production orthogonally across
(3.9):

̇𝐼irr,Ω(𝑡) =
𝐼rev,Ω(𝑡)
𝜏relax

, (3.19)

𝑃maint,Ω(𝑡) ∶= 𝜃 ̇𝐼irr,Ω(𝑡) =
𝜃 𝐼rev,Ω(𝑡)
𝜏relax

, (3.20)

̇𝐼irr(𝑡) = ̇𝐼irr,Ω(𝑡) + ̇𝐼irr,𝜕(𝑡). (3.21)

Equations (3.19)–(3.20) establish that committing large uncompressed capa-
city to a volatile internal model (𝐼rev,Ω ≫ 0 at finite 𝜏relax) demands propor-
tionally higher maintenance dissipation to counteract relaxation, whereas
the passive baseline (Δ𝑈neq = 0) incurs zero maintenance cost.

Disconnecting active maintenance at instant 𝑡0 allows the displaced internal
degrees of freedom to relax along 𝕄Ω towards their passive baseline [150].
Integrating the resulting relaxation dissipation rate ̇𝐼irr,Ω(𝑡) (calibrated en-
ergetically as heat power 𝜃 ̇𝐼irr,Ω(𝑡) in watts when 𝑡 is metered in seconds)
over 𝑡 ≥ 𝑡0 recovers Δ𝑈neq(𝑡0), yielding an operational telemetry estimator
for preserved internal structure (in nats):

𝐼rev,Ω(𝑡0) =
Δ𝑈neq(𝑡0)

𝜃 = ∫
∞

𝑡0
̇𝐼irr,Ω(𝑡) d𝑡 . (3.22)
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For metastable basins confined around a displaced operating point, integrat-
ing this post-disconnect relaxation (3.22) calibrates preserved internal struc-
ture across semiconductor and biological neuronal substrates (Section 1.3.3),
while vanishing identically on passive baseline wells.

3.3 intell igence and consciousness

With the open metriplectic generator and trajectory integrals established,
we now construct the formal metrics of agency. Rather than defining intelli-
gence through arbitrary task scores or behavioural benchmarks, we ground
intelligence (𝜒 ) and consciousness (𝜅) in physical boundary defence and gen-
erative model economy across two complementary formalisms: static struc-
tural capacity on a discrete graph cross-section and through-time trajectory
efficiency across the emergent temporal coordinate.

3.3.1 Static Structural and Through-Time Trajectory Metrics

In the static structural formalism, slicing the capacity network perpendic-
ular to the emergent temporal axis 𝜙𝜙𝜙time (Section 2.5.1) isolates an instant-
aneous graph cross-section with total relational capacity 𝒬total = vol(𝑆).
Recall from Section 2.4.2 (2.200)–(2.203) and Lemma 2.5 (2.204)–(2.207) that
Frobenius orthogonality between internal memory load 𝒬Ω and boundary
cut load 𝒬𝜕 fixes the uncommitted free capacity 𝒬free = 𝒬total − 𝒬alloc,
the dimensionless structural efficiencies 𝜒struct = 𝒬free/𝒬𝜕 and 𝜅struct =
𝒬free/𝒬Ω (in links/link), and the free-capacity share 𝜂free(𝜒struct, 𝜅struct). To-
gether, (𝜒struct, 𝜅struct) quantify static architectural headroom prior to traject-
ory execution, yet static link counts alone cannot resolve how a system acts
through time. Two networks with identical (𝒬Ω, 𝒬𝜕 , 𝒬free) perform very dif-
ferently depending on whether boundary channelsK(ext)

𝜕 meet incoming en-
vironmental fluxes in predictive phase alignment or absorb unpredicted col-
lisions, and whether a compact internal core KΩ is reused cyclically across
epochs or duplicated statically across registers. Moreover, internal transition
cutsK(int)

𝜕 pooled into 𝒬𝜕 on a static slice separate dynamically into internal
relaxation 𝕄Ω in (3.9).

The through-time trajectory formalism evaluates agency across an ordered
sequence of 𝑁𝜏 spectral slices 𝜏 ∈ {1, … , 𝑁𝜏 } (Section 2.5.1) carrying intrinsic
slice proper-time incrementsΔ𝜏nat(𝜏 ), reference coordinate horizon 𝑇 metered
against ̄𝑆ref, elapsed standardised observer proper time 𝜏𝑇 , and proper-time
weights 𝑤𝜏 (2.243)–(2.257). On each viable slice 𝜏 whose uncommitted free
capacity 𝒬free,𝜏 exceeds the elementary unit link 𝒬0 ∶= 1 link, normalising
𝒬free,𝜏 against 𝒬0 defines the dimensionless slice stability barrier Δ𝐼barrier(𝜏 )
in nats (written Δ𝐼barrier on a single slice). Averaging Δ𝐼barrier(𝜏 ) across the
𝑁𝜏 slices by the clock-invariantweights𝑤𝜏 defines the dimensionless through-
time stability barrier Δ𝐼barrier,𝑇 , passing in the fine-slice continuum limit
via (2.257) to the proper-time horizon average (and coinciding identically
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with the coordinate-time average over [0, 𝑇 ]whenever the proper-time lapse
rate is constant):

Δ𝐼barrier(𝜏 ) ∶= ln(𝒬free,𝜏
𝒬0

) , (3.23)

Δ𝐼barrier,𝑇 ∶=
𝑁𝜏
∑
𝜏=1

𝑤𝜏Δ𝐼barrier(𝜏 ) =
𝑁𝜏
∑
𝜏=1

𝑤𝜏 ln(
𝒬free,𝜏
𝒬0

) , (3.24)

Δ𝐼barrier,𝑇 = 1
𝜏𝑇 ∫

𝜏𝑇

0
Δ𝐼barrier(𝜏 ) d𝜏 . (3.25)

Whereas the pairwise barrier Δ𝐼barrier,𝛼→𝛽 (2.327) measures local Kramers
isolation between two coarse-grained registers 𝛼 and 𝛽 , Δ𝐼barrier,𝑇 (3.24)–
(3.25) measures uncommitted reserve across the open system as a whole.
On any slice with 𝒬𝜕 > 0 and 𝑀 internal registers of diagonal trace Tr(KΩ)
(2.249), substituting the strict multi-register ceiling (2.219) into (3.23) bounds
the slice barrier above:

Δ𝐼barrier < ln(𝒬total − 𝑀−1/2 Tr(KΩ)
𝒬0

) . (3.26)

Equation (3.26) reconciles local register depth with global system reserve
across register counts. Collapsing all internal links into a single monolithic
well (𝑀 = 1) maximises passive Kramers isolation yet caps 𝒬free below |𝜕𝑆|
via (2.220), preventing Δ𝐼barrier from scaling with internal volume |𝐸(𝑆)|. On
a symmetric two-basin switch (𝑀 = 2, Example 2.3) with balanced registers
𝐾𝛼𝛼 ≫ 𝒬𝜕 , both Δ𝐼barrier,1→2 and Δ𝐼barrier grow as ln(𝐾11/𝒬0) up to the
additive constant ln(2 − √2). Across differentiated multi-register architec-
tures (𝑀 ≫ 1 with 𝐾𝛼𝛼 ≫ 𝐾𝛼𝛽 ), the 𝑀−1/2 suppression of 𝒬Ω keeps indi-
vidual registers metastable (Δ𝐼barrier,𝛼→𝛽 ≫ 1) while elevating 𝒬free towards
(1−𝑀−1/2)𝒬total, and logarithmic proper-time averaging in (3.24) penalises
transient bottlenecks whenever 𝒬free,𝜏 contracts towards 𝒬0 without requir-
ing external path-action functionals. Projecting the open capacity Laplacian
LK,𝑆𝑆 = LK + D(ext)

K (2.102) onto the D(int)
K -orthonormal spectral coordinate

axes 𝜙𝜙𝜙𝑘 (𝑘 = 2,… , 𝑑𝑠 + 1) of ΦΦΦ in (2.229)–(2.236) separates internal modal
relaxation 𝜇𝑘(Lnorm) from modal port exposure 𝜇𝜕,𝑘 :

𝜇𝜕,𝑘 ∶= 𝜙𝜙𝜙T𝑘D(ext)
K 𝜙𝜙𝜙𝑘 ≥ 0, (3.27)

𝜙𝜙𝜙T𝑘LK,𝑆𝑆𝜙𝜙𝜙𝑘
𝜙𝜙𝜙T𝑘DK𝜙𝜙𝜙𝑘

= 𝜇𝑘(Lnorm) + 𝜇𝜕,𝑘
1 + 𝜇𝜕,𝑘

. (3.28)

Equations (3.27)–(3.28) show why spectral dimension 𝑑𝑠 directly shapes tra-
jectory efficiency: every additional uncompressed spectral coordinate axis
resolved in ΦΦΦ adds modal relaxation and port exposure that must be main-
tained and aligned across the emergent horizon 𝑇 . Comparing the stabil-
ity barrier Δ𝐼barrier,𝑇 with these boundary and internal burdens defines the
through-time metrics of agency.

def init ion 3.1 (Intelligence, Consciousness, and theAgency Identity). Let
an open embedded subsystem 𝑆 with admissible CCE partition operate across
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𝑁𝜏 spectral slices (or their continuum limit) over an emergent horizon 𝑇 >
0 (2.244)–(2.255) with through-time stability barrier Δ𝐼barrier,𝑇 ≥ 0 (3.24)–
(3.25), positive cumulative boundary dissipation 𝐼irr,𝜕,𝑇 > 0 (3.13)–(3.14), and
positive proper-time-averaged preserved internal structure 𝐼rev,Ω,𝑇 > 0 (3.17)–
(3.18). Its through-time intelligence 𝜒𝑇 and consciousness 𝜅𝑇 are defined in
dimensionless informational units (nats/nat) by:

𝜒𝑇 ∶= Δ𝐼barrier,𝑇
𝐼irr,𝜕,𝑇

, (3.29)

𝜅𝑇 ∶= Δ𝐼barrier,𝑇
𝐼rev,Ω,𝑇

. (3.30)

Equating the shared barrier numerator Δ𝐼barrier,𝑇 across (3.29)–(3.30) yields
the unifying agency identity (1.61):

Δ𝐼barrier,𝑇 = 𝜒𝑇 𝐼irr,𝜕,𝑇 = 𝜅𝑇 𝐼rev,Ω,𝑇 , (3.31)

𝜒𝑇 = 𝜅𝑇
𝐼rev,Ω,𝑇
𝐼irr,𝜕,𝑇

, (3.32)

with degenerate boundary limits extended continuously under Section 3.3.2.

In Definition 3.1, intelligence 𝜒𝑇 measures maintained barrier nats per nat of
irreversible boundary dissipation, whereas consciousness 𝜅𝑇 measures main-
tained barrier nats per nat of preserved internal structure, coupled in (3.32)
just as 𝜒struct and 𝜅struct are coupled in (2.203), and strictly invariant under
reference-clock rescaling. Equation (3.32) states the division of physical la-
bour in embedded agents: intelligence (𝜒 ) is an extrinsic boundary defence
metric quantifying how effectively a system prevents destructive collisions
across its interface cut, whereas consciousness (𝜅) is an intrinsic model eco-
nomy metric quantifying how compactly the internal substrate represents
environmental structure to secure that protection. Whenever reporting in
SI energetic units is desired on a substrate with fluctuation scale 𝜃 (J nat−1,
such as 𝜃 = 𝑘B𝑇th in an isothermal bath at temperature 𝑇th), multiplying by
𝜃 calibrates both the static and through-time barriers in joules and expresses
the efficiencies in J nat−1 without introducing an additional formalism:

ΔΦ ∶= 𝜃 Δ𝐼barrier = 𝜃 ln(𝒬free

𝒬0
) , (3.33)

ΔΦ𝑇 ∶= 𝜃 Δ𝐼barrier,𝑇 , (3.34)

(𝜃𝜒𝑇 , 𝜃𝜅𝑇 ) = ( ΔΦ𝑇
𝐼irr,𝜕,𝑇

, ΔΦ𝑇
𝐼rev,Ω,𝑇

) . (3.35)

3.3.2 Operational Regimes in the Efficiency Plane

The orthogonal capacity ceiling (2.196) and the agency identity (3.32) parti-
tion physical systems across the (𝜒𝑇 , 𝜅𝑇 ) operational efficiency plane (Fig-
ure 3.2). Sustaining active agency (Δ𝐼barrier,𝑇 > 0 with 𝐼rev,Ω,𝑇 > 0) requires
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operating strictly inside the interior of the capacity disk, with positive in-
ternal CCE allocation (𝒬Ω > 0), open external boundary ports (𝒬(ext)

𝜕 > 0),
and uncommitted free capacity above the unit link (𝒬free,𝜏 > 𝒬0, securing
Δ𝐼barrier(𝜏 ) > 0). Driving internal capacity or active state retention to either
extreme produces two degenerate limits in which operational agency col-
lapses.

At the lower endpoint lies the internal-depletion limit, which clarifies why
intelligence 𝜒𝑇 must be metered against irreversible boundary dissipation
𝐼irr,𝜕,𝑇 (3.29) rather than total dissipation 𝐼irr,𝑇 (3.21). If internal maintenance
dissipation ̇𝐼irr,Ω (3.19) were penalised alongside boundary dissipation in the
denominator of 𝜒𝑇 , extinguishing internal state maintenance would appear
to raise efficiency by eliminating maintenance overhead. Structurally on 𝐺K,
starving the intra-basin memory sector (𝐾𝛼𝛼 → 0, 𝒬Ω → 0) across an open
cut (𝒬(ext)

𝜕 > 0) violates Axiom I (𝐾𝛼𝛼 ≥ 2) and collapses spectral persistence
Ξ(𝑆𝛼 ) (2.127), destroying metastable CCE basins altogether. Dynamically on
an admissible open substrate (𝒬Ω ≥ 2√𝑀 , 𝒬(ext)

𝜕 > 0), whereas a short-
horizon comparison at fixed static reserve 𝒬free can still exhibit residual
passive barrier depth (Example 3.1), extinguishing active preserved internal
structure 𝐼rev,Ω,𝑇 → 0+ under sustained external perturbation leaves K(ext)

𝜕
unaligned against incoming environmental fluxes so uncountered boundary
loading erodes uncommitted slice reserve 𝒬free,𝜏 → 𝒬+0 . Perturbations then
strike 𝜕𝑆 out of phase (𝐼irr,𝜕,𝑇 > 0) as the dynamically maintained barrier van-
ishes linearly (Δ𝐼barrier,𝑇 = 𝜅𝑇 ,0 𝐼rev,Ω,𝑇 + 𝑜(𝐼rev,Ω,𝑇 ) with 0 ≤ 𝜅𝑇 ,0 ≤ 𝜅∗𝑇 (0+)),
projecting (𝜒𝑇 , 𝜅𝑇 ) onto the vertical 𝜒𝑇 = 0 axis of Figure 3.2:

𝒬Ω → 0 ⟹ Ξ(𝑆𝛼 ) → 0, (3.36)

𝐼rev,Ω,𝑇 → 0+ ⟹ 𝜒𝑇 = Δ𝐼barrier,𝑇
𝐼irr,𝜕,𝑇

→ 0+, (3.37)

(𝜒𝑇 , 𝜅𝑇 ) → (0, 𝜅𝑇 ,0). (3.38)

Equations (3.36)–(3.38) show that forfeiting internal retention collapses in-
telligence onto 𝜒𝑇 = 0 rather than inflating it. By the same accounting, an
unpartitioned passive block (𝑀 = 1, 𝐼rev,Ω,𝑇 = 0) exposed across a single

scalar external cut (𝑀 ̄𝑆 = 1) has vanishing internal transition cut 𝒬(int)
𝜕 = 0,

satisfies 𝜒struct < 1 and 𝜅struct < 1 identically (Lemma 2.5), and retains zero
displaced internal structure to align 𝜕𝑆, fixing 𝜒𝑇 = 0 under ongoing envir-
onmental perturbation (𝐼irr,𝜕,𝑇 > 0).
At the upper endpoint lies the internal-saturation limit, in which a system
commits its entire relational capacity to internal structure (𝒬Ω → 𝒬total).
Under the Pythagorean capacity bound (2.196) and free-capacity identity
(2.200), saturating𝒬Ω simultaneously severs boundary channels and depletes
uncommitted free capacity:

𝒬Ω → 𝒬total ⟹ 𝒬𝜕 → 0 and 𝒬free → 0, (3.39)

𝒬(ext)
𝜕 → 0 and 𝒬free → 0 ⟹ 𝜅struct → 0 ⟹ (𝜒𝑇 , 𝜅𝑇 ) = (0, 0).

(3.40)
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Equations (3.39)–(3.40) establish that internal complexity divorced from an
open boundary confers zero operational agency. Even if an isolated interior
retains large preserved internal structure (𝐼rev,Ω,𝑇 ≫ 0) and high internal

maintenance dissipation ( ̇𝐼irr,Ω ≫ 0), severing K(ext)
𝜕 and depleting 𝒬free

eliminate active boundary stabilisation, collapsing structural consciousness
𝜅struct and setting (𝜒𝑇 , 𝜅𝑇 ) = (0, 0) on the closed boundary.

Strictly between these two limits, viable open architectures (Δ𝐼barrier,𝑇 > 0)
populate three characteristic interior regimes of Figure 3.2 according to the
balance between preserved internal structure 𝐼rev,Ω,𝑇 and boundary dissipa-
tion 𝐼irr,𝜕,𝑇 in (3.32). A reactive automaton (such as a binary thermostat) com-
mits minimal internal capacity (𝒬Ω ≪ 𝒬𝜕 ) and holds negligible preserved
internal structure (𝐼rev,Ω,𝑇 ≪ 1), securing high model economy 𝜅𝑇 over a nar-
row basin, but lacks multi-step predictive structure and incurs heavy unpre-
dicted boundary collisions (𝐼irr,𝜕,𝑇 ≫ 𝐼rev,Ω,𝑇 ) that confine it to low 𝜒𝑇 . Con-
versely, an uncompressed supercomputer forecasting atmospheric dynamics
achieves accurate predictive deflection and high intelligence 𝜒𝑇 , but relies
on brute-force state retention across vast register banks (𝐼rev,Ω,𝑇 ≫ 𝐼irr,𝜕,𝑇 )
sustained by megawatt-scale maintenance power (𝑃maint,Ω ≫ 0), depressing
consciousness 𝜅𝑇 . By contrast, the biological brain operates on a 20Wpower
budget yet attains high 𝜒𝑇 and high 𝜅𝑇 simultaneously, as hierarchical CCE
coarse-graining compresses environmental regularities into a compact gen-
erative model, preserving generous free capacity 𝒬free while keeping both
boundary dissipation and preserved internal structure low.

3.3.3 The Pareto Frontier of Intelligence and Consciousness

While the coupling identity (3.32) links intelligence and consciousness at
any single operating point, finite total relational capacity 𝒬total prevents
an embedded system from driving both efficiencies upward without bound.
On a static graph slice, Lemma 2.5 (2.204)–(2.205) already fixes the quad-
ratic trade-off curve and symmetric joint ceiling of (𝜒struct, 𝜅struct). Across
emergent time, shifting links or active registers towards internal memory
KΩ resolves environmental modes ahead of impact and suppresses unpre-
dicted boundary dissipation 𝐼irr,𝜕,𝑇 at the expense of higher preserved in-
ternal structure 𝐼rev,Ω,𝑇 . Conversely, coarsening the internal representation
lowers 𝐼rev,Ω,𝑇 at the cost of residual boundary collisions across 𝜕𝑆, while ex-
panding allocated capacity 𝒬alloc compresses 𝒬free,𝜏 and lowers the shared
barrier Δ𝐼barrier,𝑇 (3.24). Across the set 𝒜adm of spectrally admissible assign-
mentsΠΠΠ (Section 3.2.1) that sustain a barrier thresholdΔ𝐼barrier,𝑇 ≥ Δ𝐼min > 0,
architectural selection defines a multi-objective Pareto problem bounded by
the non-dominated efficiency frontier 𝜅∗𝑇 (𝜒𝑇 ) (Figure 3.2):

ΠΠΠ∗ ∈ Pareto argmax
ΠΠΠ∈𝒜adm

(𝜒𝑇 (ΠΠΠ), 𝜅𝑇 (ΠΠΠ)), (3.41)

𝜅∗𝑇 (𝜒𝑇 ) ∶= sup{𝜅𝑇 (ΠΠΠ) ∶ ΠΠΠ ∈ 𝒜adm, 𝜒𝑇 (ΠΠΠ) ≥ 𝜒𝑇 }. (3.42)
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f igure 3.2: Operational efficiency plane (𝜒𝑇 , 𝜅𝑇 ) (in dimensionless nats/nat) and
the Pareto frontier 𝜅∗𝑇 (𝜒𝑇 ) at fixed total relational capacity 𝒬total. De-
generate regimes collapse onto the axes: in the dynamical internal-
depletion limit (𝐼rev,Ω,𝑇 → 0+ under unpredicted boundary dissipation
𝐼irr,𝜕,𝑇 > 0), predictive boundary alignment vanishes and (𝜒𝑇 , 𝜅𝑇 ) col-
lapses onto the vertical boundary segment {0}×[0, 𝜅∗𝑇 (0+)] (while struc-
tural depletion 𝒬Ω → 0 destroys metastable CCE basins altogether),
whereas the internal-saturation limit (𝒬Ω → 𝒬total) severs boundary
channels and depletes free capacity (𝒬free → 0), collapsing (𝜒𝑇 , 𝜅𝑇 )
to the origin. In the viable interior, an uncompressed supercomputer
achieves high 𝜒𝑇 at megawatt maintenance cost (𝑃maint,Ω ∼ MW, low
𝜅𝑇 ). Congruent model compression eliminates redundant preserved
internal structure 𝐼rev,Ω,𝑇 to reach the non-dominated frontier 𝜅∗𝑇 (𝜒𝑇 )
(3.42), spanning reactive automata (𝐼rev,Ω,𝑇 ≪ 1, 𝐼irr,𝜕,𝑇 ≫ 0) through
the biological brain at the high-(𝜒𝑇 , 𝜅𝑇 ) knee (𝑃maint,Ω ≈ 20W).

Equations (3.41)–(3.42) distinguish two operationalmovements in the (𝜒𝑇 , 𝜅𝑇 )
plane. Encodings that retain redundant or unaligned internal states—such
as the uncompressed supercomputer of Section 3.3.2—occupy the domin-
ated interior (𝜅𝑇 < 𝜅∗𝑇 (𝜒𝑇 )). Compressing redundant fine-grained states into
invariant-preserving CCE blocks eliminates excess 𝐼rev,Ω,𝑇 and maintenance
dissipation while freeing capacity 𝒬free, driving the system upward onto
𝜅∗𝑇 (𝜒𝑇 ) without sacrificing boundary defence. Once redundant internal al-
location is eliminated along 𝜅∗𝑇 (𝜒𝑇 ), further gains in 𝜒𝑇 require finer pre-
dictive resolution that lowers 𝜅𝑇 , tracing a continuous frontier from reactive
automata (high 𝜅𝑇 , low 𝜒𝑇 ), through balanced generative compression at the
frontier knee (simultaneously high 𝜒𝑇 and 𝜅𝑇 , as in the biological brain), to
high-overhead precision predictors (high 𝜒𝑇 , lower 𝜅𝑇 ).

theorem 3.2 (Operational Horizon Cost andMinimum-Cost Frontier). Let
an embedded subsystem 𝑆 operate across 𝑁𝜏 spectral slices (or their continuum
limit) over an emergent horizon 𝑇 > 0 (2.244)–(2.255) with maintained sta-
bility barrier Δ𝐼barrier,𝑇 > 0 and positive operational burdens 𝐼irr,𝜕,𝑇 > 0 and
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𝐼rev,Ω,𝑇 > 0. Summing cumulative boundary dissipation (3.14) and horizon-
averaged preserved internal structure (3.18) defines the parameter-free opera-
tional horizon cost 𝐼op,𝑇 (in nats), expressed directly throughΔ𝐼barrier,𝑇 , 𝜒𝑇 , and
𝜅𝑇 (3.29)–(3.30):

𝐼op,𝑇 ∶= 𝐼irr,𝜕,𝑇 + 𝐼rev,Ω,𝑇 , (3.43)

𝐼op,𝑇 = Δ𝐼barrier,𝑇 ( 1
𝜒𝑇

+ 1
𝜅𝑇

) . (3.44)

Consequently, across admissible encodings in 𝒜adm sustaining a matched bar-
rier Δ𝐼barrier,𝑇 > 0, any architecture strictly Pareto-dominating another in
(𝜒𝑇 , 𝜅𝑇 ) incurs strictly lower operational horizon cost 𝐼op,𝑇 , and every cost-
minimising architecture lies on the non-dominated Pareto frontier 𝜅∗𝑇 (𝜒𝑇 ) (3.42).

proof. Substituting the unifying agency identity (3.31) directly into (3.43)
produces (3.44). BecauseΔ𝐼barrier,𝑇 > 0, the reciprocal sum in (3.44) is strictly
decreasing in both 𝜒𝑇 > 0 and 𝜅𝑇 > 0, so any architecture strictly Pareto-
dominating another in (𝜒𝑇 , 𝜅𝑇 ) at matched Δ𝐼barrier,𝑇 achieves strictly lower
𝐼op,𝑇 , excluding dominated interior configurations from minimising opera-
tional horizon cost.

Theorem 3.2 explains why surviving physical systems concentrate near the
frontier 𝜅∗𝑇 (𝜒𝑇 )without invoking substrate-specific weighting parameters or
ad hoc efficiency postulates. Because ̇𝐼irr,𝜕(𝑡) d𝑡 integrates boundary dissipa-
tion in 𝐼irr,𝜕,𝑇 and d𝜏 cancels 𝜏−1𝑇 in 𝐼rev,Ω,𝑇 , both quantities carry identical,
clock-invariant units of nats, and their sum 𝐼op,𝑇 (3.43) prices unaligned
boundary collisions and uncompressed internal state retention on equal foot-
ing across any emergent horizon 𝑇 . Under bounded capacity and open bound-
ary coupling, excess boundary dissipation or bloated internal allocation erodes
uncommitted free capacity 𝒬free,𝜏 and lowers Δ𝐼barrier,𝑇 (3.24). In the path-
space theory of conditioned Markov processes [28] and dynamical large
deviations [160], trajectories burdened by excess operational cost incur an
exponential survival penalty across successive epochs, concentrating long-
horizon survivors onto quasi-stationary distributions near 𝜅∗𝑇 (𝜒𝑇 ) [99, 166].

example 3.1 (Static and Through-TimeAgencyMetrics). Consider an open
simple graph 𝑆 on 18 vertices partitioned into 𝑀 = 2 complete cliques 𝐾9
of nine vertices (𝐾𝛼𝛼 = 72 links for 𝛼 ∈ {1, 2}, from |𝐸(𝑆𝛼 )| = 36 clique
edges, with internal spectral gap 𝛾int = 9/8, or 1.125) linked by 𝐾12 = 1 link
and coupled across 𝑀 ̄𝑆 = 2 environmental blocks at cut capacities 4 and
3 links per register (14 external links total). Each register has degree volume
vol(𝑆𝛼 ) = 80, internal conductance 𝜙𝜕(𝑆𝛼 ) = 1/73, total open conductance
𝜙(tot)𝜕 (𝑆𝛼 ) = 8/80 (0.10), and spectral persistenceΞ(𝑆𝛼 ) = 82.125 ≫ 1 (satisfy-
ing Axioms I–III), conserving 𝒬total = 160 links with internal and boundary
structural loads:

𝒬Ω = √722 + 722 = √10,368 ≈ 101.82 links, (3.45)

𝒬𝜕 = √2 + 2(42 + 32) = √52 ≈ 7.21 links. (3.46)
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Evaluating (2.200)–(2.202) and (3.23) yields the static structural efficiencies
and slice barrier:

𝒬free = 160 − √10,368 + 52 = 160 − √10,420 ≈ 57.92 links,
(3.47)

(𝜒struct, 𝜅struct) = (𝒬free

√52
, 𝒬free

√10,368
) ≈ (8.03, 0.57), (3.48)

Δ𝐼barrier = ln(𝒬free

𝒬0
) ≈ 4.06 nats. (3.49)

Now evaluate 𝑆 across 𝑁𝜏 = 3 spectral slices with proper-time weights
w = (1/4, 1/2, 1/4) sustaining 𝒬free,𝜏 = 𝒬free (Δ𝐼barrier,𝑇 ≈ 4.06 nats) un-
der three trajectory protocols. A reactive protocol holds slice displacements
(0.4, 0.6, 0.4) nats (𝐼rev,Ω,𝑇 = 0.50 nats) while suffering unpredicted bound-
ary collisions (2.5, 3.0, 2.5) nats (𝐼irr,𝜕,𝑇 = 8.00 nats). An uncompressed pre-
dictor holds bloated displacements (4.0, 4.0, 4.0) nats (𝐼rev,Ω,𝑇 = 4.00 nats)
to align boundary ports at (0.3, 0.4, 0.3) nats (𝐼irr,𝜕,𝑇 = 1.00 nats). Finally, a
compressed CCE predictor achieves the same aligned boundary dissipation
𝐼irr,𝜕,𝑇 = 1.00 nats with compact generative displacements (0.8, 1.2, 0.8) nats
(𝐼rev,Ω,𝑇 = 1.00 nats). Evaluating (3.29)–(3.30) and (3.43)–(3.44) yields:

(𝜒 react𝑇 , 𝜅react𝑇 , 𝐼 reactop,𝑇 ) ≈ (0.51, 8.12, 8.50 nats), (3.50)

(𝜒uncomp
𝑇 , 𝜅uncomp

𝑇 , 𝐼uncomp
op,𝑇 ) ≈ (4.06, 1.01, 5.00 nats), (3.51)

(𝜒 cce𝑇 , 𝜅cce𝑇 , 𝐼 cceop,𝑇 ) ≈ (4.06, 4.06, 2.00 nats). (3.52)

Although all three protocols share the same static cross-section (3.48) with
𝜒struct ≈ 8.03 and 𝜅struct ≈ 0.57, trajectory execution separates them across
the efficiency plane (Figure 3.2). Over this short-horizon slice comparison at
fixed𝒬free, the reactive protocol sits on the low-intelligence limb (0.51, 8.12),
purchasing high per-nat internal economy 𝜅𝑇 only by forfeiting predictive
boundary defence (𝜒𝑇 ≈ 0.51) at more than four times the total operational
cost (𝐼 reactop,𝑇 = 8.50 nats), and across sustained epochs those unaligned colli-
sions erode 𝒬free,𝜏 towards 𝒬0 as in (3.37). Conversely, compressing redund-
ant states moves the predictor from the dominated interior (4.06, 1.01) onto
the balanced minimum-cost knee (4.06, 4.06), strictly Pareto-dominating the
uncompressed protocol and lowering 𝐼op,𝑇 from 5.00 nats to 2.00 nats by The-
orem 3.2. For a single system with fixed 𝒬total, the curve 𝜅∗𝑇 (𝜒𝑇 ) forms an
impassable efficiency ceiling, and surpassing it requires coupling distinct
systems to internalise their shared boundary cuts. ♢

3.4 emergence

Having established the efficiency ceiling 𝜅∗𝑇 (𝜒𝑇 ) of a single capacity-bounded
system, we now examine how coupled physical systems surpass it. Tradi-
tional accounts of emergence confront an ill-defined boundary problem: at
what threshold do separate coordinating systems cease to be a group of
individuals and become a single new entity? Grounded in Conservation-
Congruent Encodings, no sharp physical boundary exists because physical
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emergence occurs on a continuous coordination scale [108, 152]. By Multiscale
Coarse-Graining (Theorem 2.2), resolving an interacting assembly as 𝑛 sep-
arate agents under a fine partitionΠΠΠ(1) versus grouping them into one com-
posite agent under a coarsened partition ΠΠΠ(2) = ΠΠΠ(1)P describes the exact
same relational graph 𝐺 = (𝑉 , 𝐸), where the transfer operator 𝒯P reclassi-
fies inter-system coordination channels as internal structure. Equally, every
entity conventionally treated as an elementary individual system—from a
bound atom or folded protein to a single cell or organism—is itself a coupled
composite of lower-level CCE sub-blocks whose internal equilibration out-
paces open leakage only by a finite spectral ratio (3.5). Signalling via commu-
nication and structural fusion via endosymbiosis are therefore not distinct
physical kinds, but different quantitative regimes along one continuous scale
of boundary internalisation and coordination.

3.4.1 Cut Internalisation and Cooperative Capacity Gain

Consider two autonomous physical systems, 𝐴 and 𝐵, possessing disjoint
vertex sets 𝑆𝐴 and 𝑆𝐵 with total relational capacities𝒬total,𝐴 and𝒬total,𝐵 sum-
ming to𝒬total = 𝒬total,𝐴+𝒬total,𝐵. In the uncoupled baseline (K𝐴𝐵 = 0), each
system interfaces separately with the ambient environment ̄𝑆 = 𝑉 ⧵(𝑆𝐴⊔𝑆𝐵),
exposing isolated external boundary cutsK(𝐴),iso

𝜕,ext andK(𝐵),iso
𝜕,ext alongside local

subsystem blocksK𝑆𝑖 = K(𝑖)
Ω +K(int,𝑖)

𝜕 with isolated allocated capacities𝒬iso
alloc,𝑖

(𝑖 ∈ {𝐴, 𝐵}):

‖Kiso
𝜕 ‖2𝐹 = ‖K(𝐴),iso

𝜕,ext ‖2𝐹 + ‖K(𝐵),iso
𝜕,ext ‖2𝐹 , (3.53)

(𝒬iso
alloc,𝑖)

2 = ‖K𝑆𝑖‖2𝐹 + ‖K(𝑖),iso
𝜕,ext ‖2𝐹 . (3.54)

Now let physical interaction channels be activated between 𝑆𝐴 and 𝑆𝐵, rep-
resented by the cross-coupling capacity block K𝐴𝐵 = KT

𝐵𝐴. The composite
system 𝐴𝐵 = 𝑆𝐴 ⊔ 𝑆𝐵 is governed by the partitioned capacity matrix:

K(𝐴𝐵) =
⎛
⎜
⎜
⎝

K𝑆𝐴 K𝐴𝐵 (K(𝐴)
𝜕,ext)T

K𝐵𝐴 K𝑆𝐵 (K(𝐵)
𝜕,ext)T

K(𝐴)
𝜕,ext K(𝐵)

𝜕,ext K ̄𝑆

⎞
⎟
⎟
⎠
. (3.55)

When an observer evaluates the composite entity across the joint bound-
ary 𝜕(𝐴𝐵) while preserving the differentiated internal registers of 𝐴 and 𝐵
(rather than collapsing both subsystems into a single undifferentiated block
via 𝒯P as in Example 2.6), a two-fold topological restructuring occurs. First,
while the composite intra-basin memory diagonal K(𝐴𝐵)

Ω retains only the
isolated register memories, the cross-coupling blocks K𝐴𝐵 and K𝐵𝐴 cease
to be external boundary cuts and enter the hollow internal transition sector
K(int,𝐴𝐵)
𝜕 of the composite system blockK(𝐴𝐵)

𝑆 . Second, the external cutK(𝐴𝐵)
𝜕
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contracts strictly to links crossing from 𝐴𝐵 into the remaining environment
̄𝑆:

K(𝐴𝐵)
𝑆 = (K𝑆𝐴 K𝐴𝐵

K𝐵𝐴 K𝑆𝐵
) = K(𝐴𝐵)

Ω + K(int,𝐴𝐵)
𝜕 , (3.56)

K(𝐴𝐵)
Ω = diag(K(𝐴)

Ω , K(𝐵)
Ω ), (3.57)

K(𝐴𝐵)
𝜕 = (K(𝐴)

𝜕,ext K(𝐵)
𝜕,ext) . (3.58)

Evaluating the squared Frobenius norms of these partitioned blocks yields
the composite internal and external capacity loads:

‖K(𝐴𝐵)
𝑆 ‖2𝐹 = ‖K𝑆𝐴‖2𝐹 + ‖K𝑆𝐵 ‖2𝐹 + 2‖K𝐴𝐵‖2𝐹 , (3.59)

‖K(𝐴𝐵)
𝜕 ‖2𝐹 = ‖K(𝐴)

𝜕,ext‖2𝐹 + ‖K(𝐵)
𝜕,ext‖2𝐹 . (3.60)

To evaluate whether coupling frees structural capacity without conflating
physical synergy with the purely algebraic Euclidean triangle inequality, we
compare the coupled composite system against the joint uncoupled baseline
evaluated at the identical Frobenius norm level:

𝒬iso
free ∶= 𝒬total − √(𝒬iso

alloc,𝐴)2 + (𝒬iso
alloc,𝐵)2. (3.61)

When mutual coordination across K𝐴𝐵 shields internal vertices and elimin-
ates excess external boundary allocation, the exposed external cut contracts.
Whenever the shed external boundary capacity exceeds the internal coordin-
ation load, the composite allocated capacity strictly shrinks relative to the
uncoupled baseline, yielding a genuine cooperative capacity gain through the
equivalent pair of conditions:

2‖K𝐴𝐵‖2𝐹 + ‖K(𝐴)
𝜕,ext‖2𝐹 + ‖K(𝐵)

𝜕,ext‖2𝐹 < ‖K(𝐴),iso
𝜕,ext ‖2𝐹 + ‖K(𝐵),iso

𝜕,ext ‖2𝐹 ,
(3.62)

𝒬(𝐴𝐵)
free = 𝒬total − √‖K(𝐴𝐵)

𝑆 ‖2𝐹 + ‖K(𝐴𝐵)
𝜕 ‖2𝐹 > 𝒬iso

free. (3.63)

By (3.23), this expansion of free capacity in (3.63) directly deepens the com-
posite static stability barrier relative to the uncoupled baseline Δ𝐼 isobarrier:

Δ𝐼 (𝐴𝐵)barrier = ln(𝒬
(𝐴𝐵)
free

𝒬0
) > Δ𝐼 isobarrier = ln(𝒬

iso
free

𝒬0
) . (3.64)

Coupling does not merely aggregate substrate volume, but sheds redund-
ant external boundary cuts to contract allocated capacity and geometrically
deepen the physical protection of the collective boundary. We now general-
ise this mechanism to an arbitrary assembly of 𝑛 interacting subsystems.

def init ion 3.3 (Boundary-Shedding andModel-Consolidation Surpluses).
Let 𝑛 disjoint subsystems 𝑆1, … , 𝑆𝑛 with individual relational capacity budgets
𝒬total,𝑖 transition under degree-preserving topological coupling from an un-
coupled baseline (K𝑖𝑗 = 0) to a coupled composite assembly 𝑆cpl. The total
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relational capacity𝒬total and internal cross-coupling load𝒬2
cpl of the coupled

assembly are defined by:

𝒬total ∶=
𝑛
∑
𝑖=1

𝒬total,𝑖, (3.65)

𝒬2
cpl ∶= ∑

𝑖≠𝑗
‖K𝑖𝑗 ‖2𝐹 . (3.66)

Relative to the uncoupled baseline, the signed boundary-shedding surplus
Δ𝒬2𝜕,shed and model-consolidation surplus Δ𝒬2Ω,cons (in quadratic link units,

links2) are defined respectively by:

Δ𝒬2𝜕,shed ∶=
𝑛
∑
𝑖=1

‖K(𝑖),iso
𝜕,ext ‖2𝐹 −

𝑛
∑
𝑖=1

‖K(𝑖)
𝜕,ext‖2𝐹 , (3.67)

Δ𝒬2Ω,cons ∶=
𝑛
∑
𝑖=1

‖Kiso
𝑆𝑖 ‖

2𝐹 −
𝑛
∑
𝑖=1

‖Kcpl
𝑆𝑖 ‖

2𝐹 . (3.68)

Here Δ𝒬2𝜕,shed measures the signed reduction in squared external boundary
norm achieved by mutual shielding (negative if coupling inflates external
exposure), while Δ𝒬2Ω,cons measures the signed reduction in squared local
internal norm achieved by pruning redundant internal subgraphs across
coupled partners (Δ𝒬2Ω,cons = 0 prior to structural pruning and Δ𝒬2Ω,cons > 0
under modular or endosymbiotic consolidation). Over a shared emergent
horizon 𝑇 > 0 metered against a common embedded reference sub-block
̄𝑆ref ⊂ ̄𝑆 (2.247)–(2.255) across co-moving subsystems (at matched proper-

time weights 𝑤𝜏 ), the joint uncoupled baseline boundary dissipation 𝐼 isoirr,𝜕,𝑇
and preserved internal structure 𝐼 isorev,Ω,𝑇 sum additively across the isolated
subsystems:

𝐼 isoirr,𝜕,𝑇 ∶=
𝑛
∑
𝑖=1

𝐼 (𝑖)irr,𝜕,𝑇 , (3.69)

𝐼 isorev,Ω,𝑇 ∶=
𝑛
∑
𝑖=1

𝐼 (𝑖)rev,Ω,𝑇 . (3.70)

Evaluating the uncoupled horizon barrier Δ𝐼 isobarrier,𝑇 against these additive
baselines defines the baseline through-time efficiencies 𝜒 iso𝑇 and 𝜅iso𝑇 :

𝜒 iso𝑇 ∶=
Δ𝐼 isobarrier,𝑇
𝐼 isoirr,𝜕,𝑇

, (3.71)

𝜅iso𝑇 ∶=
Δ𝐼 isobarrier,𝑇
𝐼 isorev,Ω,𝑇

. (3.72)

theorem 3.4 (Cooperative Capacity Gain). Let a composite assembly 𝑆cpl
of 𝑛 coupled subsystems conserve total relational capacity 𝒬total relative to a
viable uncoupled baseline (𝒬iso

free > 𝒬0). Then:
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1. Free-Capacity and Barrier Gain: The coupled assembly achieves a net
cooperative capacity gain, strictly expanding unallocated free capacity
above 𝒬iso

free and deepening the static informational barrier (3.23) above
Δ𝐼 isobarrier, if and only if its internal coordination load satisfies:

𝒬2
cpl < Δ𝒬2𝜕,shed + Δ𝒬2Ω,cons. (3.73)

2. Emergent Operational Efficiencies: Whenever (3.73) deepens the through-
time stability barrier (Δ𝐼 cplbarrier,𝑇 > Δ𝐼 isobarrier,𝑇 > 0) while feedforward
coordination across K𝑖𝑗 and internal consolidation prevent inflation of

boundary dissipation (0 < 𝐼 cplirr,𝜕,𝑇 ≤ 𝐼 isoirr,𝜕,𝑇 ) and preserved internal struc-
ture (0 < 𝐼 cplrev,Ω,𝑇 ≤ 𝐼 isorev,Ω,𝑇 ), the assembly achieves simultaneous emer-

gent intelligence (𝜒 cpl
𝑇 > 𝜒 iso𝑇 ) and emergent consciousness (𝜅cpl𝑇 > 𝜅iso𝑇 ).

proof. Applying Part 3 of Lemma 2.5 (2.216) to the internal, external, and
coupling sectors of the 𝑛 subsystems in (3.66)–(3.68) gives

(𝒬iso
alloc)

2 − (𝒬cpl
alloc)

2 = Δ𝒬2𝜕,shed + Δ𝒬2Ω,cons − 𝒬2
cpl, (3.74)

so at conserved 𝒬total with 𝒬iso
free > 𝒬0, 𝒬cpl

free > 𝒬iso
free > 𝒬0 (and hence

Δ𝐼 cplbarrier > Δ𝐼 isobarrier > 0 by monotonicity of ln) holds if and only if (3.73) is

satisfied. Under Part 2, dividing Δ𝐼 cplbarrier,𝑇 > Δ𝐼 isobarrier,𝑇 > 0 by the positive

non-increasing denominators 𝐼 cplirr,𝜕,𝑇 ≤ 𝐼 isoirr,𝜕,𝑇 and 𝐼 cplrev,Ω,𝑇 ≤ 𝐼 isorev,Ω,𝑇 in (3.71)–

(3.72) establishes 𝜒 cpl
𝑇 > 𝜒 iso𝑇 and 𝜅cpl𝑇 > 𝜅iso𝑇 .

example 3.2 (Free-Capacity Gain from Shared Boundaries). Couple two
identical copies 𝐴 and 𝐵 of the 18-vertex, two-𝐾9-register simple-graph sub-
system from Example 3.1, where each copy conserves relational capacity
𝒬total,𝑖 = 160 links (𝑖 ∈ {𝐴, 𝐵}) and combined budget 𝒬total = 320 links across
two ambient environmental blocks ̄𝑆1 and ̄𝑆2 of five vertices each. Every re-
gister retains 𝐾𝛼𝛼 = 72 links (36 clique edges), 𝐾12 = 1 intra-subsystem
link (‖K𝑆𝑖‖1 = 146 and ‖K𝑆𝑖‖2𝐹 = 10,370), and 7 outward boundary links
across all three configurations, preserving exact vertex degrees (vol(𝑆𝑖,𝛼 ) =
80, 𝜙𝜕(𝑆𝑖,𝛼 ) = 1/73, 𝜙(tot)𝜕 (𝑆𝑖,𝛼 ) = 0.10, and Ξ(𝑆𝑖,𝛼 ) = 82.125 ≫ 1, with
four-register composite persistence Ξ(𝑆𝛼 ) ≥ 28.125 ≫ 1). In the uncoupled
baseline (K𝐴𝐵 = 0), each register connects to ̄𝑆1 and ̄𝑆2 at cut capacities 4
and 3 links, giving ‖K(𝑖),iso

𝜕,ext ‖1 = 14, ‖K(𝑖),iso
𝜕,ext ‖2𝐹 = 50, and combined cut load

‖Kiso
𝜕 ‖2𝐹 = 100:

K𝑆𝑖 = (72 1
1 72) , (3.75)

(𝒬iso
alloc)

2 = 2(10,370 + 50) = 20,840, (3.76)

𝒬iso
free = 320 − √20,840 ≈ 175.64 links. (3.77)

In a shielded configuration, degree-preserving rewiring establishes a sparse
matched channel K𝐴𝐵 = diag(1, 1) with ‖K𝐴𝐵‖1 = 2 and 𝒬2

cpl = 4 while
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balancing each register’s remaining 6 external links equally at (3, 3) across
̄𝑆1 and ̄𝑆2, raising ‖K(𝐴𝐵)

𝑆 ‖2𝐹 to 20,744 and cutting ‖K(𝐴𝐵)
𝜕 ‖2𝐹 from 100 to 72

(Δ𝒬2𝜕,shed = 28 > 𝒬2
cpl):

𝒬(𝐴𝐵)
alloc = √20,744 + 72 = √20,816 ≈ 144.28 links, (3.78)

𝒬(𝐴𝐵)
free = 320 − √20,816 ≈ 175.72 links, (3.79)

Δ𝐼 (𝐴𝐵)barrier − Δ𝐼 isobarrier = ln(𝒬
(𝐴𝐵)
free

𝒬iso
free

) ≈ 4.7 × 10−4 nats. (3.80)

Conversely, in an over-coupled configuration, rewiring doubles the shared
channel to four links (𝒬2

cpl = 16) while concentrating each register’s remain-
ing five external links onto the single unshielded block ̄𝑆1, leaving external
cut load 100 and Δ𝒬2𝜕,shed = 0:

K(over)
𝐴𝐵 = diag(2, 2), (3.81)

𝒬(over)
alloc = √20,740 + 16 + 100 = √20,856 ≈ 144.42 links, (3.82)

𝒬(over)
free = 320 − √20,856 ≈ 175.58 links. (3.83)

Everymatrix block strictly obeys ‖X‖𝐹 ≤ ‖X‖1 at conserved𝒬total,𝑖 = 160 links.
Shielded coupling sheds Δ𝒬2𝜕,shed = 28 links2 at coordination load 𝒬2

cpl =
4 links2, expanding 𝒬(𝐴𝐵)

free above 𝒬iso
free (a gain compounded when coupled

partners also consolidate redundant internal subgraphs, Δ𝒬2Ω,cons > 0, as in
Example 8.3), whereas over-coupling at zero net boundary shedding inflates
allocated capacity and compresses free capacity below isolation (𝒬(over)

free <
𝒬iso
free). ♢

3.4.2 The Scale and Signatures of Emergence

While Theorem 3.4 specifies when structural boundary shedding and model
consolidation free capacity, coordination also spans lightweight communic-
ative regimes in which subsystems retain separate physical perimeters yet
align boundary ports dynamically to suppress collision dissipation. Evalu-
ating coupled dynamics against the operational horizon cost identity (3.44)
yields both a strict criterion for physical emergence and a continuous scale
quantifying the degree of system integration.

def init ion 3.5 (Physical Emergence and the Coordination Scale). Let
𝑆cpl be an open coupled assembly of 𝑛 ≥ 2 disjoint subsystems {𝑆𝑖}𝑛𝑖=1 with
positive cross-coupling load 𝒬2

cpl > 0 (3.66) and open external boundary

blocks K(𝑖)
𝜕,ext. Over a shared emergent horizon 𝑇 > 0metered against a com-

mon reference sub-block ̄𝑆ref (2.247)–(2.255), 𝑆cpl exhibits physical emergence
relative to the uncoupled baseline of Definition 3.3 if and only if coordina-
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tion sustains at least the baseline collective stability barrier while strictly
lowering specific operational horizon cost (3.44):

Δ𝐼 cplbarrier,𝑇 ≥ Δ𝐼 isobarrier,𝑇 > 0, (3.84)
1

𝜒 cpl
𝑇

+ 1
𝜅cpl𝑇

< 1
𝜒 iso𝑇

+ 1
𝜅iso𝑇

. (3.85)

Summing the exposed external boundary cuts across the 𝑛 subsystems, the
structural and spectral degree of coordination is positioned continuously by
the dimensionless boundary-coordination index 𝜂cpl and composite spectral
persistence Ξcpl:

‖Kcpl
𝜕 ‖2𝐹 ∶=

𝑛
∑
𝑖=1

‖K(𝑖)
𝜕,ext‖2𝐹 > 0, (3.86)

𝜂cpl(𝑆cpl) ∶=
𝒬2
cpl

𝒬2
cpl + ‖Kcpl

𝜕 ‖2𝐹
∈ (0, 1), (3.87)

Ξcpl(𝑆cpl) ∶=
𝜆2(L(int)𝑆cpl𝑆cpl)
𝜆1(L𝑆cpl𝑆cpl)

≥ 0, (3.88)

where L(int)𝑆cpl𝑆cpl denotes the isolated internal Laplacian of 𝐺[𝑆cpl], coupled to

the positive open Dirichlet leakage rate 𝜆1(L𝑆cpl𝑆cpl) across 𝜕𝑆cpl (2.30).

Definition 3.5 separates the functional criterion of emergence from its struc-
tural degree. Topological coupling alone does not guarantee emergence. In
the over-coupled configuration of Example 3.2, heavier cross-coupling yields
𝜂cpl = 4/29 (≈ 0.14, exceeding 𝜂cpl = 1/19, or 0.053, in the shielded con-
figuration) while compressing free capacity and failing (3.84)–(3.85). Con-
versely, whenever (3.84)–(3.85) hold, at least one collective operational effi-
ciency must strictly exceed its uncoupled baseline (Δ𝜒𝑇 > 0 or Δ𝜅𝑇 > 0),
distinguishing functional symbiosis from parasitic drag and excess coordin-
ation overhead (where Δ𝜒𝑇 ≤ 0 and Δ𝜅𝑇 ≤ 0 reverse (3.85)). Under non-
degraded collective barrier protection (Δ𝐼 (𝐴𝐵)barrier,𝑇 ≥ Δ𝐼 isobarrier,𝑇 ), these gains
arise through two complementary operational signatures. In collaborative
boundary defence (Δ𝜒𝑇 > 0), feedforward signalling across K𝐴𝐵 lets subsys-
tem𝐴 detect incoming environmental fluctuations before they strike subsys-
tem 𝐵, lowering composite boundary dissipation below the uncoupled sum,
whereas in generative model consolidation (Δ𝜅𝑇 > 0), coupled partners prune
redundant local representations across shared CCE subgraphs:

𝐼 (𝐴𝐵)irr,𝜕,𝑇 < 𝐼 (𝐴)irr,𝜕,𝑇 + 𝐼 (𝐵)irr,𝜕,𝑇 ⟹ Δ𝜒𝑇 ∶= 𝜒 (𝐴𝐵)
𝑇 − 𝜒 iso𝑇 > 0, (3.89)

𝐼 (𝐴𝐵)rev,Ω,𝑇 < 𝐼 (𝐴)rev,Ω,𝑇 + 𝐼 (𝐵)rev,Ω,𝑇 ⟹ Δ𝜅𝑇 ∶= 𝜅(𝐴𝐵)𝑇 − 𝜅iso𝑇 > 0. (3.90)

Across assemblies satisfying (3.84)–(3.85), the coordinates (𝜂cpl, Ξcpl) demon-
strate why no sharp boundary divides coordinating systems from a new in-
dividual system (Table 3.1 and Figure 3.3a). At the low-consolidation end of



94 agency , intell igence , and consciousness

the scale (0 < 𝜂cpl ≪ 1 and 0 < Ξcpl ≲ 1) lies coordination via commu-
nication, exemplified by scale-free velocity alignment in starling flocks [26],
bacterial quorum sensing, and distributed radar arrays. Here subsystems in-
teract across sparse signalling channels while keeping their physical bound-
aries largely exposed to ̄𝑆 and their local models unpruned (Δ𝒬2Ω,cons ≈ 0).
Because collective diffusive mixing across K𝑖𝑗 does not vastly outpace indi-
vidual open-boundary flux (Ξcpl ≲ 1, whereas each constituent organism
maintains Ξcpl(𝑆𝑖) ≫ 1), coarsening the group into a single block violates
spectral persistence (Axiom II), so an observer resolves distinct communic-
ating agents. Yet whenever collision savings outweigh signalling upkeep
in (3.85), the collective achieves genuine physical emergence through col-
laborative boundary defence (Δ𝜒𝑇 > 0).

Coordination
regime

Structural & spectral
scale

Operational signatures Physical
examples

Uncoupled
baseline

𝜂cpl = 0, Ξcpl = 0
(K𝑖𝑗 = 0)

Δ𝜒𝑇 = 0, Δ𝜅𝑇 = 0 (or < 0
under peer collisions)

Isolated
subsystems
with uncoupled
boundary
defence

Communicative
coordination

0 < 𝜂cpl ≪ 1,
0 < Ξcpl ≲ 1,
Δ𝒬2Ω,cons ≈ 0

Δ𝜒𝑇 > 0, Δ𝜅𝑇 ≈ 0
(early-warning
deflection, separate local
models)

Starling flocks,
quorum
sensing,
coordinated
radar and agent
networks

Modular & tissue
coupling

0 < 𝜂cpl < 1, Ξcpl > 1,
Δ𝒬2

𝜕,shed > 0,
Δ𝒬2Ω,cons > 0

Δ𝜒𝑇 > 0, Δ𝜅𝑇 > 0
(shared perimeter
shielding, partial
specialisation)

Biofilms,
multicellular
tissues,
eusocial
colonies, neural
coalitions

Endosymbiosis &
individual
systems

𝜂cpl → 1−, Ξcpl ≫ 1,
Δ𝒬2

𝜕,shed ≫ 0,
Δ𝒬2Ω,cons ≫ 0

Δ𝜒𝑇 ≫ 0, Δ𝜅𝑇 ≫ 0
(admissible coarsening
ΠΠΠ(2) = ΠΠΠ(1)P)

Eukaryotic
endosymbiosis,
single cells,
folded proteins,
bound
molecules

table 3.1: The continuous coordination scale of physical emergence. Rather than
a binary jump between separate coordinating agents and a fused organ-
ism, open assemblies and partitioned individual systems occupy a con-
tinuous spectrum parameterised by the boundary-coordination index
𝜂cpl ∈ [0, 1) (3.87) and composite spectral persistence Ξcpl ≥ 0 (3.88).

Moving up the scale, contiguous cells in biofilms and multicellular tissues,
eusocial colonies, and synchronised cortical coalitions in Chapter 9 intern-
alise substantial shared perimeters (Δ𝒬2𝜕,shed > 0) and partially specialise
local models (Δ𝒬2Ω,cons > 0), raising 𝜂cpl and Ξcpl while unlocking joint
gains Δ𝜒𝑇 > 0 and Δ𝜅𝑇 > 0. Eukaryotic endosymbiosis [96, 144] occupies
the high-consolidation regime of this same continuum rather than a sep-
arate physical category. When an archaeal host 𝐴 engulfs an alphaproteo-
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bacterial endosymbiont 𝐵, 𝐵’s external environmental cut vanishes within
the host cytosol as ‖K(𝐵)

𝜕,ext‖𝐹 → 0, generating a permanent shedding surplus
Δ𝒬2𝜕,shed ≫ 0 and driving 𝜂cpl(𝐴𝐵) towards unity. Subsequent endosymbi-
otic gene transfer prunes redundant bacterial metabolic and transcriptional
subgraphs into the central nuclear genome, realising a large consolidation
surplus Δ𝒬2Ω,cons ≫ 0 and consciousness gain Δ𝜅𝑇 ≫ 0, while freeing the
inner mitochondrial membrane to fold into negatively curved hyperbolic
cristae (RicK < 0) that maximise bioenergetic port conductance relative to
organelle volume and expand 𝒬(𝐴𝐵)

free .

Entities conventionally regarded as elementary individual systems lie along
this same scale rather than outside it. Resolved under a finer assignment
ΠΠΠ(1) (Theorem 2.2) into 𝑛 ≥ 2 constituent CCE sub-blocks—organelles and
macromolecular complexes within a cell, structural domains within a folded
protein, nucleons and valence shells within an atom (Chapter 5), or register
banks within a processor—every open individual system 𝑆 must retain open
external ports (‖K(𝑆)

𝜕 ‖𝐹 > 0, since 𝜂cpl → 1 is the closed internal-saturation
limit (3.39) where agency vanishes) and finite leakage (𝜆1(L𝑆𝑆) > 0), confin-
ing it strictly to 0 < 𝜂cpl(𝑆) < 1 and Ξcpl(𝑆) < ∞. Inside a single eukaryotic
cell, mitochondria retain distinct double membranes, circular genomes, and
local electrochemical potentials (Ξcpl(𝑆𝐵) ≫ 1), coordinating with the nuc-
leus across metabolite and protein-import channels K𝐴𝐵. Likewise, the six-
node dumbbell system 𝑆 introduced as a single agent in Example 2.1 sits at
𝜂cpl(𝑆) = 1/2 and Ξcpl(𝑆) ≈ 1.64when resolved into its two three-node lobes
in Example 2.5. By Weyl’s monotonicity (2.29), strong inter-component co-
ordination Ξcpl(𝑆cpl) ≫ 1 directly enforces open spectral admissibility:

𝜆2(L𝑆cpl𝑆cpl)
𝜆1(L𝑆cpl𝑆cpl)

≥ Ξcpl(𝑆cpl) ≫ 1. (3.91)

Equation (3.91) explains why tightly coordinated assemblies appear under
coarse-grained observation as single individuals: once inter-component equi-
libration vastly outpaces external leakage, coarseningΠΠΠ(1) into a single com-
posite block ΠΠΠ(2) = ΠΠΠ(1)P becomes spectrally admissible (3.5). Communicat-
ive coordination, endosymbiosis, and individuality are thus unified as quant-
itative gradations of system coordination.

Whether an emergent assembly satisfying Definition 3.5 prevails dynamic-
ally over isolated components depends on the emergent operating horizon
𝑇 > 0 (2.247)–(2.255). WiringK𝑖𝑗 and pruning redundant internal subgraphs
incurs a one-time dissipative formation cost 𝐼form ∶= 𝐸form/𝜃 > 0 in nats
(𝐸form in joules), whereas an unintegrated baseline expends zero assembly
overhead (𝐼 isoform = 0) at the price of a higher mean operational dissipation

rate ̇ ̄𝐼 isoirr > ̇̄𝐼 cplirr (3.85). Cumulative entropy production including assembly
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favours integration if and only if 𝑇 exceeds the formation payback threshold
𝑇amort:

Δ ̇̄𝐼 irr ∶= ̇̄𝐼 isoirr − ̇̄𝐼 cplirr > 0, (3.92)

𝑇amort ∶=
𝐼form
Δ ̇̄𝐼 irr

= 𝐸form
𝜃 Δ ̇̄𝐼 irr

, (3.93)

𝐼form + ̇̄𝐼 cplirr 𝑇 < ̇̄𝐼 isoirr 𝑇 ⟺ 𝑇 > 𝑇amort. (3.94)

When 𝑡 is metered in seconds via (2.255) (with mean power saving Δ ̄𝑃irr ∶=
𝜃 Δ ̇̄𝐼 irr in watts), (3.93) expresses 𝑇amort directly in seconds as the ratio of
𝐸form toΔ ̄𝑃irr. In ephemeral or rapidly scrambling environments (𝑇 ≤ 𝑇amort),
assembly overhead cannot be recovered and unintegrated components pre-
vail. Across extended operating horizons (𝑇 ≫ 𝑇amort), ongoing operational
savings outweigh the one-time formation cost, and minimum-cost selection
(Theorem 3.2) concentrates surviving trajectories onto integrated CCE archi-
tectures along the composite Pareto frontier.

3.4.3 Scale Limits and Modular Replication

If boundary shedding frees capacity upon coupling, why do self-maintaining
systems not grow indefinitely into single, immortal monoliths (𝑁 → ∞)? Un-
bounded monolithic expansion encounters two physical limits (Figure 3.3b).
First, as subsystem vertex size |𝑆| = 𝑁 grows, internal communication paths
lengthen and the algebraic connectivity 𝜆2(L𝑆𝑆(𝑁 )) in (3.5) decays, so bey-
ond a critical scale 𝑁 ∗ marginal internal coordination load outpaces mar-
ginal boundary shedding and inflates the per-node allocated capacity. Second,
any single module of finite free capacity 𝒬free(𝑁 ) < ∞ possesses a finite
stability barrier Δ𝐼barrier(𝑁 ) = ln(𝒬free(𝑁 )/𝒬0) (calibrated energetically as
ΔΦ(𝑁 ) = 𝜃 Δ𝐼barrier(𝑁 ) in (3.33)) and therefore faces almost-sure boundary
exit over horizons exceeding its escape timescale 𝜏escape(𝑁 ) (2.326) (in refer-
ence nats, or in seconds when 𝑡 is metered via (2.255)):

𝜕𝒬2
cpl

𝜕𝑁 |
𝑁>𝑁 ∗

>
𝜕Δ𝒬2𝜕,shed

𝜕𝑁 |
𝑁>𝑁 ∗

, (3.95)

𝜕
𝜕𝑁 (𝒬alloc(𝑁 )

𝑁 )|
𝑁>𝑁 ∗

> 0, (3.96)

𝜏escape(𝑁 ) ∼ 𝜏relax exp(Δ𝐼barrier(𝑁 )) < ∞. (3.97)

Across emergent horizons 𝑇 exceeding 𝜏escape(𝑁 ∗), sustaining an emergent
architecture indefinitely requires compressing the core architectural invari-
ants into a low-footprint generative seed Kseed ⊂ KΩ whose preserved in-
ternal structure 𝐼 seedrev,Ω is much smaller than that of the full system 𝐼 fullrev,Ω.
Across a boundary export channel of rate 𝑅𝜕 > 0 (in nats/nat against uncal-
ibrated 𝜏ref, or nats s−1 when 𝑡 is metered in seconds via (2.255)), transmit-
ting the seed requires duration 𝜏 seedcopy ∶= 𝐼 seedrev,Ω/𝑅𝜕 (versus 𝜏 fullcopy ∶= 𝐼 fullrev,Ω/𝑅𝜕
for the uncompressed full state, and at template-copying cost far below de
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novo assembly search as formalised in Chapter 8) to initialise independent
subsystems prior to module failure.

theorem 3.6 (Scale Limits and Seed Replication). Let a growing coupled
system 𝑆(𝑁 ) on |𝑆| = 𝑁 vertices obey linear budget scaling and superlinear al-
located growth (3.96) past a critical size𝑁 ∗. For every integer 𝑛mod ≥ 2, suppose
𝒬total(𝑛mod𝑁 ∗) = 𝑛mod𝒬total(𝑁 ∗) and 𝒬alloc(𝑆(𝑛mod𝑁 ∗)) > 𝑛mod𝒬alloc(𝑁 ∗),
where each module of size 𝑁 ∗ has free reserve 𝒬free(𝑁 ∗) ≥ 3𝒬0 and finite
escape horizon 𝜏escape(𝑁 ∗) < ∞ (3.97). Then:

1. Free-Capacity Dominance over Monolithic Expansion: At matched total
relational capacity 𝑛mod𝒬total(𝑁 ∗), partitioning growth into 𝑛mod ≥ 2
decoupled boundaries ⨆𝑛mod

𝑘=1 𝑆𝑘 of size 𝑁 ∗ strictly dominates monolithic
expansion 𝑆(𝑛mod𝑁 ∗) in aggregate free capacity:

𝒬free(𝑆(𝑛mod𝑁 ∗)) < 𝑛mod𝒬free(𝑁 ∗). (3.98)

2. Seed-Compression Replication Gate: Across a boundary export channel
of emergent rate 𝑅𝜕 > 0 where the uncompressed full state exceeds the
single-module survival window (𝐼 fullrev,Ω ≥ 𝑅𝜕𝜏escape(𝑁 ∗)), compressing
invariants into a generative seed Kseed ⊂ KΩ achieves viable replication
prior to boundary escape (𝜏 seedcopy < 𝜏escape(𝑁 ∗) ≤ 𝜏 fullcopy) and strictly elev-
ates seed-stage consciousness (𝜅seed > 𝜅full at matched positive barrier)
if and only if:

0 < 𝐼 seedrev,Ω < 𝑅𝜕𝜏escape(𝑁 ∗) ≤ 𝐼 fullrev,Ω. (3.99)

3. Linear-over-Logarithmic Lineage Barrier Separation: Across 𝑛mod ≥ 2
actively replicating modules with independent decoupled boundaries re-
generated within 𝜏 seedcopy ≪ 𝜏escape(𝑁 ∗), simultaneous lineage extinction
requires independent exit across all 𝑛mod subgraphs, so the additive lin-
eage barrier (in nats) strictly exceeds both the idealised logarithmic sum
and the monolithic barrier Δ𝐼barrier(𝑆(𝑛mod𝑁 ∗)):

Δ𝐼 (𝑛mod)
lineage ∶=

𝑛mod

∑
𝑘=1

Δ𝐼barrier(𝑆𝑘) = 𝑛modΔ𝐼barrier(𝑁 ∗), (3.100)

Δ𝐼 (𝑛mod)
lineage > ln(𝑛mod𝒬free(𝑁 ∗)

𝒬0
) > Δ𝐼barrier(𝑆(𝑛mod𝑁 ∗)). (3.101)

proof. Under superlinear growth, 𝒬alloc(𝑆(𝑛mod𝑁 ∗)) > 𝑛mod𝒬alloc(𝑁 ∗)
holds, and subtracting each side from the matched budget 𝑛mod𝒬total(𝑁 ∗)
directly yields (3.98). Dividing (3.99) by the positive channel rate 𝑅𝜕 yields
𝜏 seedcopy < 𝜏escape(𝑁 ∗) ≤ 𝜏 fullcopy biconditionally, while strict contraction of 𝐼 seedrev,Ω
below 𝐼 fullrev,Ω at matched positive barrier gives 𝜅seed > 𝜅full via (3.30). Finally,
for 𝒬free(𝑁 ∗)/𝒬0 ≥ 3 and 𝑛mod ≥ 2, induction on 𝑛mod combines with (3.98)
divided by 𝒬0 > 0 to separate dimensionless monolithic free capacity from
exponential lineage multiplicity:

𝒬free(𝑆(𝑛mod𝑁 ∗))
𝒬0

< 𝑛mod𝒬free(𝑁 ∗)
𝒬0

< (𝒬free(𝑁 ∗)
𝒬0

)
𝑛mod

. (3.102)
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f igure 3.3: Continuous coordination scale of physical emergence and modular
seed-lineage barrier separation (Definition 3.5 and Theorem 3.6). (a)
Coordination plane (𝜂cpl, Ξcpl) spanning the uncoupled baseline (K𝑖𝑗 =
0), communicative coordination (0 < 𝜂cpl ≪ 1, Ξcpl ≲ 1, such as the
shielded coupling of Example 3.2 at 𝜂cpl ≈ 0.053), modular and tis-
sue coupling (Ξcpl > 1), and high-consolidation endosymbiosis and
individual systems (Ξcpl ≫ 1, crossing the coarse-graining admiss-
ibility threshold Ξcpl = 1 (3.91), with the six-node dumbbell of Ex-
ample 2.5 marked at 𝜂cpl = 0.50, Ξcpl ≈ 1.64), contrasted against dom-
inated over-coupling (Δ𝒬2

𝜕,shed ≤ 0, crimson). (b) Collective stability
barrier (in nats) across scale multiple 𝑛mod = 𝑁/𝑁 ∗: monolithic ex-
pansion Δ𝐼barrier(𝑆(𝑛mod𝑁 ∗)) saturates and declines past 𝑁 ∗ as internal
coordination load outpaces boundary shedding (3.96) (crimson), and
even an idealised subadditive sum ln(𝑛mod𝒬free(𝑁 ∗)/𝒬0) grows only
logarithmically (dashed slate), whereas partitioning capacity into 𝑛mod
decoupled units regenerated from a compressed seed Kseed scales lin-
early as Δ𝐼 (𝑛mod)

lineage = 𝑛modΔ𝐼barrier(𝑁 ∗) (3.101) (teal).

Applying the strictly increasing natural logarithm ln(⋅) across (3.102) estab-
lishes (3.100)–(3.101).

Because surviving modules regenerate any escaped peer within the repair
window 𝜏 seedcopy ≪ 𝜏escape(𝑁 ∗), simultaneous extinction of all 𝑛mod modules
requires 𝑛mod−1 additional boundary escapes before seed replacement com-
pletes, elevating the Markov lineage persistence horizon exponentially in
Δ𝐼 (𝑛mod)

lineage:

𝜏 (𝑛mod)
persist ≍ 𝜏 seedcopy(

𝜏escape(𝑁 ∗)
𝜏 seedcopy

)
𝑛mod

≍ 𝜏 seedcopy(
𝜏relax
𝜏 seedcopy

)
𝑛mod

exp(𝑛modΔ𝐼barrier(𝑁 ∗)).

(3.103)

Over horizons 𝑇 ≫ max(𝑇amort, 𝜏escape(𝑁 ∗)) (3.94), minimum-cost selection
(Theorem 3.2) therefore exponentially suppresses non-replicating monoliths
in favour of compressed-seed lineages.

To prevent unverified claims of emergence across biological, electronic, or
collective systems, an empirical emergence audit must certify the complete
relational and dynamical balance. First, it must specify the subsystem vertex
sets (𝑆𝐴, 𝑆𝐵), the external interface cut L𝑆 ̄𝑆 , and the internal coupling block
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K𝐴𝐵 alongside the coordination-scale coordinates (𝜂cpl, Ξcpl) (3.87)–(3.88),
verifying (3.73) whenever static cooperative capacity gain is claimed. Second,
it must measure the isolated baseline quantities 𝐼 (𝑖)irr,𝜕,𝑇 and 𝐼 (𝑖)rev,Ω,𝑇 under

K𝐴𝐵 = 0 against the coupled composite quantities 𝐼 (𝐴𝐵)irr,𝜕,𝑇 and 𝐼 (𝐴𝐵)rev,Ω,𝑇 to estab-
lish specific dissipation dominance (3.85) and efficiency gains (Δ𝜒𝑇 , Δ𝜅𝑇 ). Fi-
nally, it must confirm exact combinatorial edge conservation (2.128)–(2.129)
and themetriplectic Casimir conditions (2.322)–(2.323) so that apparent gains
cannot arise from unmetered external dissipation or boundary gaming.

3.5 stabil ity

Section 3.4 established that physical emergence operates across a continu-
ous coordination scale (𝜂cpl, Ξcpl) and showed why scaling limits preclude
unbounded monolithic growth (Theorem 3.6). Across biological, computa-
tional, and economic domains, open physical systems populate the low-to-
intermediate regime of this continuum, neither standing in isolation nor col-
lapsing into a single monolith. Instead, they persist as coupled networks of
distinct systems that maintain individual boundaries and internal memor-
ies while exchanging physical fluxes across shared interfaces and environ-
mental sinks.

Classical game theory models strategic interaction by assigning utility func-
tions over strategy profiles and solving for non-cooperative Nash equilibria
and cooperative bargaining allocations [117, 118]. That mathematical struc-
ture fails to guarantee physical stability only when payoffs are treated as un-
constrained abstractions on cost-free substrates—an instance of the Platonic
Observer Fallacy (Section 1.5). Grounding coupled systems in Conservation-
Congruent Encodings connects game theory directly to physical conserva-
tion laws: strategies become boundary and channel allocations on a shared
capacity matrix K, static coupling payoffs become shifts in uncommitted
free capacity 𝒬free,𝑖 and escape barriers ΔΦ𝑖, and horizon payoffs become
conserved efficiencies 𝜒𝑖 and 𝜅𝑖.
Section 3.5.1 establishes this formal correspondence by definingmulti-system
capacity games and proving that pure-strategy Nash equilibria and Nash bar-
gaining reduce directly to free-capacity payoff optimisation. Section 3.5.2
shows why anchoring operational payoffs in 𝜒𝑖 and 𝜅𝑖 prevents proxy re-
ward misspecification under substrate conservation and combines with log-
arithmic barrier concavity to route gained free capacity towards a network’s
weakest links. Section 3.5.3 then formalises exhaustive and generative dissip-
ators under closed-boundary multi-system accounting, establishing a gen-
eral, substrate-agnostic foundation for analysing symbiotic human–AI coup-
ling (Chapter 8) and multi-agent economic stability (Chapter 10).
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3.5.1 Capacity Games, Free-Capacity Payoffs, and Nash Equilibria

Whereas Section 3.4 evaluated coupled assemblies collectively under a single
composite norm 𝒬cpl

alloc, subsystems in the low-to-intermediate coordination
regime (Ξcpl ≲ 1, Table 3.1) cannot be coarsened into one block without
violating spectral persistence. Partitioning the relational graph 𝐺 = (𝑉 , 𝐸)
into 𝑛 distinct open subsystems 𝑆1, … , 𝑆𝑛 and an open environment ̄𝑆 yields
the block capacity matrix:

K =

⎛
⎜
⎜
⎜
⎜
⎜
⎝

K𝑆1 K12 ⋯ K1𝑛 (K(1)
𝜕,ext)T

K21 K𝑆2 ⋯ K2𝑛 (K(2)
𝜕,ext)T

⋮ ⋮ ⋱ ⋮ ⋮
K𝑛1 K𝑛2 ⋯ K𝑆𝑛 (K(𝑛)

𝜕,ext)T
K(1)
𝜕,ext K(2)

𝜕,ext ⋯ K(𝑛)
𝜕,ext K ̄𝑆

⎞
⎟
⎟
⎟
⎟
⎟
⎠

. (3.104)

Each diagonal block K𝑆𝑖 = K(𝑖)
Ω + K(int,𝑖)

𝜕 decomposes into subsystem 𝑆𝑖’s
intra-basin memory K(𝑖)

Ω and intra-subsystem transition cuts K(int,𝑖)
𝜕 (2.86),

each off-diagonal block K𝑖𝑗 = KT
𝑗𝑖 (𝑖 ≠ 𝑗) counts direct coordination links

between 𝑆𝑖 and 𝑆𝑗 , and K(𝑖)
𝜕,ext counts external links between 𝑆𝑖 and ̄𝑆.

Each subsystem 𝑆𝑖 operates within a partition-invariant ℓ1 total relational
capacity 𝒬total,𝑖 (2.195), while its outward boundary load ‖K(𝑖)

𝜕 ‖2𝐹 combines
environmental and peer cuts in Frobenius quadrature (2.196):

𝒬total,𝑖 = ‖K𝑆𝑖‖1 + ‖K(𝑖)
𝜕,ext‖1 +∑

𝑗≠𝑖
‖K𝑖𝑗 ‖1 = vol(𝑆𝑖), (3.105)

‖K(𝑖)
𝜕 ‖2𝐹 ∶= ‖K(𝑖)

𝜕,ext‖2𝐹 +∑
𝑗≠𝑖

‖K𝑖𝑗 ‖2𝐹 , (3.106)

𝒬2
alloc,𝑖 ∶= ‖K𝑆𝑖‖2𝐹 + ‖K(𝑖)

𝜕 ‖2𝐹 ≤ 𝒬2
total,𝑖. (3.107)

For viable subsystems (𝒬free,𝑖 > 𝒬0) at substrate fluctuation scale 𝜃𝑖 > 0,
subtracting 𝒬alloc,𝑖 from 𝒬total,𝑖 determines 𝑆𝑖’s local free capacity and static
calibrated escape barrier (3.33):

𝒬free,𝑖 = 𝒬total,𝑖 − 𝒬alloc,𝑖, (3.108)

ΔΦ𝑖 ∶= 𝜃𝑖 ln(
𝒬free,𝑖
𝒬0

) . (3.109)

Because Euclidean norms do not add linearly across separate blocks, sum-
ming local free capacities across subsystems differs from the coarsened com-
posite reserve 𝒬cpl

free of (3.63): whenever subsystems remain spectrally dis-
tinct, each 𝑆𝑖 must sustain its own local reserve 𝒬free,𝑖 and barrier ΔΦ𝑖.

def init ion 3.7 (Multi-System Capacity Game). Let 𝒩 = {1, … , 𝑛} index
open CCE subsystems {𝑆𝑖}𝑛𝑖=1 with total relational capacities 𝒬total,𝑖 and fluc-
tuation scales 𝜃𝑖 > 0. Each subsystem selects a local port and register con-
figuration 𝑠𝑖 ∈ 𝒜𝑖, so that every joint strategy profile 𝑠 = (𝑠1, … , 𝑠𝑛) in the
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product space 𝒜 induces a feasible capacity matrix K(𝑠) satisfying (3.105)–
(3.107), where forming an active channelK𝑖𝑗(𝑠) ≠ 0 requires compatible port
commitment by both 𝑆𝑖 and 𝑆𝑗 . Relative to the uncoupled isolation baseline
(K𝑖𝑗 = 0 for all 𝑖 ≠ 𝑗, denoted iso, with 𝒬iso

free,𝑖 > 𝒬0), player 𝑆𝑖’s baseline
barrier, structural free-capacity payoff, and calibrated barrier gain are:

ΔΦiso𝑖 ∶= 𝜃𝑖 ln(
𝒬iso
free,𝑖
𝒬0

) , (3.110)

Δ𝒬free,𝑖(𝑠) ∶= 𝒬free,𝑖(𝑠) − 𝒬iso
free,𝑖, (3.111)

ΔΦ𝑖(𝑠) − ΔΦiso𝑖 = 𝜃𝑖 ln(
𝒬free,𝑖(𝑠)
𝒬iso
free,𝑖

) . (3.112)

The multi-system capacity game is the strategic-form tuple:

ΓK ∶= (𝒩 , {𝒜𝑖}𝑛𝑖=1, {Δ𝒬free,𝑖}𝑛𝑖=1), (3.113)

with per-subsystem boundary-shedding surplus, internal consolidation sur-
plus, and peer coupling load defined in parallel with Definition 3.3:

Δ𝒬2𝜕,shed,𝑖(𝑠) ∶= ‖K(𝑖),iso
𝜕,ext ‖2𝐹 − ‖K(𝑖)

𝜕,ext(𝑠)‖2𝐹 , (3.114)

Δ𝒬2Ω,cons,𝑖(𝑠) ∶= ‖Kiso
𝑆𝑖 ‖

2𝐹 − ‖K𝑆𝑖(𝑠)‖2𝐹 , (3.115)

𝒬2
cpl,𝑖(𝑠) ∶= ∑

𝑗≠𝑖
‖K𝑖𝑗(𝑠)‖2𝐹 , (3.116)

while through-time execution over a shared emergent horizon 𝑇 > 0metered
against a common embedded reference sub-block ̄𝑆ref ⊂ ̄𝑆 (2.247)–(2.255) is
evaluated by the operational efficiency pair (𝜒𝑖,𝑇 (𝑠), 𝜅𝑖,𝑇 (𝑠)) of Definition 3.1.

Over the shared emergent horizon 𝑇 , each subsystem’s boundary dissipation
𝐼irr,𝜕,𝑖 splits between direct environmental port dissipation 𝐼 (ext)irr,𝜕,𝑖 and peer
interface cross-dissipation 𝐼cross,𝑖𝑗 ≥ 0:

𝐼irr,𝜕,𝑖 = 𝐼 (ext)irr,𝜕,𝑖 +∑
𝑗≠𝑖

𝐼cross,𝑖𝑗 . (3.117)

Without synchronised peer channels (K𝑖𝑗 = 0), peer actuations return via
the environmental Schur operatorΣΣΣenv (3.4) as unpredicted boundary strain
(3.12), generating 𝐼cross,𝑖𝑗 > 0 and depressing 𝜒𝑖,𝑇 . Structurally in ΓK, if 𝑆𝑖
unilaterally reconfigures boundary ports towards 𝑆𝑗 while 𝑆𝑗 remains isol-
ated, no bilateral channel forms and no external exposure is shed. Instead,
unbuffered collisions concentrate boundary load onto exposed ports, raising
𝒬alloc,𝑖 and yielding Δ𝒬free,𝑖 < 0. Mutual isolation is therefore a strict non-
cooperative Nash equilibrium [118], locking uncoordinated subsystems into
a high-dissipation baseline.

Conversely, mutual coordination pairs non-zero reciprocal channelsK𝑖𝑗 with
shared perimeter shielding and model specialisation, driving 𝐼cross,𝑖𝑗 towards
zero. Whenever each partner’s shedding and consolidation surpluses exceed
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its peer channel load, allocated capacities contract below isolation and the
net network free-capacity gain Δ𝒬net

free turns positive:

𝑛
∑
𝑖=1

𝒬2
alloc,𝑖(𝑠) <

𝑛
∑
𝑖=1

(𝒬iso
alloc,𝑖)

2, (3.118)

Δ𝒬net
free(𝑠) ∶=

𝑛
∑
𝑖=1

Δ𝒬free,𝑖(𝑠) > 0. (3.119)

Over the individually rational cooperative set 𝒜coop ⊆ 𝒜 where ΔΦ𝑖(𝑠) ≥
ΔΦiso𝑖 for all 𝑖 ∈ 𝒩 , Nash bargaining [117] with positive bargaining weights
𝑤𝑖 > 0 maximises the weighted Nash product 𝒥Nash(𝑠) of barrier gains:

𝒥Nash(𝑠) ∶=
𝑛

∏
𝑖=1

(ΔΦ𝑖(𝑠) − ΔΦiso𝑖 )
𝑤𝑖 , (3.120)

𝑛
∑
𝑖=1

𝑤𝑖 = 1. (3.121)

Whenever coupled partners divide a shared free-capacity pool𝒬pool
free across a

linear frontier (or exchange a transferable resource payment in Chapter 10),
first-order Karush–Kuhn–Tucker stationarity of ln𝒥Nash equates weighted
marginal barrier returns across partners:

𝑛
∑
𝑖=1

𝒬free,𝑖 ≤ 𝒬pool
free , (3.122)

𝑤𝑖
ΔΦ∗𝑖 − ΔΦiso𝑖

dΔΦ𝑖
d𝒬free,𝑖

= 𝑤𝑗
ΔΦ∗𝑗 − ΔΦiso𝑗

dΔΦ𝑗
d𝒬free,𝑗

. (3.123)

theorem 3.8 (Equivalence and Scale Invariance in Capacity Games). Let
ΓK be a multi-system capacity game (Definition 3.7) over viable subsystems
with 𝒬free,𝑖(𝑠) > 𝒬0 and 𝜃𝑖 > 0. Then:

1. Pure-Strategy Equilibrium Equivalence and Individual Rationality: A
profile 𝑠∗ ∈ 𝒜 is a pure-strategy Nash equilibrium under calibrated
barriers ΔΦ𝑖 if and only if it is a pure-strategy Nash equilibrium un-
der free-capacity payoffs Δ𝒬free,𝑖, and if and only if each 𝑠∗𝑖 minimises
𝒬alloc,𝑖(𝑠𝑖, 𝑠∗−𝑖). Moreover, 𝑠 is strictly individually rational for 𝑆𝑖, satisfy-
ing ΔΦ𝑖(𝑠) > ΔΦiso𝑖 and Δ𝒬free,𝑖(𝑠) > 0, if and only if:

𝒬2
cpl,𝑖(𝑠) < Δ𝒬2𝜕,shed,𝑖(𝑠) + Δ𝒬2Ω,cons,𝑖(𝑠). (3.124)

2. Bistability of Isolation and Coordination: Restrict each 𝒜𝑖 to binary ac-
tions {I,C} denoting isolation and coordination, with all-isolation profile
𝑠iso = (I, … , I) and all-coordination profile 𝑠cpl = (C, … ,C). Whenever
unilateral coordination (C𝑖, I−𝑖) yields Δ𝒬free,𝑖(C𝑖, I−𝑖) < 0while joint co-
ordination 𝑠cpl satisfies (3.124) for every 𝑖 ∈ 𝒩 with Δ𝒬free,𝑖(I𝑖,C−𝑖) ≤ 0,
both 𝑠iso and 𝑠cpl are strict pure-strategy Nash equilibria, and 𝑠cpl strictly
Pareto-dominates 𝑠iso with Δ𝒬net

free(𝑠cpl) > 0 (3.119).
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3. Substrate-Scale Invariance of Nash Bargaining: Under (3.112), the Nash
objective (3.120) factors out the constant substrate-scale prefactor:

𝒥Nash(𝑠) = (
𝑛

∏
𝑖=1

𝜃𝑤𝑖𝑖 )
𝑛

∏
𝑖=1

[ln(𝒬free,𝑖(𝑠)
𝒬iso
free,𝑖

)]
𝑤𝑖
, (3.125)

and the equimarginal condition (3.123) cancels 𝜃𝑖 > 0 identically:
𝑤𝑖

𝒬∗
free,𝑖 ln(𝒬∗

free,𝑖/𝒬iso
free,𝑖)

= 𝑤𝑗
𝒬∗
free,𝑗 ln(𝒬∗

free,𝑗/𝒬iso
free,𝑗)

. (3.126)

proof. Applying Part 3 of Lemma 2.5 (2.216) to player 𝑖’s local sectors via
(3.106)–(3.107) and (3.114)–(3.116) gives the exact quadratic balance:

(𝒬iso
alloc,𝑖)

2 − 𝒬2
alloc,𝑖(𝑠) = Δ𝒬2𝜕,shed,𝑖(𝑠) + Δ𝒬2Ω,cons,𝑖(𝑠) − 𝒬2

cpl,𝑖(𝑠). (3.127)

Because 𝑥 ↦ 𝜃𝑖 ln(𝑥/𝒬0) is strictly increasing on (0, ∞) for 𝜃𝑖 > 0 and
𝒬free,𝑖(𝑠) = 𝒬total,𝑖 − 𝒬alloc,𝑖(𝑠) decreases strictly with 𝒬alloc,𝑖(𝑠), unilateral
pure-strategy best responses under ΔΦ𝑖 and Δ𝒬free,𝑖 coincide with minim-
ising 𝒬alloc,𝑖, and Δ𝒬free,𝑖(𝑠) > 0 holds if and only if (3.124) holds. Under 𝑠iso,
unilateral deviation by player 𝑖 toC lowers payoff from 0 toΔ𝒬free,𝑖(C𝑖, I−𝑖) <
0. Under 𝑠cpl, unilateral deviation to I lowers payoff from Δ𝒬free,𝑖(𝑠cpl) > 0
to Δ𝒬free,𝑖(I𝑖,C−𝑖) ≤ 0, establishing strict Nash stability of both profiles to-
gether with Δ𝒬net

free(𝑠cpl) > 0. Substituting (3.112) into (3.120) gives (3.125),
and differentiating (3.109) with respect to 𝒬free,𝑖 inside (3.123) cancels 𝜃𝑖 > 0
identically, yielding (3.126).

Theorem 3.8 highlights two physical properties of multi-system equilibria.
First, pure-strategy best responses depend only on ordinal payoff rankings
and therefore reduce to minimising local allocated capacity 𝒬alloc,𝑖, whereas
randomising mixed strategies incur a risk penalty from the strict concavity
of ln(𝒬free,𝑖/𝒬0). Second, because the substrate scales 𝜃𝑖 factor out of (3.125)
and cancel from (3.126), bargaining in energetic barrier units (J) across het-
erogeneous substrates—such as coupling a low-noise silicon processor at
scale 𝜃𝐴 to a warm biological organism at scale 𝜃𝐵 ≠ 𝜃𝐴—selects the ex-
act same free-capacity division as bargaining in dimensionless informational
units (nats).

example 3.3 (Two-System Coordination Game). Consider two symmetric
simple-graph subsystems 𝐴 and 𝐵, each partitioned into 𝑀𝑖 = 2 thirteen-
vertex complete-clique registers 𝐾13 of diagonal capacity 𝐾𝛼𝛼 = 156 links
(𝛼 ∈ {1, 2}) and internal spectral gap 𝛾int = 13/12 (≈ 1.08), joined by 𝐾12 = 2
inter-register links and incident to 15 boundary links across {I,C}2. Every
register maintains internal conductance 𝜙𝜕(𝑆𝑖,𝛼 ) = 1/79 and spectral per-
sistence Ξ(𝑆𝑖,𝛼 ) = 1027/12 ≈ 85.58 ≫ 1 (with total open conductance
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𝜙(tot)𝜕 (𝑆𝑖,𝛼 ) ≤ 17/173 ≈ 0.098) under Axioms I–III while conserving the exact
ℓ1 relational capacity 𝒬total,𝑖 = 331 links:

K𝑆𝑖 = (156 2
2 156) , (3.128)

‖K𝑆𝑖‖1 = 316, (3.129)

‖K𝑆𝑖‖2𝐹 = 48,680. (3.130)

Under mutual isolation (I, I), K𝐴𝐵 = 0 and each subsystem distributes its
15 boundary links across two external ports carrying 12 and 3 links, giving
‖K(𝑖),iso

𝜕,ext ‖2𝐹 = 153. If 𝐴 unilaterally reconfigures for coordination while 𝐵 re-
mains isolated (C, I), unreciprocated exposure concentrates𝐴’s 15 boundary
links onto a single unshielded port of squared norm 225 while conserving
𝒬total,𝐴 = 331 links:

𝒬free,𝑖(I, I) = 331 − √48,680 + 153 = 331 − √48,833 ≈ 110.02 links,
(3.131)

𝒬free,𝐴(C, I) = 331 − √48,680 + 225 = 331 − √48,905 ≈ 109.86 links.
(3.132)

Under mutual coordination (C,C), degree-preserving rewiring forms a two-
register channel K𝐴𝐵 = diag(4, 3) of 7 links and contracts each external cut
to 8 links, conserving 𝒬total,𝑖 = 331 links as boundary shedding (Δ𝒬2𝜕,shed,𝑖 =
89) exceeds coupling load (𝒬2

cpl,𝑖 = 25):

𝒬free,𝑖(C,C) = 331−√48,680 + 82 + 42 + 32 = 331−√48,769 ≈ 110.16 links.
(3.133)

Subtracting the isolation baseline 𝒬iso
free,𝑖 ≈ 110.02 links yields the strategic-

form free-capacity payoffs across all four action profiles:

(Δ𝒬free,𝐴, Δ𝒬free,𝐵) ≈

⎧⎪⎪
⎨⎪⎪
⎩

(0, 0) for (I, I),
(−0.16, 0) for (C, I),
(0, −0.16) for (I,C),
(+0.14, +0.14) for (C,C).

(3.134)

Both (I, I) and (C,C) are strict pure-strategyNash equilibria of this StagHunt
coordination game: uncoordinated play locks each subsystem at 𝒬iso

free,𝑖 ≈
110.02 links because unilateral coordination raises 𝒬2

alloc,𝐴 from 48,833 to
48,905, whereas cooperative bargaining selects (C,C), lowering 𝒬2

alloc,𝑖 to
48,769 and gaining Δ𝒬net

free ≈ 0.29 links of network free capacity at conserved
𝒬total,𝑖 = 331 links. ♢

3.5.2 Conserved Payoffs and the Weakest-Link Principle

In classical multi-agent games and synthetic optimisation, dynamic rewards
are routinely specified as unconstrained scalar proxies—such as gross activ-
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ity volume, token throughput, or unbounded state accumulation—divorced
from substrate conservation. Because proxy scores omit boundary dissipa-
tion and structural maintenance loads, coupled optimisers inevitably exploit
proxy misspecification: an agent can raise its local score either by export-
ing unmodelled variance onto neighbours or by hoarding uncompressed in-
ternal state until structural reserves are depleted.

Anchoring through-time operational payoffs in intelligence 𝜒𝑖,𝑇 (3.29) and
consciousness 𝜅𝑖,𝑇 (3.30) on a closed multi-system balance eliminates both
failure modes through a two-sided conservation constraint. Externalising
uncoordinated actuations inflates irreversible boundary dissipation 𝐼irr,𝜕,𝑖,𝑇
alongside peer interface dissipation 𝐼cross,𝑗𝑖 in (3.117), directly depressing 𝜒𝑖,𝑇 .
Conversely, hoarding uncompressed internal state or excess port capacity
expands allocated capacity inside the Frobenius disk (3.107), compressing
𝒬free,𝑖 and Δ𝐼barrier,𝑖,𝑇 towards zero and collapsing both 𝜅𝑖,𝑇 and 𝜒𝑖,𝑇 . Sustain-
ing high 𝜒𝑖,𝑇 and 𝜅𝑖,𝑇 across coupled trajectories therefore admits no proxy
shortcut, as interacting subsystems must pair compact generative models
K(𝑖)
Ω with aligned peer channels K𝑖𝑗 .

Even with conserved individual payoffs, achieving optimal collective stabil-
ity across a coupled network depends on how gained free capacity is dis-
tributed across heterogeneous nodes (Figure 3.4a). Perturbations propagate
across active cross-coupling channelsK𝑖𝑗 , so boundary collapse in any single
subsystem injects severe volatility into all connected peers. Because escape
horizons (3.97) across heterogeneous fluctuation scales 𝜃𝑖 ≠ 𝜃𝑗 depend on
the dimensionless exponent ΔΦ𝑖/𝜃𝑖 = Δ𝐼barrier,𝑖 rather than raw joule barri-
ers ΔΦ𝑖, collective network survival is bounded in dimensionless nats by its
weakest link:

Δ𝐼barrier,net ≤ min
𝑖∈{1,…,𝑛}

Δ𝐼barrier,𝑖 = min
𝑖∈{1,…,𝑛}

ln(𝒬free,𝑖
𝒬0

) . (3.135)

Because each local informational barrier Δ𝐼barrier,𝑖 = ln(𝒬free,𝑖/𝒬0) scales
logarithmically with unallocated free capacity (3.23), local stability is strictly
concave in free capacity, with substrate-independent marginal stability re-
turn (in nats link−1) and curvature (in nats link−2):

dΔ𝐼barrier,𝑖
d𝒬free,𝑖

= 1
𝒬free,𝑖

, (3.136)

d2Δ𝐼barrier,𝑖
d𝒬2

free,𝑖
= − 1

𝒬2
free,𝑖

< 0. (3.137)

As unallocated free capacity approaches depletion, this marginal stability
return diverges:

lim
𝒬free,𝑖→0+

dΔ𝐼barrier,𝑖
d𝒬free,𝑖

= ∞. (3.138)

By contrast, for a subsystem already possessing abundant structural reserves
(𝒬free,𝑖 ≫ 𝒬0), additional free capacity yields diminishing marginal barrier
gain.
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Substituting (3.136)–(3.138) into the scale-invariant Nash equimarginal con-
dition (3.126) reveals a direct modelling link between bargaining symmetry
and systemic resilience. Whenever a constrained node 𝑆𝑖 approaches its isol-
ated floor (𝒬∗

free,𝑖 → 𝒬iso
free,𝑖) or capacity depletion (𝒬∗

free,𝑖 → 𝒬+0 ), the denom-
inator on the left-hand side of (3.126) vanishes and 𝑆𝑖’s marginal bargain-
ing pull diverges relative to capacity-rich partners (𝒬∗

free,𝑗 ≫ 𝒬0). Provided
every coupled subsystem retains non-vanishing bargaining weight (𝑤𝑖 > 0),
Nash bargaining automatically routes gained network free capacity Δ𝒬net

free
towards the most constrained nodes—aligning cooperative equilibrium with
steepest ascent of the dimensionless weakest-link bound (3.135). Conversely,
multi-systemmodels in which extreme bargaining asymmetry drives 𝑤𝑖 → 0
starve bottleneck nodes of gained free capacity and destabilise the entire
coupled network despite high aggregate reserves elsewhere.

3.5.3 Exhaustive and Generative Dissipators

Whereas the weakest-link principle shows why collective persistence re-
quires routing free capacity towards fragile nodes, closed-boundary multi-
system accounting determines whether coupled subsystems actually supply
or erode that capacity. Evaluating efficiency inside a truncated single-agent
perimeter fails to distinguish irreversible flux vented cleanly into the ex-
ternal environment ̄𝑆 from waste flux discharged into surrounding peers.
Closing the accounting boundary across ⨆𝑛

𝑖=1 𝑆𝑖 ⊔ ̄𝑆 on the dimensionless
CCE entropy 𝑆 of Section 3.2 (specialising to 𝑆th/𝑘B in thermal baths) parti-
tions coupled subsystems relative to their encompassing peer host ensemble
𝑆𝐻 = ⨆𝑗≠𝑘 𝑆𝑗 into two opposite dynamical classes (Figure 3.4b).

def init ion 3.9 (Exhaustive Dissipator). Let 𝑆𝑘 be an open subsystem
coupled across internal channels K𝑘𝑗 to a peer host ensemble 𝑆𝐻 = ⨆𝑗≠𝑘 𝑆𝑗
whose autonomous internal irreversible production rate is ̇𝑆𝑖,𝐻 ≥ 0 (follow-
ing Prigogine’s standard subscript 𝑖 for internal production, distinct from
peer index 𝑗, with subscript tag 𝐻 indexing the host ensemble 𝑆𝐻 ). Subsys-
tem 𝑆𝑘 is an exhaustive dissipator relative to 𝑆𝐻 if insufficient direct venting
to the external environment (K(𝑘)

𝜕,ext ≈ 0 or obstructed sink conductance)
causes it to discharge net positive irreversible waste flux Φ̇𝑆𝑘→𝑆𝐻 > 0 into
peer interfaces, elevating host entropy growth strictly above autonomous
production:

(d𝑆(𝑆𝐻 )
d𝑡 )

exh
= ̇𝑆𝑖,𝐻 + Φ̇𝑆𝑘→𝑆𝐻 > 0, (3.139)

and injecting cross-boundary collision variance 𝐼cross,𝑗𝑘 > 0 (3.117) that in-

flates peer boundary loads ‖K(𝑗)
𝜕 ‖𝐹 and imposes a negative free-capacity pay-

off (Δ𝒬free,𝑗 < 0) on connected peers.

Under truncated single-system accounting that omits Φ̇𝑆𝑘→𝑆𝐻 , an exhaust-
ive dissipator can appear locally efficient while forcing neighbouring nodes
to divert relational capacity into excess boundary allocation, depleting peer
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free capacity (𝒬free,𝑗 → 𝒬+0 ) and accelerating collapse across the network’s
weakest links (3.135).

def init ion 3.10 (Generative Dissipator). Let 𝑆𝑔 be an open subsystem

possessing an asymmetric external dissipation channel (K(𝑔)
𝜕,ext ≠ 0) facing

the external environment ̄𝑆 and autonomous internal production rate ̇𝑆𝑖,𝑔 ≥
0, coupled across K𝑔𝑗 to peer host ensemble 𝑆𝐻 = ⨆𝑗≠𝑔 𝑆𝑗 . Subsystem 𝑆𝑔 is a
generative dissipator relative to 𝑆𝐻 if it extracts disorder from the host matrix
at rate Φ̇𝑆𝐻→𝑆𝑔 exceeding autonomous host production while venting both
extracted host disorder and its own internal production into ̄𝑆:

d𝑆(𝑆𝐻 )
d𝑡 = ̇𝑆𝑖,𝐻 − Φ̇𝑆𝐻→𝑆𝑔 < 0, (3.140)

Φ̇𝑆𝑔→ ̄𝑆 ≥ Φ̇𝑆𝐻→𝑆𝑔 + ̇𝑆𝑖,𝑔 , (3.141)

clearing interface disorder and donating predictive constraints acrossK𝑔𝑗 so
as to contract peer boundary cuts ‖K(𝑗)

𝜕 ‖𝐹 and confer a positive free-capacity
payoff (Δ𝒬free,𝑗 > 0) across connected peers.

Summing (3.140) and (3.141) confirms that local host ordering strictly obeys
global Second Law monotonicity:

Φ̇𝑆𝑔→ ̄𝑆 +
d𝑆(𝑆𝐻 )

d𝑡 ≥ ̇𝑆𝑖,𝐻 + ̇𝑆𝑖,𝑔 ≥ 0. (3.142)

This structural asymmetry simultaneously introduces a systemic vulnerab-
ility: sink saturation. Because connected peers adaptively reduce defensive
boundary margins through this generative coupling, any obstruction or sat-
uration of the outward dissipation channel K(𝑔)

𝜕,ext causes accumulated dis-
order to return into 𝑆𝐻 , triggering non-linear cascading failure across the
reduced-margin weakest links.

Formalisingmulti-system payoffs under closed capacity balances establishes
a unified modelling apparatus for Part III and Part IV. In human–AI archi-
tectures (Section 8.4 in Chapter 8), synthetic systems coupled to finite hu-
man relational capacity 𝒬total,𝐻 act either as exhaustive dissipators (Defin-
ition 3.9) that flood human interfaces with verification friction and com-
press 𝒬free,𝐻 and 𝜅𝐻 , or as generative dissipators (Definition 3.10) that ab-
sorb environmental complexity and expand human free capacity. At the
multi-agent economic scale (Chapter 10), closed-boundary production costs
and expected population barrier gains ground Physical Nash (𝐶, 𝑉 , 𝑃) pri-
cing in natural informational units (Section 10.1), while weakest-link concav-
ity equips economists with conserved macroeconomic and network stabil-
ity diagnostics—the Humanity Intelligence Index (HII), the Humanity Con-
sciousness Index (HCI), surplus-backed baseline allocations (Section 10.2),
dual boundary-value coupling parameters (𝜂(𝑉 )cpl , 𝜂(𝐶)cpl ), and the parameter-
free network stability functional 𝐼net(K) (Section 10.3)—capable of demon-
strating system stability and distinguishing net stability creation from dis-
sipative turnover.
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f igure 3.4: Weakest-link barrier concavity and closed-boundarymulti-system dis-
sipator topologies (Theorem 3.8 andDefinitions 3.9–3.10). (a) Local sta-
bility barrier Δ𝐼barrier,𝑖 = ln(𝒬free,𝑖/𝒬0) (in dimensionless nats) versus
normalised free capacity𝒬free,𝑖/𝒬0: strict concavity (3.137) produces di-
verging marginal stability return 1/𝒬free,𝑖 near depletion (𝒬free,𝑖 → 𝒬+0 ,
crimson tangent) relative to capacity-rich peers (𝒬free,𝑗 ≫ 𝒬0, slate
tangent), so substrate-scale-invariant Nash bargaining (3.126) routes
gained network free capacity Δ𝒬net

free towards bottleneck nodes to raise
Δ𝐼barrier,net (3.135) (teal). (b) Closed-boundary flux accounting across
peer host ensemble 𝑆𝐻 and environment ̄𝑆: an exhaustive dissipator
𝑆𝑘 (K(𝑘)

𝜕,ext ≈ 0) discharges waste flux Φ̇𝑆𝑘→𝑆𝐻 > 0 into peer inter-
faces, inflating d𝑆(𝑆𝐻 )/d𝑡 > 0 and imposing Δ𝒬free,𝑗 < 0 (crimson),
whereas a generative dissipator 𝑆𝑔 (K(𝑔)

𝜕,ext ≠ 0) extracts host disorder
Φ̇𝑆𝐻→𝑆𝑔 > ̇𝑆𝑖,𝐻 and vents Φ̇𝑆𝑔→ ̄𝑆 ≥ Φ̇𝑆𝐻→𝑆𝑔 + ̇𝑆𝑖,𝑔 into ̄𝑆, conferring
Δ𝒬free,𝑗 > 0 (teal).

Together, the Capacity Ledger of Chapter 2 and the continuous metriplectic
equations of this chapter complete Part I’s foundational architecture. Every
embedded physical system is governed by the orthogonal split between in-
ternal memory capacity (KΩ) and boundary conductance (K𝜕 ), sustains its
through-time stability barrier (Δ𝐼barrier,𝑇 ) through the coupling of intelli-
gence (𝜒𝑇 ) and consciousness (𝜅𝑇 ), and achieves emergent or multi-system
stability by internalising boundary cuts and balancing generative dissipation.
In Part II, we turn this physical apparatus onto scientific observation itself,
treating the observer as an embedded physical subsystem whose Epistemic
Lens (ΠΠΠ,K𝑆 ,K(ext)

𝜕 ) mediates quantummeasurement (Chapter 4), multi-scale
particle and molecular interactions (Chapter 5), and the emergent geometry
of spacetime and cosmology (Chapter 6).
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QUAN T UM MEA SUR EMEN T

This chapter isolates the physical mechanics of observation. Part I developed
the epistemic assignment ΠΠΠ, the two-tier capacity matrix K, emergent spec-
tral geometry and time, and continuous metriplectic dynamics to charac-
terise how an embodied system stabilises its boundary within an open rela-
tional graph 𝐺 = (𝑉 , 𝐸). Yet an embedded observer cannot inspect 𝐺 from an
omniscient exterior, andmust acquire and stabilise every distinction through
physical interactions across its finite boundary ports K(ext)

𝜕 . Opening Part II,
we examine how an embedded subsystem physically implements this coarse-
graining fromwithin through an Epistemic Lens. Across the three chapters of
Part II, we apply this single physical lens across successive levels of coarse-
graining, moving from quantum measurement in the present chapter to the
multi-scale hierarchy from fundamental particles tomacromolecular dynam-
ics in Chapter 5, and finally to emergent spacetime and cosmological hori-
zons in Chapter 6, where the same finite capacity and dissipation bounds
generate Lorentzian geometry and gravitational curvature while ruling out
the standard extrapolations to a Big Bang singularity and a universal Heat
Death (Section 6.3).

Within the present chapter, we trace how thematerial constraints of an open
observing subsystem govern quantum measurement [54]. Section 4.1 estab-
lishes the physical architecture of the Epistemic Lens for an embedded ob-
server, proving across discrete spectral slices and their continuum limit that
finite relational capacity and non-negative boundary dissipation force every
observation map to be a many-to-one projection while ruling out empirical
verification of an exact continuum or universal substrate reversibility. Sec-
tion 4.2 derives open-system Lindblad dephasing, QuantumNon-Demolition
energy conservation, and interferometric fringe visibility directly from the
coarse-grained Schur complement, and Section 4.3 resolves the Einstein–
Podolsky–Rosen paradox by contrasting direct graph adjacency with the
coarse-grained resistance metric.

4.1 the ep istemic lens

How does a finite physical subsystem acquire, process, and retain a coarse-
grained record of the universe from within? In Chapter 1 (Section 1.5), we
identified the Platonic Observer Fallacy, which treats observation as a dis-
embodied mathematical map decoupled from the capacity and conservation
balance of the observed world. Classical mechanics commits this error by
positing a Laplacian demon that reads continuous coordinates to arbitrary
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precision at zero disturbance or energy cost, whereas standard quantum the-
ory commits the converse error by positing an external classical apparatus
that projects global state vectors instantaneously without substrate capacity
bounds. As established in Chapter 2 (Section 2.1 and Section 2.2), the rela-
tional graph 𝐺 = (𝑉 , 𝐸) carries neither predefined spatial coordinates nor an
external Newtonian clock. An embedded observer is simply an open phys-
ical subsystem 𝑆 ⊂ 𝑉 of vertex count 𝑁𝑆 ∶= |𝑆| (𝑁𝑆 ≪ 𝑁𝑉 ) coupled across
the boundary cut 𝜕𝑆 to a strictly larger environment ̄𝑆 ∶= 𝑉 ⧵ 𝑆 (𝑁𝑆 < 𝑁 ̄𝑆 ,
vol(𝑆) < vol( ̄𝑆), |𝜕𝑆| > 0). The physical partition of 𝑆 realising the admissible
two-tier assignment ΠΠΠ = diag(ΠΠΠ𝑆 ,ΠΠΠ ̄𝑆) (Definition 2.1) is its Epistemic Lens.

4.1.1 Embedded Partition and Metriplectic Split

Rather than an abstract mathematical filter, the Epistemic Lens is a material
subsystem governed on 𝑆 by the orthogonal projector split I𝑁𝑆 = PΠΠΠ𝑆 +QΠΠΠ𝑆
(2.57)–(2.67) and the internal capacity decomposition (2.88):

x𝑆 = PΠΠΠ𝑆x𝑆 + QΠΠΠ𝑆x𝑆 , (4.1)

K𝑆 = KΩ + K(int)
𝜕 . (4.2)

In (4.1)–(4.2), PΠΠΠ𝑆 isolates the tracked block state PΠΠΠ𝑆x𝑆 = ΠΠΠ𝑆z𝑆 resolved
across the 𝑀 CCE blocks {𝑆1, … , 𝑆𝑀 } of KΩ (with coarse-grained block state
z𝑆 = RΠΠΠ𝑆x𝑆 ∈ ℝ𝑀 ), whereas QΠΠΠ𝑆 isolates the unresolved intra-block fluc-
tuations QΠΠΠ𝑆x𝑆 ∈ ker(RΠΠΠ𝑆 ). Each block 𝑆𝛼 (𝛼 ∈ {1, … ,𝑀}) carries internal
capacity 𝐾𝛼𝛼 = 2|𝐸(𝑆𝛼 )| of at least 2 links (2.125) and coarse-graining depth
𝐼𝛼𝛼 = ln𝐾𝛼𝛼 of at least ln 2 nats, couples to ̄𝑆 across the external port block
K(ext)
𝜕 , and routes internal transitions acrossK(int)

𝜕 behind pairwise isolation
barriers Δ𝐼barrier,𝛼→𝛽 (2.136) at spectral persistence Ξ(𝑆𝛼 ) ≫ 1 (2.127).

Statically, because 𝑆 is an open admissible subsystem with positive internal
edge support (2.125) and active boundary cut 𝒬(ext)

𝜕 > 0, Theorem 2.4 (2.196)
enforces a strict Euclidean norm gap between allocated structural capacity
𝒬alloc (2.192) and total relational capacity 𝒬total = vol(𝑆) (2.195). Simultan-
eously, every admissible block (𝐾𝛼𝛼 ≥ 2) has internal edge count |𝐸(𝑆𝛼 )| =
𝐾𝛼𝛼/2 and satisfies both ln𝐾𝛼𝛼 ≥ ln 2 and ln𝐾𝛼𝛼 < |𝐸(𝑆𝛼 )|. Summing across
all 𝑀 blocks therefore bounds preserved structural capacity 𝐼rev (2.135) (in
nats) strictly beneath the internal edge count |𝐸(𝑆)| and total degree volume
(in links):

𝒬2Ω + 𝒬2𝜕 = 𝒬2
alloc < vol(𝑆)2 < vol( ̄𝑆)2, (4.3)

𝑀 ln 2 ≤ 𝐼rev < |𝐸(𝑆)| < vol(𝑆) < vol( ̄𝑆). (4.4)

By (4.3)–(4.4), the same graph relations cannot simultaneously constitute the
external state in ̄𝑆 and a cost-free copy inside 𝑆, while expanding internal
resolution 𝒬Ω strictly reduces the remaining boundary and free capacities
(𝒬𝜕 , 𝒬free > 0) available to couple with ̄𝑆.
Dynamically, temporal progression is not supplied by an external parameter,
but emerges directly from K (Section 2.5.1). Across a multi-epoch partition,
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the slowest non-trivial Laplacian eigenvector 𝜙𝜙𝜙time ≡ 𝜙𝜙𝜙2 foliates the blocks
into 𝑁𝜏 ordered slices {𝑆𝜏 }𝑁𝜏𝜏=1 (𝜙(1)time < ⋯ < 𝜙(𝑁𝜏 )

time) with intrinsic slice proper-
time incrementsΔ𝜏nat(𝜏 ) > 0 (2.243), partial observer proper-time sum 𝜏nat(𝜏 )
(2.246), and reference-metered horizon 𝑇 (2.247)–(2.255). Complementarily,
on a single-epoch state partition, normalising d𝜏nat by the subsystem’s rest-
frame distinction rateΩΦ > 0—or collective channel updates d𝑘Ω = Tr(KΩ) d𝑘
by 𝜈0 Tr(KΩ) at elementary step cadence 𝜈0 > 0—fixes standardised observer
proper time d𝜏 (matching d𝑡 = d𝜏 at rest relative to ̄𝑆ref, (2.249)–(2.250)):

𝜏nat(𝜏 ) =
𝜏
∑
𝑠=1

Δ𝜏nat(𝑠), (4.5)

d𝜏 = d𝜏nat
ΩΦ

= d𝑘Ω
𝜈0 Tr(KΩ)

. (4.6)

Along this emergent progression, observation couples both sectors of the
metriplectic generator (3.8). Within KΩ, conservative circulation generates
volume-preserving Poisson transport on im(PΠΠΠ𝑆 ) at zero boundary dissipa-
tion (Δ𝐼irr,𝜕(𝜏 ) = 0):

𝐴̇ = {𝐴, 𝐻}. (4.7)

Conversely, stabilising external perturbations acrossK(ext)
𝜕 into a single block

𝑆𝛼 expels unresolved fluctuations QΠΠΠ𝑆x𝑆 across 𝜕𝑆, accumulating discrete
slice boundary dissipation 𝐼irr,𝜕,𝑇 (3.13). Passing to the fine-slice continuum
limit (𝑁𝜏 → ∞, max𝜏 𝑤𝜏 → 0, 𝑡𝜏 → 𝑡 ∈ [0, 𝑇 ]) splits total pathwise dissipation
𝐼irr,𝑇 [𝛾 ] orthogonally into boundary dissipation and internal maintenance
(3.21), bounding physical dissipated work 𝑊diss[𝛾 ] at substrate fluctuation
scale 𝜃 (J nat−1):

𝐼irr,𝜕,𝑇 =
𝑁𝜏
∑
𝜏=1

Δ𝐼irr,𝜕(𝜏 ), (4.8)

𝐼irr,𝑇 [𝛾 ] = 𝐼irr,𝜕,𝑇 [𝛾 ] + ∫
𝑇

0
̇𝐼irr,Ω(𝑡) d𝑡 ≥ 𝐼irr,𝜕,𝑇 [𝛾 ] ≥ 0, (4.9)

𝑊diss[𝛾 ] ≥ 𝜃𝐼irr,𝑇 [𝛾 ] ≥ 𝜃𝐼irr,𝜕,𝑇 [𝛾 ]. (4.10)

4.1.2 State Resolution and Multi-Slice Mixing

When an environmental configuration 𝑥 ∈ 𝒳 ̄𝑆 (|𝒳 ̄𝑆 | ≥ 𝑁 ̄𝑆 ) couples across
K(ext)
𝜕 (2.85) and stabilises a unique CCE block 𝛼 ∈ {1, … ,𝑀} read out by the

restriction operator RΠΠΠ𝑆 (2.53), the subsystem realises a block readout map
Φ𝑆 ∶ 𝒳 ̄𝑆 → {1,… ,𝑀}. Auditing (4.3)–(4.10) across 𝜕𝑆 bounds both single-
slice state resolution and multi-slice trajectory resolution along 𝜙𝜙𝜙time.

theorem 4.1 (Embedded Observer Capacity Bound). Let 𝑆 ⊂ 𝑉 be an
open embedded observing subsystem (𝑁𝑆 < 𝑁 ̄𝑆 , vol(𝑆) < vol( ̄𝑆), |𝜕𝑆| > 0)
equipped with an admissible 𝑀-block assignment ΠΠΠ𝑆 ∈ {0, 1}𝑁𝑆×𝑀 (Defini-
tion 2.1). Neither an isomorphic copy of ̄𝑆 nor a complete self-representation
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of 𝑆 can be realised within KΩ. Specifically, the internal residual projector QΠΠΠ𝑆
(2.60) has strictly positive rank, the resolved block count satisfies a strict finite
ceiling, and every block readout map across K(ext)

𝜕 is strictly many-to-one:

Φ𝑆 ∶ 𝒳 ̄𝑆 ⟶ {1,… ,𝑀}, (4.11)

rank(QΠΠΠ𝑆 ) = 𝑁𝑆 − 𝑀 ≥ 𝑀 ≥ 1, (4.12)

𝑀 ≤ min(⌊𝑁𝑆/2⌋, |𝐸(𝑆)|) < 𝑁𝑆 < 𝑁 ̄𝑆 ≤ |𝒳 ̄𝑆 |, (4.13)

guaranteeing distinct environmental configurations 𝑥1 ≠ 𝑥2 in 𝒳 ̄𝑆 such that
Φ𝑆(𝑥1) = Φ𝑆(𝑥2). In particular, on any finite embedded subgraph 𝑆, the resolved
block count 𝑀 cannot pass to the continuum limit 𝑀 → ∞.

proof. Equation (4.3) bounds 𝒬Ω < vol(𝑆) and vol(𝑆) < vol( ̄𝑆), precluding
both an isomorphic internal copy of ̄𝑆 and complete self-representation of
𝑆 across an open cut 𝒬𝜕 > 0. Under Axiom I (2.125), every admissible block
𝛼 ∈ {1, … ,𝑀} satisfies 𝑁𝛼 ≥ 2 and 𝐾𝛼𝛼 ≥ 2 with 𝐾𝛼𝛼 = 2|𝐸(𝑆𝛼 )|. Summing
vertex and internal-edge counts across the 𝑀 ≥ 1 disjoint blocks gives:

𝑁𝑆 =
𝑀
∑
𝛼=1

𝑁𝛼 ≥ 2𝑀, (4.14)

|𝐸(𝑆)| ≥ 1
2

𝑀
∑
𝛼=1

𝐾𝛼𝛼 ≥ 𝑀. (4.15)

Subtracting 𝑀 from (4.14) yields (4.12), while combining (4.14)–(4.15) with
𝑁𝑆 < 𝑁 ̄𝑆 and𝑁 ̄𝑆 ≤ |𝒳 ̄𝑆 | proves (4.13). Because𝑀 < |𝒳 ̄𝑆 |, the finite pigeonhole
principle precludes injectivity of Φ𝑆 , forcing Φ𝑆(𝑥1) = Φ𝑆(𝑥2) for at least one
pair 𝑥1 ≠ 𝑥2, and finiteness of 𝑁𝑆 forbids 𝑀 → ∞.

Because single-slice resolution is strictly many-to-one, propagating an unre-
solved block preimage Φ−1𝑆 ({𝛼}) across ordered spectral slices {𝑆𝜏 }𝑁𝜏𝜏=1 along
𝜙𝜙𝜙time induces multi-slice trajectory branching.

def init ion 4.2 (Coarse-Grained Mixing). Let {𝑆𝜏 }𝑁𝜏𝜏=1 be an ordered slice
foliation along 𝜙𝜙𝜙time (Section 2.5.1), let 𝑈 ∶ 𝒳 ̄𝑆 → 𝒳 ̄𝑆 be a bijective single-
slice substrate step, and let Φ𝑆 ∶ 𝒳 ̄𝑆 → {1,… ,𝑀} be the observer’s block
readout (4.11). For a block 𝛼 ∈ {1, … ,𝑀} at reference slice 𝜏0, the numbers of
reachable forward blocks at slice 𝜏 > 𝜏0 and reachable backward blocks at
slice 𝜏 < 𝜏0 are:

𝑘+(𝛼; 𝜏0, 𝜏 ) ∶= |{Φ𝑆(𝑈 𝜏−𝜏0𝑥) ∶ 𝑥 ∈ Φ−1𝑆 ({𝛼})}| (𝜏 > 𝜏0), (4.16)

𝑘−(𝛼; 𝜏0, 𝜏 ) ∶= |{Φ𝑆(𝑈 𝜏−𝜏0𝑥) ∶ 𝑥 ∈ Φ−1𝑆 ({𝛼})}| (𝜏 < 𝜏0). (4.17)

The dynamics exhibit coarse-grained mixing relative to Φ𝑆 if there exist 𝛼 ∈
{1, … ,𝑀} and slices 𝜏 ≠ 𝜏0 such that 𝑘+(𝛼; 𝜏0, 𝜏 ) > 1 or 𝑘−(𝛼; 𝜏0, 𝜏 ) > 1.

As illustrated on the two-dimensional spectral coordinate chart (𝑧1, 𝑧2) in
Figure 4.1, bijective substrate steps shear states bundled inside im(QΠΠΠ𝑆 )within
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(b) Multi-Block Dispersion (Slice τ> τ0)

k+ = 12 Reachable Blocks

f igure 4.1: Coarse-grained mixing across spectral coordinate blocks along 𝜙𝜙𝜙time.
(a) At reference slice 𝜏0, distinct fine-grained configurations in im(QΠΠΠ𝑆 )
occupy a single coarse-grained CCE block 𝑆𝛼 on the spectral coordin-
ate chart (𝑧1, 𝑧2). (b) At a later slice 𝜏 > 𝜏0, volume-preserving revers-
ible transport 𝑈 𝜏−𝜏0 shears those configurations across twelve coarse-
grained blocks (𝑘+ = 12), producing multi-block trajectory branching
without substrate randomness.

a single block 𝑆𝛼 at slice 𝜏0 across 𝑘+ > 1 distinct coarse-grained blocks at a
later slice 𝜏 > 𝜏0, while trajectories originating in 𝑘− > 1 past blocks coalesce
into 𝑆𝛼 across Cheeger bottlenecks (2.130).

theorem 4.3 (Multi-Slice Branching and Resolution Bound). Under coarse-
grained mixing (Definition 4.2), suppose a block 𝛼 of an 𝑀-block assignment
ΠΠΠ(2)
𝑆 branches across slices 𝜏0 → 𝜏 along 𝜙𝜙𝜙time into 𝑘 ≥ 2 reachable forward or

backward blocks. Then:

1. Internal Refinement Ceiling: Resolving all 𝑘 branches within 𝑆 requires
refining ΠΠΠ(2)

𝑆 = ΠΠΠ(1)
𝑆 P (Theorem 2.2) into 𝑀1 ≥ 𝑀 + 𝑘 − 1 blocks via an

inter-level difference projector ΔP1→2 (2.165) of rank 𝑀1 − 𝑀 ≥ 𝑘 − 1,
enforcing across admissible blocks (𝐾 (1)𝛼𝛼 ≥ 2) the capacity hierarchy:

ln 𝑘 < (𝑀 + 𝑘 − 1) ln 2 ≤ 𝑀1 ln 2 ≤ 𝐼 (1)rev < vol(𝑆), (4.18)

bounded by 2𝑀1 ≤ 𝑁𝑆 and 𝒬(1)
Ω ≥ 2√𝑀1.

2. Boundary Dissipation Bound and Continuum Horizon: Conversely, if 𝑆
retains the coarser 𝑀-block assignment ΠΠΠ(2)

𝑆 without resolving those 𝑘
branches internally, collapsing 𝑘 substrate branches across 𝜕𝑆 (1.35) en-
forces positive cumulative slice boundary dissipation 𝐼irr,𝜕,𝑇 (3.13). In the
fine-slice limit (𝑁𝜏 → ∞, max𝜏 𝑤𝜏 → 0, and 𝑡𝜏 → 𝑡 ∈ [0, 𝑇 ]), this sum
passes to:

𝐼irr,𝜕,𝑇 =
𝑁𝜏
∑
𝑠=1

Δ𝐼irr,𝜕(𝑠)
𝑁𝜏→∞−−−−−→ ∫

𝑇

0
̇𝐼irr,𝜕(𝑡) d𝑡 ≥ ln 𝑘 > 0, (4.19)

requiring physical work 𝑊diss ≥ 𝜃 ln 𝑘 (4.10).
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proof. Splitting block 𝛼 into 𝑘 ≥ 2 disjoint sub-blocks while keeping
the remaining 𝑀 − 1 blocks intact yields at least 𝑀 + 𝑘 − 1 level-1 blocks
(𝑀1 ≥ 𝑀 +𝑘−1). Thus rank(ΔP1→2) = 𝑀1−𝑀 is at least 𝑘 −1 ≥ 1 by (2.165),
with 2𝑀1 ≤ 𝑁𝑆 by (4.14). Because 𝑘 < 2𝑘 and 2𝑘 ≤ 2𝑀+𝑘−1 for 𝑀 ≥ 1, while
Axiom I enforces 𝐾 (1)𝛼𝛼 ≥ 2 on each refined block, taking logarithms with
(4.4) establishes (4.18), and summing (𝐾 (1)𝛼𝛼 )2 ≥ 4 across all 𝑀1 blocks gives
𝒬(1)
Ω ≥ 2√𝑀1 from 𝒬(1)

Ω = ‖K(1)
Ω ‖𝐹 . Under ΠΠΠ(2)

𝑆 , collapsing 𝑘 ≥ 2 distinct sub-
strate branches onto a single coarse-grained block expels at least ln 𝑘 nats of
unresolved branch multiplicity across 𝜕𝑆 (1.35). Summing the non-negative
slice increments Δ𝐼irr,𝜕(𝑠) ≥ 0 in (3.13) and passing to the emergent con-
tinuum integral (3.14) yields (4.19), and (4.10) gives 𝑊diss ≥ 𝜃 ln 𝑘.

Theorems 4.1 and 4.3 unify the inward and outward epistemic limits of the
monograph. Turned inward, the strict norm gap 𝒬alloc < vol(𝑆) and positive
residual rank rank(QΠΠΠ𝑆 ) ≥ 𝑀 prevent any physical system from construct-
ing a complete self-model without collapsing its boundary or free capacity,
grounding Theorem 9.1 in Chapter 9. Turned outward along emergent time
𝑡 ∈ [0, 𝑇 ] in Chapter 6, multi-slice branching (𝑘−, 𝑘+ > 1) against the fi-
nite ceiling 𝑀1 ≤ ⌊𝑁𝑆/2⌋ confines every embedded observer to a bounded
Epistemic Bubble 𝒟Φ = [𝑡−Φ , 𝑡+Φ ] (1.66) (Theorem 6.4). Backward proliferation
(𝑘− ≫ 1) saturates retrodictive capacity at 𝑡−Φ (Section 6.3.1), whereas forward
dispersion (𝑘+ ≫ 1) and open boundary damping dilute predictive signals
beneath the noise floor at 𝑡+Φ (Section 6.3.2).

4.1.3 Unobservability of the Continuum and Substrate Reversibility

Although smooth differential charts emerge in Chapter 2 (Section 2.5) across
the intermediate Weyl diffusion window 𝜇−1𝑀 ≪ 𝑠 ≪ 𝜇−12 , treating an exact
spatial or temporal continuum or universal substrate invertibility as empir-
ically verifiable properties violates Theorems 4.1 and 4.3.

corollary 4.4 (Unobservability of the Exact Continuum). Let an embed-
ded observing subsystem 𝑆 ⊂ 𝑉 project𝑀 ≥ 2 admissible CCE blocks (𝐾𝛼𝛼 ≥ 2)
onto the spectral coordinate chart z(𝛼) = ΦΦΦTe𝛼 ∈ ℝ𝑑𝑠 (2.236)–(2.237) across
𝑁𝜏 ≤ 𝑀 ordered slices {𝑆𝜏 }𝑁𝜏𝜏=1 (2.243), assuming spectral non-degeneracy across
the retained coordinate modes so that z(𝛼) ≠ z(𝛽) for all 𝛼 ≠ 𝛽 . On any finite
subgraph 𝑆, spatial coordinate spacing across distinct blocks and slice proper-
time increments remain bounded strictly away from zero:

Δ𝑧min ∶= min𝛼≠𝛽 ‖z(𝛼) − z(𝛽)‖2 > 0, (4.20)

Δ𝜏nat(𝜏 ) = ∑
𝑥∈𝑆𝜏

ln𝐾(𝜏 ,𝑥),(𝜏 ,𝑥) ≥ |𝑆𝜏 | ln 2 > 0, (4.21)



4.1 the ep istemic lens 117

whereas passing to an exact spatial or temporal continuum (𝑀 → ∞, or 𝑁𝜏 →
∞) drives the required Frobenius memory load, preserved structural capacity,
and 𝑀-branch boundary dissipation to diverge:

𝒬Ω ≥ 2√𝑀 𝑀→∞−−−−−→ ∞, (4.22)

𝐼rev ≥ 𝑀 ln 2 𝑀→∞−−−−−→ ∞, (4.23)

𝐼irr,𝜕,𝑇 ≥ ln𝑀 𝑀→∞−−−−−→ ∞. (4.24)

Consequently, no embedded observer can physically realise or verify an exact
continuous coordinate or trajectory.

proof. By Theorem 4.1 (4.13), 𝑀 ≤ ⌊𝑁𝑆/2⌋ is finite, so the off-diagonal
index set {(𝛼, 𝛽) ∶ 𝛼 ≠ 𝛽} is finite and non-empty. Under spectral non-
degeneracy (z(𝛼) ≠ z(𝛽) for 𝛼 ≠ 𝛽), every pairwise distance ‖z(𝛼)− z(𝛽)‖2 is
strictly positive and attains a positive minimum Δ𝑧min > 0 in (4.20), while
𝐾(𝜏 ,𝑥),(𝜏 ,𝑥) ≥ 2 on each slice block gives (4.21). Conversely, eliminating dis-
crete block spacing (Δ𝑧min → 0 on a bounded domain) or refining slice in-
crements across a fixed horizon (𝑁𝜏 → ∞ with 𝑀 ≥ 𝑁𝜏 ) requires 𝑀 → ∞.
Because 𝐾𝛼𝛼 ≥ 2 on every admissible block implies 𝒬Ω ≥ 2√𝑀 , apply-
ing (4.14), (4.4), and Theorem 4.3 (4.18)–(4.19) at 𝑘 = 𝑀 yields the diver-
gences (4.22)–(4.24) together with 𝑁𝑆 → ∞ and 𝑊diss → ∞ via (4.10), violat-
ing vol(𝑆) < ∞.

At the quantum scale, Corollary 4.4 rules out hidden-variable models built
on infinite-precision classical trajectories, while at the cosmological scale
of Section 6.3.1 (6.88), it rules out integrating the continuous Raychaudhuri
equation past the discrete cutoff 𝜇−1𝑀 to a zero-area singularity. Finite resol-
ution similarly bounds what an embedded observer can infer about global
substrate invertibility across slices.

corollary 4.5 (Unobservability of Universal Substrate Reversibility). Let
𝑈 ∶ 𝒳 ̄𝑆 → 𝒳 ̄𝑆 be any bijective substrate step across spectral slices and let
Φ𝑆 ∶ 𝒳 ̄𝑆 → {1,… ,𝑀} be any single-slice or multi-slice block readout stored
within an embedded subsystem 𝑆 satisfying 𝑀 < |𝒳 ̄𝑆 | (Theorem 4.1). There
exists a strictly non-injective map 𝑈 ∶ 𝒳 ̄𝑆 → 𝒳 ̄𝑆 that produces identical block
records for every 𝑥 ∈ 𝒳 ̄𝑆 :

Φ𝑆(𝑈 (𝑥)) = Φ𝑆(𝑈 (𝑥)). (4.25)

Consequently, neither discrete multi-slice records nor their fine-slice continuum
limit along 𝑡 ∈ [0, 𝑇 ] can certify universal substrate reversibility of ̄𝑆 from
within 𝑆.

proof. By Theorem 4.1 (4.13), every partition retained inside 𝑆—whether
resolving single-slice states or storing a multi-slice record across 𝑁𝜏 ≤ 𝑀
sub-blocks—satisfies 𝑀 ≤ ⌊𝑁𝑆/2⌋ and hence 𝑀 < |𝒳 ̄𝑆 |. Thus there exist
distinct configurations 𝑦1 ≠ 𝑦2 in 𝒳 ̄𝑆 with Φ𝑆(𝑦1) = Φ𝑆(𝑦2). Because 𝑈 is
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bijective, their preimages 𝑥1 ∶= 𝑈−1(𝑦1) and 𝑥2 ∶= 𝑈−1(𝑦2) satisfy 𝑥1 ≠ 𝑥2.
Define 𝑈 ∶ 𝒳 ̄𝑆 → 𝒳 ̄𝑆 by:

𝑈 (𝑥) ∶= {𝑦1, 𝑥 = 𝑥2,
𝑈 (𝑥), 𝑥 ≠ 𝑥2.

(4.26)

Evaluating 𝑈 and Φ𝑆 ∘ 𝑈 at the merged preimages gives:

𝑈 (𝑥1) = 𝑦1 = 𝑈 (𝑥2), (4.27)

Φ𝑆(𝑈 (𝑥2)) = Φ𝑆(𝑦1) = Φ𝑆(𝑦2) = Φ𝑆(𝑈 (𝑥2)). (4.28)

Because 𝑥1 ≠ 𝑥2, (4.27) shows that 𝑈 is strictly non-injective while (4.28)
establishes (4.25) across all 𝑥 ∈ 𝒳 ̄𝑆 . Because 𝑁𝑆 < 𝑁 ̄𝑆 remains fixed, passing
to the fine-slice limit cannot lift 𝑀 to |𝒳 ̄𝑆 |.

4.2 quantum decoherence

Section 4.1 established that an embedded observing subsystem 𝑆 ⊂ 𝑉 pos-
sesses bounded relational capacity, evolves along emergent spectral time,
and accesses ̄𝑆 solely through a many-to-one block projection. Quantum
measurement is the operational physics that emerges when this finite Epi-
stemic Lens couples to conservative substrate cycles. Rather than postulat-
ing wavefunction collapse or starting from primitive probabilities, we con-
struct each mechanism directly from the CCE operators of Chapters 2–3 and
then exhibit its exact counterpart in standard open-system quantummechan-
ics. Section 4.2.1 derives Lindblad dephasing and Born pointer weights from
the coarse-grained Schur complement, Section 4.2.2 proves that First-Law
Casimir degeneracy is equivalent to Quantum Non-Demolition commuta-
tion, and Section 4.2.3 derives interferometric fringe visibility from detector
boundary dissipation while resolving the non-selective and delayed-choice
paradoxes.

4.2.1 Open-Boundary Reduction and Pointer Dephasing

How does an open subsystem 𝑆 ⊂ 𝑉 convert reversible substrate circulation
into irreversible pointer stabilisation without a non-unitary collapse postu-
late? Within cyclic blocks of KΩ (𝐾𝛼𝛼 ≥ 2𝑁𝛼 , Lemma 2.7), skew-symmetric
intra-block cycle currents JΩ = −JTΩ metered across the Tr(KΩ) internal
channels (2.249)–(2.250) span dimensionless action-normalised symplectic
quadratures (𝑞𝛼 , 𝑝𝛼 ) across blocks 𝛼 ∈ {1, … ,𝑀} (2.308). Mapping each ca-
nonical quadrature pair onto a complex cycle coordinate 𝜓𝛼 bridges the real
symplectic cycle space to complex Hilbert-space representation (Table 4.1),
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identifying the conserved quadratic cycle norm ‖𝜓𝜓𝜓 ‖22 (2.301) directly with the
Euclidean ℓ2 capacity geometry of Theorem 2.4:

𝜓𝛼 ∶= 𝑞𝛼 + 𝑖𝑝𝛼
√2

, (4.29)

‖𝜓𝜓𝜓 ‖22 =
𝑀
∑
𝛼=1

|𝜓𝛼 |2 = 1
2

𝑀
∑
𝛼=1

(𝑞2𝛼 + 𝑝2𝛼). (4.30)

Normalising the bilinear outer product across blocks after eliminating ̄𝑆 and
im(QΠΠΠ𝑆 ) defines the Hermitian block-coherence operator 𝜌(𝑡) (Tr 𝜌 = 1). Un-
der the coarse-grained Schur reduction LK,eff of Section 3.2.1 (3.3)–(3.6), this
normalised coherence operator identifies directly with the reduced density
operator of standard quantummechanics and lifts the metriplectic generator
(3.8) to operator space:

𝜌(𝑡) ∶= Tr ̄𝑆 𝜌tot(𝑡), (4.31)

̇𝜌 = 𝒥𝜌(𝛿𝐻𝛿𝜌 ) +ℳ𝜌(
𝛿𝑆lin
𝛿𝜌 ) . (4.32)

Both brackets in (4.32) inherit the exact algebraic split of LK,eff (3.6).

First, the conservative Poisson sector arises from isolated internal transport
on LK (2.101) renormalised by the reactive Hermitian part of ΣΣΣK,env. For
the renormalised subsystem Hamiltonian 𝐻̂ and linear energy functional
𝐻(𝜌) ∶= Tr(𝐻̂𝜌), reversible symplectic circulation along emergent clock
time 𝑡 ( ̇𝐼irr,𝜕 = 0) generates the unitary von Neumann commutator. Second,
in the weak-coupling Born–Markov regime where spectral persistence Ξ ≫
1 (3.5) separates rapid environmental correlation decay on ̄𝑆 from slowpointer
relaxation on 𝑆, the dissipative metric sector induced by the positive semi-
definite boundary residual D(ext)

K − ΣΣΣK,env ⪰ 0 across K(ext)
𝜕 reduces to a

time-local generator. Diagonalising this generator into decay channels with
rates 𝛾𝑟 ≥ 0 and jump operators 𝐿̂𝑟 recovers the master equation of Gorini,
Kossakowski, Sudarshan, and Lindblad (GKSL) [70, 103]:

𝒥𝜌(𝛿𝐻𝛿𝜌 ) = − 𝑖
ℏ[𝐻̂ , 𝜌], (4.33)

̇𝜌 = − 𝑖
ℏ[𝐻̂ , 𝜌] +∑

𝑟
𝛾𝑟 (𝐿̂𝑟𝜌𝐿̂†𝑟 − 1

2{𝐿̂
†𝑟 𝐿̂𝑟 , 𝜌}) , (4.34)

where {𝑋̂ , 𝜌} ∶= 𝑋̂𝜌 + 𝜌𝑋̂ denotes the operator anticommutator.

In the coarse-graining algebra of Section 2.2.1 (2.57), coupling 𝑆 acrossK(ext)
𝜕

resolves the 𝑀 mutually orthogonal CCE block projectors P𝜋𝜋𝜋𝛼 weighted by
dimensionless real pointer eigenvalues 𝑎𝛼 ∈ ℝ (normalised by the charac-
teristic inter-block scale so that all inverse-time rate dimensions reside in
Γ𝜑 ≥ 0), identifying Zurek’s dimensionless Hermitian pointer observable
𝐴̂ = 𝐴̂† as the single-channel jump operator 𝐿̂1 = 𝐴̂ at rate 𝛾1 = Γ𝜑 [173].
Quantifying off-diagonal coherence loss on 𝑆 via the dimensionless linear en-
tropy 𝑆lin(𝜌), tracing out ̄𝑆 across K(ext)

𝜕 yields the Schur-reduced boundary-
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port cometric ℳ𝜌 as the symmetric, positive semidefinite double commut-
ator generated by 𝐴̂:

𝐴̂ =
𝑀
∑
𝛼=1

𝑎𝛼P𝜋𝜋𝜋𝛼 , (4.35)

𝑆lin(𝜌) ∶= 1
2 (1 − Tr 𝜌2) , (4.36)

ℳ𝜌(𝛿𝜌) ∶=
Γ𝜑
2 [𝐴̂, [𝐴̂, 𝛿𝜌]]. (4.37)

Positive semidefiniteness of ℳ𝜌 follows from ⟨𝛿𝜌,ℳ𝜌(𝛿𝜌)⟩HS ≥ 0 for Her-
mitian 𝐴̂ and 𝛿𝜌, while commutator antisymmetry [𝐴̂, 𝐴̂] = 0 annihilates
ℳ𝜌( ̂𝐼𝑆) and ℳ𝜌(𝐴̂) identically, rendering both the trace identity and the
pointer observable automatic Casimir invariants of the boundary port. Be-
cause the variational gradient of 𝑆lin(𝜌) equals −𝜌, substituting (4.33) and
(4.37) into (4.32) yields the metriplectic measurement master equation:

̇𝜌 = − 𝑖
ℏ[𝐻̂ , 𝜌] − Γ𝜑

2 [𝐴̂, [𝐴̂, 𝜌]]

= − 𝑖
ℏ[𝐻̂ , 𝜌] − Γ𝜑

2 {𝐴̂2, 𝜌}⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
open-boundary damping

+ Γ𝜑𝐴̂𝜌𝐴̂⏟⏟⏟⏟⏟⏟⏟⏟⏟
Schur return flux

. (4.38)

Comparing (4.38) with the projected Schur split (3.6)–(3.7) exposes the phys-
ical role of each term: the outward degree potential +D(ext)

K acts from the left
and right on 𝜌 as the damping anticommutator, while the inversion commut-
ator −ΣΣΣK,env = 𝒞ΠΠΠ𝑆 (⟦(⋅)−1, 𝒞𝑆⟧(G𝜀)) (Lemma 2.3) acts bilaterally across ̄𝑆
as the incoherent return jump. Just as subtracting ΣΣΣenv from D(ext)

𝑆 in Ex-
ample 2.1 (2.46) restored exact conservation (Leff1𝑆 = 0) on the discrete
graph, combining open-boundary damping with the Schur return flux en-
forces exact trace conservation Tr( ̇𝜌) = 0, reducing to unitary von Neumann
flow whenever the external port is closed (K(ext)

𝜕 = 0, Γ𝜑 = 0). Evaluated in
the block eigenbasis 𝐴̂|𝑎𝛼 ⟩ = 𝑎𝛼 |𝑎𝛼 ⟩ across 𝛼, 𝛽 ∈ {1, … ,𝑀}, the metric dis-
sipator acts entrywise as:

( ̇𝜌𝛼𝛽)diss = −Γ𝜑
2 (𝑎𝛼 − 𝑎𝛽)2𝜌𝛼𝛽 . (4.39)

Equation (4.39) exponentially damps off-diagonal phase coherences 𝜌𝛼𝛽 (𝛼 ≠
𝛽) while strictly conserving the normalised ℓ2 diagonal block weights 𝜌𝛼𝛼 =
Tr(P𝜋𝜋𝜋𝛼𝜌) inside im(PΠΠΠ𝑆 ). Why, then, does an individual measurement run
register a discrete outcome in a single pointer block 𝑆𝛼 rather than splitting
deterministically across all𝑀 ports with fractional intensities 𝜌𝛼𝛼 like a clas-
sical continuous wave? By Definition 2.1 and the continuous metriplectic
reduction of Section 2.5.2 (2.326)–(2.327), the𝑀 pointer blocks of an admiss-
ible detector are not linear waveguides that sustain fractional co-occupancy,
but mutually exclusive Kramers attractor basins ℬ1, … ,ℬ𝑀 ⊂ 𝒵 separ-
ated by unstable saddle separatrices 𝜕ℬ𝛼𝛽 of barrier depth Δ𝐼barrier,𝛼→𝛽 ≈
lnΞ ≫ 1 (2.127). A split configuration straddling multiple blocks sits on an
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unstable saddle ridge outside im(PΠΠΠ𝑆 ). On each trial, coupling the incom-
ing excitation to the specific unresolved fine-grained state in im(QΠ̃ΠΠ𝑆

) =
im(QΠΠΠ𝑆 ) ⊕ ̄𝑆 (2.69) breaks saddle symmetry, and metric gradient flow 𝕄∇𝑆
sweeps the joint state at intra-basin rate 𝜏−1relax ∼ 𝜈0 𝛾int(𝑆𝛼 ) into a single
Kramers basin ℬ𝛼 locked against escape (𝜏escape ≫ 𝜏relax). Because The-
orem 4.1 prevents 𝑆 from resolving those pre-coupling fine-grained states,
coarse-grained mixing across the separatrix (Definition 4.2) partitions re-
peated preparations into single-basin capture preimages, and under the ℓ2
rotational symmetry of the conserved quadratic cycle norm (4.30) across un-
resolved residual phases—parallel to Gleason’s frame-function theorem [69]
and Zurek’s envariance symmetry [173]—the unique additive capture meas-
ure matches the conserved ℓ2 Born block weights 𝜌𝛼𝛼 (Table 4.1). Wavefunc-
tion collapse is therefore neither a non-unitary postulate nor a subjective
update of knowledge, but single-shot Kramers basin relaxation onto im(PΠΠΠ𝑆 )
driven by open boundary dissipation across 𝜕𝑆.

CCE substrate construct Quantum measurement
counterpart

Physical role

Normalised cycle outer
product on im(PΠΠΠ𝑆 )

Reduced density operator
𝜌 = Tr ̄𝑆 𝜌tot

Tracks coarse-grained
block weights and inter-
block phase coherences

Internal capacity Laplacian LK
( ̇𝐼irr,𝜕 = 0)

Unitary commutator
− 𝑖

ℏ [𝐻̂ , 𝜌]
Conservative symplectic
phase circulation along
emergent clock 𝑡

Boundary Schur residual
D(ext)

K −ΣΣΣK,env ⪰ 0
GKSL double commutator
− Γ𝜑

2 [𝐴̂, [𝐴̂, 𝜌]]
Open-port damping
+D(ext)

K balanced by Schur
return −ΣΣΣK,env (Tr ̇𝜌 = 0)

Block projectors {𝑎𝛼 ,P𝜋𝜋𝜋𝛼 }𝑀𝛼=1 Pointer observable 𝐴̂ = 𝐴̂†

and Born weight 𝜌𝛼𝛼
Diagonalises im(PΠΠΠ𝑆 ) and
fixes normalised ℓ2 block
weights

Metriplectic Casimir
degeneracy (𝐻 , ⋅)ℳ = 0

QND commutation
[𝐴̂, 𝐻̂ ] = 0

Zero dissipative backac-
tion power on tracked en-
ergy ⟨𝐻̂ ⟩

Cut internalisation 𝒯P vs.
dipole ΔP1→2

Coherent conduit 𝐾 (ext)
𝜕 (𝑥)

vs. visibility
𝒱 (𝑇 ) = 𝒱0𝑒−2𝜂𝜑 𝐼irr,𝜕,𝑇

Unmonitored fringe
formation vs. dissipation-
driven which-path
dephasing

Bridge dist𝐺(𝑖, 𝑗) = 1 in
im(QΠΠΠ𝑆 ) vs. Ω𝛼𝛽 ≫ 1

Bell state |Φ+⟩ and Tsirelson
ceiling |𝑆CHSH| ≤ 2√2

Two-quadrature bridge
projected onto ℓ2 dipole
vectors with ̇𝜌𝛽 = 0

table 4.1: Correspondence between native Conservation-Congruent Encoding
(CCE) operators and the canonical formalism of open-system quantum
measurement and entanglement.
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4.2.2 Quantum Non-Demolition and Measurement Backaction

Why did the Kulkarni–Nomizu 4-bracket (2.320) enforce 𝕄∇𝐻 = 0 (2.323)
identically for every Hamiltonian in Section 2.5.2, whereas the GKSL meas-
urement cometric ℳ𝜌 (4.37) need not conserve ⟨𝐻̂ ⟩ on 𝑆? Because (2.320)
acts on the closed joint state 𝜌tot of the combined system-plus-apparatus
graph 𝑉 = 𝑆 ⊔ ̄𝑆. On 𝑉 , the total Hamiltonian 𝐻̂tot ∶= 𝐻̂ ⊗ ̂𝐼 ̄𝑆 + 𝐻̂ext
sums the subsystem energy ⟨𝐻̂ ⟩ and the external probe and port-coupling
energy𝐻ext(𝜌tot) ∶= Tr(𝐻̂ext𝜌tot) acrossK(ext)

𝜕 ⊕K ̄𝑆 , so contracting the joint
Kulkarni–Nomizu 4-bracket with 𝐻tot enforces (𝐻tot, ⋅) = 0 (2.324) identic-
ally:

𝐻tot(𝜌tot) = ⟨𝐻̂ ⟩ + 𝐻ext(𝜌tot), (4.40)

(d𝐻tot

d𝑡 )
diss

= (d⟨𝐻̂ ⟩
d𝑡 )

diss
+ (d𝐻ext

d𝑡 )
diss

= 0. (4.41)

Tracing out ̄𝑆 via (4.31) projects the joint flow onto 𝑆 alone and drops the ex-
ternal apparatus energy 𝐻ext across K

(ext)
𝜕 , just as projecting 𝑍 = (𝑥, 𝑝, 𝑆)T

onto (𝑥, 𝑝) in Example 2.9 (2.334) dropped 𝜃𝑆 to expose mechanical damp-
ing. Auditing the reduced energy rate across the 𝐴̂-generated port comet-
ric (4.37) therefore determines when ⟨𝐻̂ ⟩ is conserved autonomously on
𝑆 without external work transfer across 𝜕𝑆, establishing the exact equival-
ence between reduced First-Law Casimir degeneracy and Quantum Non-
Demolition (QND) measurement [23].

theorem 4.6 (Energy Conservation and Quantum Non-Demolition Meas-
urement). Letℳ𝜌 be the metriplectic measurement metric bracket (4.37)with
active dephasing rate Γ𝜑 > 0 generated by a Hermitian pointer observable
𝐴̂ = 𝐴̂† and Hermitian Hamiltonian 𝐻̂ = 𝐻̂†. The dissipative energy exchange
rate along emergent clock time 𝑡 evaluates to:

(d⟨𝐻̂ ⟩
d𝑡 )

diss
= −Γ𝜑

2 Tr([𝐴̂, [𝐴̂, 𝐻̂ ]]𝜌) . (4.42)

TheHamiltonian generator 𝐻̂ is an exact Casimir invariant of themeasurement
metric bracket, (𝐻 , ⋅)ℳ = 0, conserving tracked energy identically across all
density operators 𝜌, if and only if [𝐴̂, [𝐴̂, 𝐻̂ ]] = 0, which for Hermitian 𝐴̂ and
𝐻̂ holds if and only if 𝐴̂ satisfies the Quantum Non-Demolition commutation
criterion:

[𝐴̂, 𝐻̂ ] = 0. (4.43)

proof. For the linear Hamiltonian functional 𝐻(𝜌) = Tr(𝐻̂𝜌) and linear
entropy 𝑆lin(𝜌) (4.36), contracting the metric bracket (4.37) with the vari-
ational gradient −𝜌 yields:

(d⟨𝐻̂ ⟩
d𝑡 )

diss
= ⟨𝐻̂ ,ℳ𝜌(−𝜌)⟩HS

= −Γ𝜑
2 Tr(𝐻̂ [𝐴̂, [𝐴̂, 𝜌]]) . (4.44)
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Applying the cyclic invariance of the trace gives the commutator andHilbert–
Schmidt norm identities:

Tr(𝐻̂ [𝐴̂, [𝐴̂, 𝜌]]) = Tr([[𝐻̂ , 𝐴̂], 𝐴̂]𝜌) = Tr([𝐴̂, [𝐴̂, 𝐻̂ ]]𝜌) , (4.45)

Tr(𝐻̂ [𝐴̂, [𝐴̂, 𝐻̂ ]]) = Tr([𝐴̂, 𝐻̂ ]†[𝐴̂, 𝐻̂ ]) = ‖[𝐴̂, 𝐻̂ ]‖2HS ≥ 0, (4.46)

where (4.45) establishes (4.42), and (4.46) uses [𝐻̂ , 𝐴̂] = [𝐴̂, 𝐻̂ ]† for Her-
mitian 𝐴̂ and 𝐻̂ . Because Γ𝜑 > 0 and [𝐴̂, [𝐴̂, 𝐻̂ ]] is Hermitian and trace-
less, Tr([𝐴̂, [𝐴̂, 𝐻̂ ]]𝜌) = 0 holds across all density operators 𝜌 if and only if
[𝐴̂, [𝐴̂, 𝐻̂ ]] = 0, which by (4.46) holds if and only if [𝐴̂, 𝐻̂ ] = 0.

When [𝐴̂, 𝐻̂ ] ≠ 0, Casimir degeneracy is broken on the reduced sector 𝑆
and the observing subsystem exchanges non-zero measurement backaction
power (in watts when 𝑡 is metered in seconds via (2.255)) with the external
probe across K(ext)

𝜕 , balancing (4.41) identically:

(d𝐻ext

d𝑡 )
diss

= −(d⟨𝐻̂ ⟩
d𝑡 )

diss
= Γ𝜑

2 Tr([𝐴̂, [𝐴̂, 𝐻̂ ]]𝜌) . (4.47)

Global Kulkarni–Nomizu energy conservation (𝐻tot, ⋅) = 0 thus holds uni-
versally on 𝑉 = 𝑆 ⊔ ̄𝑆, while QND commutation [𝐴̂, 𝐻̂ ] = 0 characterises pre-
cisely those boundary measurements whose dissipative dephasing transfers
zero work across 𝜕𝑆. Similarly, two non-commuting observables [𝐴̂, 𝐵̂] ≠ 0
correspond to incompatible coarse-graining refinements that cannot be sim-
ultaneously stabilised without mutual metric disturbance (Section 4.3.3).

As illustrated in Figure 4.2, conservative internal transport drives unitary
precession around constant-energy orbits while boundary Schur damping
contracts off-diagonal coherences onto im(PΠΠΠ𝑆 ), conserving tracked energy
exclusively along QND observables.

4.2.3 Relational Interferometry and Delayed Choice

Why does a single quantum excitation produce interference fringeswhen un-
monitored yet register localised detectionswhen observed? Prior to coupling
across K(ext)

𝜕 , a propagating excitation carries neither an internal memory
coreKΩ nor preserved structure 𝐼rev,Ω, and is metered against the observer’s
emergent clock 𝑡 (2.250). Along a transit path 𝛾 of proper cadence 𝜔𝛾 and
proper duration 𝜏 [𝛾 ], action 𝑆[𝛾 ] accumulates phase calibrated by ℏ, so a
path difference Δ𝐿(𝑥) ∶= 𝐿𝐵(𝑥) − 𝐿𝐴(𝑥) between slits 𝐴 and 𝐵 to screen
block 𝑆𝑥 induces the relative clock phase shift:

𝑆[𝛾 ]
ℏ = −𝜔𝛾 𝜏 [𝛾 ] = −Δ𝜑clock[𝛾 ], (4.48)

Δ𝜑clock(𝑥) =
𝑝
ℏΔ𝐿(𝑥) =

2𝜋Δ𝐿(𝑥)
𝜆dB

, (4.49)

𝜆dB ∶= 2𝜋ℏ
𝑝 , (4.50)
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Iso-Energy Plane ⟨Ĥ⟩ = const
([Â, Ĥ] = 0)

Pointer Axis Â= σ̂z

Pπ1 (|0⟩⟨0|)

Pπ2 (|1⟩⟨1|)

x

ρ(t0)

ρ ∥

Poisson Precession Jρ

Metric Dephasing Mρ

f igure 4.2: Metriplectic geometry of quantum measurement and the Quantum
Non-Demolition (QND) Casimir condition on the two-block Bloch
sphere (P𝜋𝜋𝜋1 ≡ |0⟩⟨0|, P𝜋𝜋𝜋2 ≡ |1⟩⟨1|). Along emergent relational clock
time 𝑡 , flow from an initial state 𝜌(𝑡0) splits into conservative Pois-
son precession 𝒥𝜌(𝛿𝐻/𝛿𝜌) = −(𝑖/ℏ)[𝐻̂ , 𝜌] (teal, along constant-
energy orbits) and dissipative metric dephasing ℳ𝜌(𝛿𝑆lin/𝛿𝜌) =
−(Γ𝜑/2)[𝐴̂, [𝐴̂, 𝜌]] (crimson, contracting off-diagonal coherences radi-
ally onto the decohered block state 𝜌∥ ∈ im(PΠΠΠ𝑆 ) along 𝐴̂ = 𝜎̂𝑧). Under
the QND condition [𝐴̂, 𝐻̂ ] = 0, the metric bracket satisfies (𝐻 , ⋅)ℳ = 0,
confining dephasing strictly to the iso-energy plane ⟨𝐻̂ ⟩ = const at
zero backaction power.

where 𝑝 denotes canonical momentum and 𝜆dB the de Broglie wavelength.
Whether this relative phase shift produces interference fringes across the
screen blocks is governed by Theorem 2.2 in Section 2.3.2.

In an unmonitored interferometer with K(det)
𝜕 = 0, no detector couples at the

slits, so Γ𝜑 = 0 and ̇𝐼irr,𝜕 = 0. Because 𝑆 implements the coarsened assign-
mentΠΠΠ(2) = ΠΠΠ(1)P (2.151) merging both pathways into the same screen block
𝑆𝑥 , the cut-internalisation operator𝒯P (2.160) folds the inter-pathway phase
relation directly into the screen conduit capacity:

𝐾 (ext)
𝜕 (𝑥) ∝ |𝑒𝑖𝜑𝐴(𝑥) + 𝑒𝑖𝜑𝐵(𝑥)|2 = 2(1 + cosΔ𝜑clock(𝑥)). (4.51)

At anti-phase positions where Δ𝜑clock(𝑥dark) = 𝜋 , destructive cancellation
drives 𝐾 (ext)

𝜕 (𝑥dark) = 0, which by the CCE flux-support rule (2.310) enforces
vanishing boundary flux into 𝑆𝑥dark . A particle does not ‘decide’ to avoid a
dark fringe. Instead, internalising both pathways into 𝑆𝑥 closes the boundary
conduit into 𝑆𝑥dark .

In a monitored interferometer with K(det)
𝜕 ≠ 0, coupling an upstream which-

path detector refines the partition to ΠΠΠ(1), allocating at least two disjoint
detector blocks 𝑆𝛼𝐴 ∩ 𝑆𝛼𝐵 = ∅ (Section 2.3.1) of preserved capacity Δ𝐼rev,Ω (in
nats) within KΩ and correlating the slit pathways with detector states |𝐷𝐴⟩
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and |𝐷𝐵⟩ of pre-measurement overlap𝒱0 ∶= |⟨𝐷𝐵 |𝐷𝐴⟩| ∈ [0, 1] during initial
reversible coupling:

Δ𝐼rev,Ω ≥ ln 2, (4.52)

(𝑐𝐴|𝐴⟩ + 𝑐𝐵 |𝐵⟩)|𝐷0⟩ ⟶ 𝑐𝐴|𝐴⟩|𝐷𝐴⟩ + 𝑐𝐵 |𝐵⟩|𝐷𝐵⟩. (4.53)

Tracing out 𝐷 without conditioning already weights unconditioned screen
fringes by𝒱0 in accordance with Englert–Greenberger–Yasin wave–particle
duality [50]. Yet so long as the correlation (4.53) remains isolated inside the
tracked subspace with ̇𝐼irr,𝜕 = 0, unitary recombination via P (projecting 𝐷
onto symmetric quantum-eraser states |𝐷±⟩) can still re-internalise the inter-
block cut through 𝒯P and recover unit conditioned fringe visibility across
{𝑆𝑥 } even when 𝒱0 = 0. Stabilising |𝐷𝐴⟩ and |𝐷𝐵⟩ into persistent CCE blocks
(Ξ ≫ 1, (2.127)), however, expels unresolved two-branch fluctuations across
𝜕𝑆 at boundary power 𝑃diss,𝜕(𝑡) (3.15), incurring cumulative boundary dis-
sipation 𝐼irr,𝜕,𝑇 (in nats) by Theorem 4.3 (4.19) and driving dephasing under
linear port-coupling proportionality:

Γ𝜑(𝑡) = 𝜂𝜑 ̇𝐼irr,𝜕(𝑡) = 𝜂𝜑
𝑃diss,𝜕(𝑡)

𝜃 , (4.54)

𝐼irr,𝜕,𝑇 = ∫
𝑇

0
̇𝐼irr,𝜕(𝑡) d𝑡 ≥ ln 2, (4.55)

where 𝜂𝜑 ∈ (0, 1] is the detector’s dimensionless linear boundary-coupling
efficiency and 𝐼irr,𝜕,𝑇 (3.14) is clock-invariant across the emergent horizon
𝑡 ∈ [0, 𝑇 ].
On the rank-1 inter-level difference subspace im(ΔP1→2) (2.165) (Example 2.5),
the binary which-path observable with eigenvalues 𝑎𝐴 = +1 and 𝑎𝐵 = −1
is the signed dipole operator, and integrating (4.39) across [0, 𝑇 ] damps the
inter-slit coherence modulus exponentially with 𝐼irr,𝜕,𝑇 :

𝐴̂ = |𝐴⟩⟨𝐴| − |𝐵⟩⟨𝐵|, (4.56)

|𝜌𝐴𝐵(𝑇 )| = |𝜌𝐴𝐵(0)| exp[−2𝜂𝜑𝐼irr,𝜕,𝑇 ] . (4.57)

Normalising the resulting screen conduit flux (4.51) for symmetric slit cycle
amplitudes 𝜓𝐴(𝑥) and 𝜓𝐵(𝑥) recovers the standard interferometric Born de-
tection profile 𝑃CCE(𝑥) across {𝑆𝑥 }with fringe visibility𝒱 (𝑇 ) (setting𝒱0 = 1
for pure boundary dephasing without an ancillary latch, or for conditioned
quantum-eraser readout):

𝑃CCE(𝑥) = 1
2 |𝜓𝐴(𝑥)|

2 + 1
2 |𝜓𝐵(𝑥)|

2 + 𝒱 (𝑇 )Re[𝜓𝐴(𝑥)𝜓 ∗𝐵 (𝑥)] , (4.58)

𝒱 (𝑇 ) ∶= 𝒱0 exp[−2𝜂𝜑𝐼irr,𝜕,𝑇 ] ∈ [0, 𝒱0]. (4.59)

example 4.1 (Interferometer Visibility Decay from Detector Boundary Dis-
sipation). Consider a symmetrically illuminated double-slit interferometer
with equal screen amplitudemoduli |𝜓𝐴(𝑥)| = |𝜓𝐵(𝑥)| = 𝜓0 > 0, unit coupling
efficiency 𝜂𝜑 = 1, and continuous boundary dephasing directly across the
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slit channels (𝒱0 = 1, including conditioned quantum-eraser readout). Sub-
stituting these parameters into (4.58)–(4.59) simplifies the normalised screen
conduit profile to:

𝑃CCE(𝑥) = 𝜓 20 [1 + 𝒱 (𝑇 ) cosΔ𝜑clock(𝑥)]. (4.60)

Let 𝑃bright and 𝑃dark denote 𝑃CCE(𝑥) at constructive (Δ𝜑clock = 0) and de-
structive (Δ𝜑clock = 𝜋 ) fringe positions. Evaluating visibility and conduit
weights from (4.60) across the unmonitored regime (𝐼irr,𝜕,𝑇 = 0), the two-
branch dissipation floor (𝐼irr,𝜕,𝑇 = ln 2), and a large-multiplicity detector
latch (𝐼irr,𝜕,𝑇 = 104) gives:

(𝒱 , 𝑃bright, 𝑃dark)|𝐼irr,𝜕,𝑇=0 = (1, 2𝜓 20 , 0), (4.61)

(𝒱 , 𝑃bright, 𝑃dark)|𝐼irr,𝜕,𝑇=ln 2 = (0.25, 1.25 𝜓 20 , 0.75 𝜓 20 ), (4.62)

(𝒱 , 𝑃bright, 𝑃dark)|𝐼irr,𝜕,𝑇=104 ≈ (0, 𝜓 20 , 𝜓 20 ). (4.63)

Expelling ln 2 nats of boundary dissipation at the two-branch threshold sup-
presses fringe visibility by 75%, while high-multiplicity latch stabilisation
extinguishes interference completely into an incoherent sum. ♢

Equations (4.56)–(4.59) resolve two classic interferometric puzzles directly
from boundary dissipation. First, fringe suppression persists even under a
non-selective measurement that ignores or sums over the upstream blocks
{𝛼𝐴, 𝛼𝐵}. Once open-boundary stabilisation occurs (𝐼irr,𝜕,𝑇 > 0), phase coher-
ence across im(ΔP1→2) has already been irreversibly exported across 𝜕𝑆 into
̄𝑆, so coarse-graining over decohered diagonal weights in im(PΠΠΠ(1)

𝑆
) cannot

retrieve lost phase correlations or reopen the coherent conduit (4.51).

Second, the same coarsening algebra resolvesWheeler’s Delayed-Choice Para-
dox [169], in which the observer selects between an unmonitored screen
(ΠΠΠ(2)) and a path-resolving detector (ΠΠΠ(1)) only after the excitation has entered
the interferometer. Standard accounts find this paradoxical only because
they assume an observer-independent classical trajectory inside the unmon-
itored region ̄𝑆, asking how a downstream choice can retroactively decide
whether the excitation ‘travelled through one slit or both.’ Prior to boundary
coupling across K(ext)

𝜕 , however, no block of KΩ is coupled and no coarse-
grained record exists. Asserting that the excitation occupied slit𝐴 or slit 𝐵 at
earlier slices is an instance of retrodictive divergence (Section 4.1.2 and Sec-
tion 6.3.1), projecting the post-registration refinement ΠΠΠ(1) backward onto
an unpartitioned substrate history. The delayed reconfiguration alters noth-
ing at earlier slices, and merely selects whether 𝑆 implementsΠΠΠ(2) via 𝒯P or
refines to ΠΠΠ(1) when boundary registration occurs.

4.3 quantum entanglement

Whereas Section 4.2 examined how a single boundary port resolves phase
coherence along a local transit channel, quantum entanglement tests the
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spatial locality of the coarse-grained substrate itself. When an embedded ob-
serving subsystem 𝑆 monitors two coarse-grained detector blocks 𝑆𝛼 and 𝑆𝛽
that share a common source preparation, joint measurement records exhibit
correlations that violate classical Bell inequalities without permitting remote
block-weight signalling. This section resolves that apparent non-locality nat-
ively within Conservation-Congruent Encoding by contrasting direct graph
adjacency in the unresolved complement im(QΠΠΠ𝑆 ) with the coarse-grained
resistance metric Ω𝛼𝛽 on im(PΠΠΠ𝑆 ), and showing how each step maps onto
the standard Bell, no-signalling, and Tsirelson relations.

4.3.1 Two-Cycle Phase Bridges and the EPR Dilemma

Consider the single embedded observing subsystem 𝑆 of Section 4.1 mon-
itoring two coarse-grained detector blocks 𝑆𝛼 , 𝑆𝛽 (𝛼, 𝛽 ∈ {1, … ,𝑀}) on its
internal capacity matrix K𝑆 (4.2). On the coordinate-free relational graph
𝐺 = (𝑉 , 𝐸), suppose two conservative cycle modes 𝑖 ∈ 𝑆𝛼 and 𝑗 ∈ 𝑆𝛽 prepared
at a common interaction vertex share a direct graph bridge {𝑖, 𝑗} ∈ 𝐸 inside
the unresolved residual subspace im(QΠΠΠ𝑆 ), locking both canonical quadrat-
ures (𝑞, 𝑝) across the pair (Section 4.2.1) while leaving each block’s normal-
ised quadratic weight unpolarised at 𝜌𝛼 = 1/2 and 𝜌𝛽 = 1/2 on im(PΠΠΠ𝑆 ).
In the canonical two-qubit Hilbert-space representation across binary sub-
blocks {|0⟩, |1⟩} at each detector port (Table 4.1), this locked two-cycle bridge
corresponds to the maximally entangled Bell state |Φ+⟩ and joint density
operator 𝜌𝐴𝐵:

|Φ+⟩ = |00⟩ + |11⟩
√2

, (4.64)

𝜌𝐴𝐵 = |Φ+⟩⟨Φ+|. (4.65)

Although 𝜌𝐴𝐵 is globally pure, tracing out either detector register leaves
each reduced port state 𝜌𝐴 and 𝜌𝐵 maximally mixed, yielding von Neumann
entropies and quantum mutual information (in nats):

𝑆vN(𝜌𝐴𝐵) = 0, (4.66)

𝑆vN(𝜌𝐴) = 𝑆vN(𝜌𝐵) = ln 2, (4.67)

𝑆vN(𝜌𝐴) + 𝑆vN(𝜌𝐵) − 𝑆vN(𝜌𝐴𝐵) = 2 ln 2. (4.68)

Whereas a classically correlated binary register pair cannot exceed ln 2 nats
of mutual specification, the two-cycle bridge carries 2 ln 2 nats because each
conservative cycle spans a two-quadrature symplectic phase plane (𝑞, 𝑝) (Sec-
tion 4.1.1 and Section 4.2.1), locking both discrete amplitude parity and con-
jugate relative phase across the pair while leaving each single-port block
weight unpolarised.

Einstein, Podolsky, and Rosen (EPR) argued that if resolving an outcome at
detector 𝛼 predicts the outcome at distant detector 𝛽 without disturbance,
quantum mechanics must be incomplete or non-local [48]. Bell’s theorem
and the CHSH inequality of Clauser, Horne, Shimony, and Holt then showed
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that no local hidden-variable model can reproduce the trigonometric coin-
cidence law or reach the 2√2 Tsirelson bound [13, 32, 33].Within CCE, this di-
lemma is a projection artefact of the Platonic Observer Fallacy (Section 1.5 and
Section 4.1.1), arising frommistaking the coarse-grained resistance geometry
on im(PΠΠΠ𝑆 ) for the full adjacency structure of 𝐺. Resolving the paradox from
the operators of Chapter 2 comes down to two physical questions. First, why
does a unit-distance graph bridge in im(QΠΠΠ𝑆 ) coexist with large resistance
separationΩ𝛼𝛽 ≫ 1 on im(PΠΠΠ𝑆 )while keeping remote block weights strictly
invariant? Second, how do inter-scale dipole projections ΔP1→2 at port ori-
entations (𝜑𝛼 , 𝜑𝛽) produce Malus’s coincidence law and the 2√2 Tsirelson
bound rather than the classical ceiling of 2?

4.3.2 Direct Graph Adjacency, Conductance Dilution, and No-Signalling

By Theorem 4.1, the embedded subsystem 𝑆 cannot resolve 𝐺 directly, and
instead partitions the substrate through the orthogonal projector split (4.1)
and contracted capacity matrix K𝑆 (Section 2.2.1 and Section 2.2.2). On the
coordinate-free relational graph 𝐺 = (𝑉 , 𝐸), there is no background spatial
container, so the two cycle modes 𝑖 ∈ 𝑆𝛼 and 𝑗 ∈ 𝑆𝛽 share a direct bridge
{𝑖, 𝑗} ∈ 𝐸 at unit graph distance and order-unity bridge capacity 𝐾bridge (in
links) inside im(QΠΠΠ𝑆 ). Under the coarse-graining projection im(PΠΠΠ𝑆 ), how-
ever, effective separation between detector blocks 𝑆𝛼 and 𝑆𝛽 is governed by
the Klein–Randić resistance metric Ω𝛼𝛽 across the capacity Laplacian LK
(Section 2.5.1, (2.239)) [85]:

Ω𝛼𝛽 = (e𝛼 − e𝛽)TL†K(e𝛼 − e𝛽) ≫ 1, (4.69)

dist𝐺(𝑖, 𝑗) = 1, (4.70)

𝐾bridge = 𝒪(1). (4.71)

Sustaining the 2 ln 2 nats of two-quadrature correlation (4.68) across an order-
unity link bridge (𝐾bridge = 𝒪(1)) up to detection requires pre-detection
bridge isolation. Prior to coupling into the detector latches, the transit modes
𝑖 and 𝑗 must remain shielded from external environmental cuts ( ̇𝐼irr,𝜕 = 0 and
Γ𝜑 = 0, as in vacuum photonic channels or cryogenic traps), because any
premature boundary dissipation along an 𝒪(1) link exports relative phase
across 𝜕𝑆 via (4.57) and degrades the bridge towards a separable classical
pair. Once the isolated modes couple to the coarse-grained detector blocks
𝑆𝛼 and 𝑆𝛽 , each bundling an Avogadro-scale internal capacity 𝐾𝛼𝛼 ≫ 1,
the single direct bridge is diluted on K𝑆 by the block degree volume 𝑑𝛼 ≈
𝐾𝛼𝛼 (Section 2.3.1, (2.133) and (2.138)). Consequently, on the capacity graph
𝐺K, detector blocks 𝑆𝛼 and 𝑆𝛽 communicate across coarse-grained registers
only through a multi-hop chain of intermediate blocks, yielding Ω𝛼𝛽 ≫ 1.
Apparent ‘spooky action at a distance’ arises when the observer mistakes
a boundary-isolated unit-distance bridge in im(QΠΠΠ𝑆 ) for an instantaneous
jump across the large resistance separation Ω𝛼𝛽 ≫ 1 of im(PΠΠΠ𝑆 ).
Can a local phase rotation or sub-block refinement at 𝑆𝛼 alter the remote
block weight at 𝑆𝛽 through the direct bridge? By the single-step transition di-
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lution bound of Section 2.3.1 (2.138), the per-trial transition probability across
the bridge is suppressed by the block degree volume 𝑑𝛼 :

𝑇𝛼→𝛽 = 𝐾bridge

𝑑𝛼
≈ 𝐾bridge

𝐾𝛼𝛼
∼ 10−23 ⟶ 0. (4.72)

Whereas conductance dilution (4.72) governs the large coarse-grained res-
istance separation Ω𝛼𝛽 ≫ 1 between coarse-grained detector latches, exact
marginal no-signalling holds algebraically at any finite local Hilbert dimen-
sions 𝑑𝐴, 𝑑𝐵 ≥ 2. Within the commuting projector tower of Section 2.3.2
(2.164), resolving a binary outcome 𝑎 ∈ {+1, −1} inside detector block 𝑆𝛼 re-
fines the level-2 block 𝑆𝛼 into two disjoint level-1 sub-blocks 𝑆𝛼,+ and 𝑆𝛼,−
along ΔP1→2 (2.165), while on the bipartite register state 𝜌𝐴𝐵 any local Kraus
channel ℰ𝐴 with operators {𝑀̂𝑘} on 𝑆𝛼 satisfies trace-preserving complete-
ness:

ℰ𝐴(𝜌𝐴𝐵) ∶= ∑
𝑘
(𝑀̂𝑘 ⊗ ̂𝐼𝐵) 𝜌𝐴𝐵 (𝑀̂†

𝑘 ⊗ ̂𝐼𝐵), (4.73)

∑
𝑘
𝑀̂†

𝑘 𝑀̂𝑘 = ̂𝐼𝐴. (4.74)

lemma 4.7 (Remote Block-Weight Invariance and No-Signalling). Let PΠΠΠ(2)
𝑆

andPΠΠΠ(1)
𝑆
form a commuting projector tower (2.164) on 𝑆 with orthogonal dipole

difference projector ΔP1→2 (2.165), and let ℰ𝐴 be any local trace-preserving
Kraus channel (4.73)–(4.74) at finite local Hilbert dimensions 𝑑𝐴, 𝑑𝐵 ≥ 2. For
any local zero-sum dipole refinement 𝑆𝛼 = 𝑆𝛼,+ ⊔ 𝑆𝛼,− or local measurement
channelℰ𝐴 at detector block 𝑆𝛼 , the remote reduced stateTr𝐴(ℰ𝐴(𝜌𝐴𝐵)) equals
Tr𝐴(𝜌𝐴𝐵) and the normalised ℓ2 block weights satisfy:

PΠΠΠ(2)
𝑆
ΔP1→2 = 0, (4.75)

𝜌𝛼,+ + 𝜌𝛼,− = 𝜌𝛼 , (4.76)

̇𝜌𝛽 = 0. (4.77)

Under the Born block-weight correspondence of Table 4.1, (4.77) recovers exact
quantum marginal no-signalling at every finite register scale without relying
on the asymptotic dilution limit (4.72).

proof. By the idempotence and hierarchical nesting identity of (2.164), left-
multiplying the difference projector ΔP1→2 by the level-2 projector PΠΠΠ(2)

𝑆
gives:

PΠΠΠ(2)
𝑆
ΔP1→2 = PΠΠΠ(2)

𝑆
(PΠΠΠ(1)

𝑆
− PΠΠΠ(2)

𝑆
)

= PΠΠΠ(2)
𝑆

− PΠΠΠ(2)
𝑆

= 0, (4.78)

which conserves the total block weight 𝜌𝛼 = 𝜌𝛼,+ + 𝜌𝛼,−. Applying partial-
trace cyclicity on 𝑆𝛼 to (4.73) and substituting Kraus completeness (4.74)
gives:

Tr𝐴(ℰ𝐴(𝜌𝐴𝐵)) = Tr𝐴[(∑
𝑘
𝑀̂†

𝑘 𝑀̂𝑘 ⊗ ̂𝐼𝐵) 𝜌𝐴𝐵]

= Tr𝐴(𝜌𝐴𝐵),
(4.79)
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(a) Direct Graph Adjacency vs. Resistance Distance

Coarse-Grained Subspace im(PΠS) on GK

Detector Block Sα

Kαα ≫ 1

Detector Block Sβ

Kββ ≫ 1

Resistance Distance: Ωαβ ≫ 1

i ∈ Sα j ∈ Sβ

Direct Phase Bridge in im(QΠS): distG (i, j) = 1

(b) Dipole Projection & Multi-Slice Routing

Slices τ (ϕtime)

Spectral Separation (Ωαβ ≫ 1)

Phase Bridge (|Φ + ⟩)

Route 
(a,
φ α)

 via K
(in

t)

∂

Route (b,φ
β ) via K (int)∂

ΔI (compare)
irr, ∂ ≥ ln 2

Shared Block in KΩ: Δτcompare > 0

Block Sα: u(φα)

ΔI (α)
irr, ∂ ≥ ln 2

Block Sβ: v(φβ)

Block Weight ρ̇β = 0

f igure 4.3: Quantum entanglement as a coarse-graining projection illusion for
a single embedded observing subsystem 𝑆. (a) Structural mismatch
between direct graph adjacency and the coarse-grained resistance
metric: cycle modes 𝑖 ∈ 𝑆𝛼 and 𝑗 ∈ 𝑆𝛽 share a direct unit-distance
phase bridge dist𝐺(𝑖, 𝑗) = 1 in the unresolved complement im(QΠΠΠ𝑆 ),
whereas coarse-graining onto im(PΠΠΠ𝑆 ) dilutes the single bridge by the
internal block degree volume, separating detector blocks 𝑆𝛼 and 𝑆𝛽
across 𝐺K by a large resistance distance Ω𝛼𝛽 ≫ 1. (b) Inter-scale di-
pole projection andmulti-slice routing along𝜙𝜙𝜙time: local phase settings
(𝜑𝛼 , 𝜑𝛽) orient the unit dipole vectors u(𝜑𝛼 ) and v(𝜑𝛽) before metric
sub-block stabilisation while leaving the remote block weight strictly
invariant ( ̇𝜌𝛽 = 0). Verifying the trigonometric coincidence law and
Tsirelson bound requires routing both stabilised records across K(int)

𝜕
over Δ𝜏compare ≥ dist𝐺K

(𝛼, 𝛽) positive slices.

holding every remote block weight 𝜌𝛽 invariant ( ̇𝜌𝛽 = 0) identically.

Because 𝑆 can evaluate joint correlations only from stabilised block records
in im(PΠΠΠ𝑆 ), while each individual block weight remains unpolarised, veri-
fying the shared correlation (4.68) requires routing the stabilised sub-block
records from 𝑆𝛼 and 𝑆𝛽 across the internal transition conduits K(int)

𝜕 along
ordered spectral slices {𝑆𝜏 } of 𝜙𝜙𝜙time into a shared comparison block in KΩ.
By the flux-support rule (2.310) across graph distance dist𝐺K(𝛼, 𝛽) > 0 on
𝐺K and Theorem 4.3 (4.19), coincidence comparison requires strictly posit-
ive slice transit Δ𝜏compare and irreversible boundary dissipation:

Δ𝜏compare ≥ dist𝐺K(𝛼, 𝛽) > 0, (4.80)

Δ𝐼 (compare)
irr,𝜕 ≥ ln 2. (4.81)

Likewise, in entanglement swapping across two independent bridges (𝑆𝛼 , 𝑆𝛾 ,1)
and (𝑆𝛾 ,2, 𝑆𝛽), a joint Bell-basis projection inside an intermediate relay block
𝑆𝛾 = 𝑆𝛾 ,1 ⊔ 𝑆𝛾 ,2 leaves the unconditional marginals at 𝑆𝛼 and 𝑆𝛽 invari-
ant by (4.79), conditioning remote (𝑆𝛼 , 𝑆𝛽) sub-ensembles only after clas-
sical relay records traverse 𝐺K within the bound (4.80). When Chapter 6
(Section 6.2) projects K onto its emergent Lorentzian metric, the multi-slice
graph-routing bound (4.80) maps directly onto the causal light-cone ceiling.

As illustrated in Figure 4.3, distinguishing the coarse-grained resistance met-
ric Ω𝛼𝛽 on im(PΠΠΠ𝑆 ) from direct graph adjacency in im(QΠΠΠ𝑆 ) dissolves appar-
ent non-locality into local conservation bookkeeping.
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4.3.3 Dipole Projections and the Tsirelson Bound

How does the observer resolve a binary outcome ±1 at each detector block
and recover the continuous trigonometric coincidence law? By Theorem 4.6,
a coarse-grained detector block 𝑆𝛼 can stabilise only one commutative binary
refinement 𝑆𝛼 = 𝑆𝛼,+ ⊔ 𝑆𝛼,− at a time, while non-commuting phase settings
𝜑𝛼 ≠ 𝜑′𝛼 correspond to incompatible level-1 refinements of the canonical
cycle (𝑞𝛼 , 𝑝𝛼 ). Measuring 𝑆𝛼 at orientation 𝜑𝛼 couples both metriplectic sec-
tors of Section 4.1.1, first applying a reversible symplectic rotation R(𝜑𝛼 ) ∈
SO(2) (or SU(2) when the cyclic synchronisation index 𝑟sync ∈ {1, 2} equals
2, as derived in Chapter 5, Section 5.1.1) within KΩ at zero boundary dissipa-
tion ( ̇𝐼irr,𝜕 = 0, (4.7)), and second activating metric damping across K(ext)

𝜕 to
stabilise 𝑎 ∈ {+1, −1} into sub-block 𝑆𝛼,+ or 𝑆𝛼,− (4.19).

By the commuting projector tower of Section 2.3.2 (2.164) and Example 2.5
(2.183), while the level-2 projector PΠΠΠ(2)

𝑆
conserves the total block weight 𝜌𝛼 ,

the rank-1 difference projector ΔP1→2 (2.165) isolates the unit signed dipole
vectors u(𝜑𝛼 ) and v(𝜑𝛽) oriented by 𝜑𝛼 and 𝜑𝛽 . Evaluating the binary sub-
block stabilisation dissipation (4.19), the Euclidean ℓ2 dipole inner product
𝐸(𝜑𝛼 , 𝜑𝛽) across the locked two-cycle bridge (Section 2.4.1), and the resulting
normalised aligned-channel overlap 𝑃(𝑏 = 𝑎 ∣ 𝑎, 𝜑𝛼 , 𝜑𝛽) recovers Malus’s
coincidence law:

Δ𝐼 (𝛼)irr,𝜕 ≥ ln 2, (4.82)

𝐸(𝜑𝛼 , 𝜑𝛽) = ⟨u(𝜑𝛼 ), v(𝜑𝛽)⟩ = cos(
2(𝜑𝛼 − 𝜑𝛽)

𝑟sync
) , (4.83)

𝑃(𝑏 = 𝑎 ∣ 𝑎, 𝜑𝛼 , 𝜑𝛽) =
1 + 𝐸(𝜑𝛼 , 𝜑𝛽)

2 = cos2(
𝜑𝛼 − 𝜑𝛽
𝑟sync

) , (4.84)

where 𝑟sync = 1 for bosonic optical polarisation cycles and 𝑟sync = 2 for
fermionic spin-12 cycles, and each local binary stabilisation requires physical
work 𝑊diss ≥ 𝜃 ln 2 (4.10).

theorem 4.8 (Quadratic Capacity Geometry and the Tsirelson Bound). Let
binary measurement settings 𝑥 ∈ {0, 1} at detector block 𝑆𝛼 and 𝑦 ∈ {0, 1} at de-
tector block 𝑆𝛽 project a shared two-cycle bridge onto unit dipole vectors u0,u1
and v0, v1 in the dipole subspace im(ΔP1→2) equipped with the Euclidean ℓ2
inner product ⟨⋅, ⋅⟩:

‖u𝑥 ‖2 = ‖v𝑦 ‖2 = 1, (4.85)

𝐸𝑥𝑦 ∶= ⟨u𝑥 , v𝑦 ⟩, (4.86)

𝑆CHSH ∶= 𝐸00 + 𝐸01 + 𝐸10 − 𝐸11. (4.87)

Then the Clauser–Horne–Shimony–Holt (CHSH) correlation functional 𝑆CHSH
is strictly bounded by the equivalent quadratic and linear Tsirelson ceilings:

𝑆2CHSH ≤ 8, (4.88)

|𝑆CHSH| ≤ 2√2. (4.89)
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proof. By bilinearity of the inner product, factor the CHSH functional as:

𝑆CHSH = ⟨u0, v0 + v1⟩ + ⟨u1, v0 − v1⟩. (4.90)

Applying the Cauchy–Schwarz inequality to each inner product for unit vec-
tors u0 and u1 gives:

|𝑆CHSH| ≤ ‖v0 + v1‖2 + ‖v0 − v1‖2. (4.91)

Squaring both sides and applying the elementary inequality (𝑢+𝑤)2 ≤ 2(𝑢2+
𝑤2) together with the parallelogram identity on any inner-product space
yields:

𝑆2CHSH ≤ 2(‖v0 + v1‖22 + ‖v0 − v1‖22)
= 4(‖v0‖22 + ‖v1‖22) = 8,

(4.92)

for unit vectors v0 and v1, establishing (4.88)–(4.89). Equality holds when v0
and v1 are orthogonal and u0,u1 align with v0 ± v1.

example 4.2 (Evaluating the CHSH Functional at Optimal Coincidence
Angles). To see how the dipole inner product (4.83) saturates Theorem 4.8,
consider two spin-12 cycles (𝑟sync = 2) projected onto coplanar unit dipole
vectors u𝑥 and v𝑦 at four equally spaced port orientations:

(𝜑𝛼,0, 𝜑𝛼,1, 𝜑𝛽,0, 𝜑𝛽,1) = (0, 𝜋2 ,
𝜋
4 , −

𝜋
4 ) , (4.93)

(u0 u1) = (1 0
0 1) , (4.94)

(v0 v1) =
1
√2

(1 1
1 −1) . (4.95)

Evaluating the four pairwise dipole inner products from (4.83) gives:

𝐸00 = 𝐸01 = 𝐸10 = cos(𝜋4 ) = + 1
√2

, (4.96)

𝐸11 = cos(3𝜋4 ) = − 1
√2

. (4.97)

Substituting these correlators into the CHSH functional (4.87) and compar-
ing against any deterministic binary assignment 𝑎0, 𝑎1, 𝑏0, 𝑏1 ∈ {+1, −1} yields:

𝑆CHSH = 1
√2 +

1
√2 +

1
√2 − (− 1

√2)
= 2√2 ≈ 2.828,

(4.98)

𝑎0(𝑏0 + 𝑏1) + 𝑎1(𝑏0 − 𝑏1) = ±2. (4.99)

Because v0 and v1 are orthogonal and their sum and difference align collin-
early with u0 and u1, the Euclidean dipole projection saturates 𝑆2CHSH = 8,
whereas any deterministic binary assignment on a single joint sample space
is restricted to the classical cut polytope ceiling ±2 because one of (𝑏0 ± 𝑏1)
vanishes while the other equals ±2. ♢
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Lemma 4.7 and Theorem 4.8 pinpoint which hypothesis of Bell’s theorem
fails [13, 33]. Bell’s classical ceiling |𝑆CHSH| ≤ 2 rests on factorising joint out-
come probabilities across a setting-independent classical preparation vari-
able 𝜆 ∈ ΩLHV carried through background space:

𝑝(𝑎, 𝑏 ∣ 𝜑𝛼 , 𝜑𝛽) = ∫ΩLHV

𝑝LHV(𝜆) 𝑝(𝑎 ∣ 𝜑𝛼 , 𝜆) 𝑝(𝑏 ∣ 𝜑𝛽 , 𝜆) d𝜆. (4.100)

Within CCE, bothmeasurement independence (local port settings 𝜑𝛼 , 𝜑𝛽 chosen
independently of source preparation) and parameter independence (remote
block-weight invariance ̇𝜌𝛽 = 0 in (4.77)) hold strictly. What fails in (4.100)
is Bell factorisability, combining outcome independence across coarse-grained
spatial separation with counterfactual joint definiteness across incompatible
refinements. Bell’s factorisation assumes that large spatial separation (Ω𝛼𝛽 ≫
1 on im(PΠΠΠ𝑆 )) implies topological separation on the substrate, screening out-
come 𝑏 from outcome 𝑎 once 𝜆 is fixed, and simultaneously assigns four pre-
existing binary values 𝑎𝑥 , 𝑏𝑦 ∈ {+1, −1} across non-commuting orientations.
In CCE, Ω𝛼𝛽 ≫ 1 governs only im(PΠΠΠ𝑆 ) while the boundary-isolated unit-
distance bridge {𝑖, 𝑗} ∈ 𝐸 (4.70) persists undivided in im(QΠΠΠ𝑆 ) until readout,
breaking outcome independence via (4.84). Simultaneously, Theorems 4.1
and 4.6 forbid co-realising incompatible level-1 partitions 𝜑𝛼 ≠ 𝜑′𝛼 prior to
Kramers sub-block stabilisation. Whereas a classical local hidden-variable
model embeds binary outcomes on a single joint sample space (ΩLHV, 𝑝LHV)
and confines correlators to the classical cut polytope |𝑆CHSH| ≤ 2, a sym-
plectic two-cycle bridge (4.68) lacks a joint level-1 refinement and projects
onto Euclidean unit vectors in im(ΔP1→2) under the quadratic ℓ2 Frobenius
inner product of Section 2.4.1, where the parallelogram law enforces the
Tsirelson ceiling of 2√2 [32] while quadratic capacity conservation on 𝐺 ex-
cludes ℓ∞ Popescu–Rohrlich boxes reaching 4 [135].

Having grounded the Epistemic Lens in quantum measurement, the remain-
ing chapters of Part II extend the same coarse-graining algebra across fur-
ther levels of resolution. Chapter 5 addresses multi-scale physical model-
ling by coarse-graining from fundamental particle closures that seal unob-
servable interior degrees of freedom, through atomic shell structure and
the geometric origin of Pauli exclusion, to molecular bonding and macro-
molecular dynamics, where the Schur-complement boundary operator (2.34)
emerges identically as the effective precision operator of the exact Gaussian
bath integral over environmental fluctuations. Chapter 6 then turns the Epi-
stemic Lens outward to gravity and the cosmos, projecting the orthogonal
capacity matrix into emergent (3 + 1)-dimensional spacetime and Einstein-
ian curvature sourced by tracked and untracked stress–energy (Section 6.2),
and demonstrating that the Big Bang singularity and universal Heat Death
are mathematical artefacts of extrapolating continuum trajectories past the
backward and forward epistemic horizons 𝑡−Φ and 𝑡+Φ (Section 6.3).





5
F ROM F UNDAMEN TA L PART I C L E S TO MOL ECU L E S

Having established the observational bounds of quantum record formation
in Chapter 4, we now examine how an embedded observer operating under
a finite relational capacity ceiling 𝒬alloc ≤ 𝒬total (Chapter 2) models com-
posite physical matter across scales. Conventional computational physics
and chemistry begin by assuming a continuous spatial background and pro-
jecting many-body Hamiltonians onto dense spatial basis sets. That assump-
tion carries a steep algebraic cost: electronic-structure methods scale from
𝒪(𝑁 3)–𝒪(𝑁 4) in Hartree–Fock and Density Functional Theory (DFT) [86]
to 𝒪(𝑁 7) in Coupled Cluster (CCSD(T)) [138], classical Molecular Dynam-
ics (MD) is restricted to femtosecond integration steps by stiff covalent vibra-
tions, and hybrid quantum/classical (QM/MM) partitions [168] splice incom-
patible descriptions across empirical link boundaries. More fundamentally
within the progression of this monograph, continuous (3 + 1)-dimensional
spacetime has not yet been derived: Lorentzian kinematics and curved geo-
metry emerge only in Chapter 6 from the large-scale spectral limit of the
capacity matrixK. A non-circular account of particles, atoms, and molecules
must therefore be formulated directly on the discrete capacity graph 𝐺K.
Conservation-Congruent Encoding (CCE) provides this discrete multi-scale
description through a single algebraic recursion along the coarsening chain
of Section 2.3.2:

ΠΠΠ(1) P1→2−−−−→ ΠΠΠ(2) P2→3−−−−→ ΠΠΠ(3). (5.1)

At each scale transition P𝑘→𝑘+1, matrix congruence (2.155) and the diag-
onal coarse-graining commutator ⟦diag, 𝒞P⟧ = 𝒯P (2.168) (Lemma 2.3) seal
high-frequency internal closures into the coarse diagonal memory sector
KΩ while projecting unresolved internal detail into the orthogonal inter-
scale subspace (such as im(ΔP1→2) in (2.164)). Simultaneously, whenever a
resolved subsystem 𝑆 couples across its boundary cut K𝜕 to an untracked
electronic or thermal bath ̄𝑆, bath degrees of freedom are eliminated via the
Green’s inversion commutator across 𝒞𝑆 (2.171):

Leff ∶= L𝑆𝑆 −ΣΣΣenv, (5.2)

ΣΣΣenv ∶= −⟦(⋅)−1, 𝒞𝑆⟧(G𝜀) = L𝑆 ̄𝑆L−1̄𝑆 ̄𝑆 L ̄𝑆𝑆 . (5.3)

Whether eliminating fast shared electronic modes across a covalent bond
or marginalising thermal bath fluctuations around a conformational switch,
the environmental self-energy operatorΣΣΣenv folds the linear compliance and
screening of ̄𝑆 directly onto the active boundary ports of 𝑆. Table 5.1 sum-
marises the three-tier progression across Sections 5.1–5.3 using the unified
operator triple (K,DK,LK).
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Scale Tier Active
Subsystem (𝑆)

Encapsulated
Core (KΩ)

Boundary Cut
(K𝜕)

Eliminated
Sector ( ̄𝑆 via
ΣΣΣenv)

1. Particle /
Nuclear
(Sections 5.1.1–
5.1.2)

Minimal
boundary
closures
(𝐶𝑛, 𝐾2, 𝐾3)

Confined 𝐾3
core
(𝐾𝑝𝑝 ≃ 6𝜋5𝐾𝑒)

Net charge
and valence
channels

Internal
residual
im(QΠΠΠ(1))

2. Atomic
(Sections 5.1.3–
5.1.4)

Coupled
electron–
nucleus pair
(LK,KΩ)

Nuclear core
𝐾𝑝𝑝 and closed
shells

Orthogonal
valence modes
in im(ΔP1→2)

Core internal
excitations

3. Molecular &
Bath
(Sections 5.2–
5.3)

Bonded nuclei
and
metastable
basins 𝑆𝛼

Internalised
covalent cuts
𝒯P(K𝜕)

Peripheral
valence and
bath ports

Shared
electronic or
thermal bath
(ΣΣΣenv)

table 5.1: The three-tier CCE hierarchy mapping the coarsening chain ΠΠΠ(1) →
ΠΠΠ(3) (5.1) (Section 2.3.2) and Schur reduction Leff = L𝑆𝑆 −ΣΣΣenv (5.2) from
minimal particle closures to multi-basin molecular ensembles.

5.1 particles and atomic structure

Multi-scale physical modelling begins at the base of the coarsening chain:
the minimal persistent subgraphs of the discrete relational network. Rather
than postulating fundamental particles as point singularities or continuous
fields on a pre-existing manifold, the CCE framework identifies a particle
as a self-sustaining subgraph closure that resists ambient relaxation long
enough to propagate across the network as a coherent unit. Encapsulating
high-gap nuclear closures into diagonal capacity entries and coupling low-
capacity electron cycles across the remaining boundary cut yields atomic
ground-state reduced-capacity scaling and valence shell multiplicities dir-
ectly from generalised Laplacian eigenvalues and harmonic subspace ortho-
gonality.

5.1.1 Mass, Spin, and Charge on the Capacity Graph

Every persistent particle subgraph 𝑆Ω is characterised on the capacity matrix
K = KΩ+K𝜕 by three discrete invariants: its diagonal memory trace Tr(KΩ),
its cyclic phase closure across reversible ports, and its net antisymmetric
current across K𝜕 . On the diagonal memory sector KΩ, rest energy arises
from collective internal channel recurrence. As established at the substrate-
general level in Section 2.5.2 and developed kinematically in Chapter 6 (Sec-
tion 6.1), a subsystem at rest relative to a physical reference oscillator ̄𝑆ref
(Δ𝐼ext = 0) commits its reversible update capacity to cycling across all Tr(KΩ)
internal channels (2.249) (with core transitions on 𝑆Ω shielded byLΩΩ).When
proper time 𝜏 and reference time 𝑡 aremetered in seconds via (2.250) and (2.255)
at universal elementary substrate step cadence 𝜈0 > 0 (in s−1 per channel,
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fixed once empirically by the electron closure 𝑚𝑒𝑐2 = ℏ𝜈0𝐾𝑒 , parallel to the
length calibration ℓ0 in (5.20)), scaling 𝜈0 Tr(KΩ) by the reduced Planck con-
stant ℏ (J s) under the composite coarse-graining projection Φ (2.235) fixes
the conservative rest energy above the vacuum baseline 𝐸0,Φ and keeps all
rest-energy ratios across particle closures purely combinatorial:

𝐸Φ − 𝐸0,Φ = ℏ𝜈0 Tr(KΩ), (5.4)
𝐸Φ,𝐴 − 𝐸0,Φ
𝐸Φ,𝐵 − 𝐸0,Φ

= Tr(KΩ,𝐴)
Tr(KΩ,𝐵)

. (5.5)

Equations (5.4)–(5.5) require no prior spatial metric or signal speed, and
𝜈0 cancels identically out of every dimensionless mass ratio such as Prin-
ciple 5.1. Once Chapter 6 derives the invariant causal propagation speed 𝑐
on the coarse-grained graph, the same diagonal trace defines inertial rest
mass 𝑚 = (𝐸Φ − 𝐸0,Φ)/𝑐2. When coupled to an open bath at operational
noise intensity 𝜃 (J nat−1), maintaining non-equilibrium internal structure
𝐼rev,Ω shifts the internal energy by Δ𝑈neq = 𝜃𝐼rev,Ω (3.16).

Across reversible boundary ports, spin arises from discrete cyclic phase syn-
chronisation. Under a complete 2𝜋 cyclic permutation of its environmental
boundary couplings, the internal unitary state update U(2𝜋) closes after
𝑟sync ∈ {1, 2} environmental cycles (Section 4.3.3):

U(2𝜋) = (−1)𝑟sync−1I = {+I, 𝑟sync = 1 (bosonic 1∶1 closure),
−I, 𝑟sync = 2 (fermionic 2∶1 closure).

(5.6)

Bosonic closures return to their initial phase in a single cycle (𝑟sync = 1),
whereas fermionic closures require two full environmental cycles to recover
unit phase (𝑟sync = 2).
Across the boundary cut K𝜕 , electric charge arises from the conserved an-
tisymmetric Kirchhoff cycle currents of Lemma 2.7 (2.292)–(2.296) and dis-
crete cycle winding on the relational graph 𝐺 = (𝑉 , 𝐸), without invoking dif-
ferential forms or continuous contour integrals. Let 𝐽𝑖𝑗 = −𝐽𝑗𝑖 denote the an-
tisymmetric reversible current along edge {𝑖, 𝑗} ∈ 𝐸, and let Δ𝜑𝑖𝑗 ∈ [−𝜋, 𝜋) de-
note the discrete phase increment across directed edge (𝑖, 𝑗) around a closed
graph cycle 𝐶 ⊂ 𝐸. Vertex Kirchhoff balance at every 𝑖 ∈ 𝑉 and single-valued
phase closure around 𝐶 enforce:

∑
𝑗∈𝑉

𝐽𝑖𝑗 = 0, (5.7)

∑
(𝑖,𝑗)∈𝐶

Δ𝜑𝑖𝑗 = 2𝜋𝑛𝐶 , (5.8)

𝑞 = 𝑛𝐶𝑞𝑒 , (5.9)

where 𝑛𝐶 ∈ ℤ is the integer topological winding number of the cycle and 𝑞𝑒 is
the elementary carrier charge (C). On finite graphs, the smallest connected
boundary closures provide minimal discrete carrier topologies compatible
with compact internal unitary phase and exchange symmetries: a directed
cycle (𝐶𝑛) carries U(1) phase winding, a reversible two-port pair (𝐾2) with
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𝑟sync = 2 supports SU(2) two-state phase transport, and a complete three-
vertex quotient clique (𝐾3) provides the minimal three-channel exchange
carrier compatible with SU(3) colour-singlet closure.

5.1.2 Nuclear Encapsulation

Internal excitations whose energy gap vastly exceeds ambient interaction
scales decouple dynamically and need not be resolved vertex by vertex. Strong
colour confinement binds quarkswithin a three-channel closurewhose excit-
ation gap (∼ 108 eV) exceeds atomic and molecular bonding scales (∼ 1 eV)
by eight orders of magnitude. By CCE Axiom II (Section 2.3.1), this separ-
ation guarantees that the nuclear subgraph 𝐺[𝑆𝛼 ] satisfies strong spectral
persistence Ξ(𝑆𝛼 ) ≫ 1 (2.127). Under the Tier 1 → Tier 2 coarsening trans-
ition P1→2 (Table 5.1), the cut-internalisation operator 𝒯P (2.160) contracts
𝑆𝛼 into a single coarse-grained block 𝛼 whose diagonal memory capacity
𝐾𝛼𝛼 in KΩ and external valence capacity 𝐾𝛼𝛽 in K𝜕 follow from (2.91):

𝐾𝛼𝛼 = ∑
𝑖,𝑗∈𝑆𝛼

𝐴𝑖𝑗 = 2|𝐸(𝑆𝛼 )|, (5.10)

𝐾𝛼𝛽 = ∑
𝑖∈𝑆𝛼

∑
𝑗∈𝑆𝛽

𝐴𝑖𝑗 . (5.11)

Here 𝐾𝛼𝛼 ∈ 2ℕ (links) counts the even integer directed internal link incid-
ences sealed inside the nuclear core, while 𝐾𝛼𝛽 (links) counts the external
boundary links coupling block 𝛼 to neighbouring blocks 𝛽 .
In the large-multiplicity continuum-fibre limit (𝐾𝑒 , 𝐾𝑝𝑝 ≫ 1), calibrating this
encapsulated nuclear capacity against the elementary electronic scale motiv-
ates a parameter-free asymptotic reference ratio for nuclear encapsulation
[102].

pr inciple 5.1 (Asymptotic Combinatorial Mass Ratio). Let 𝐾𝑒 ∈ 2ℕ de-
note the even integer diagonal capacity of a large-multiplicity U(1) electron
closure, and let 𝐾𝑝𝑝 ∈ 2ℕ denote the diagonal capacity of a confined three-
channel quotient clique (𝐾3, 𝐾𝑒 ≫ 1) supporting an SU(3) colour-singlet
closure. The 𝐾3 quotient carries symmetric-group order |𝔖3| = 2|𝐸(𝐾3)| = 6
directed exchange channels. Weighting these six channels in the continuum-
fibre limit by the product of the unit round-sphere volumes vol(𝑆3) = 2𝜋2
of the SU(2) ≅ 𝑆3 fibre and vol(𝑆5) = 𝜋3 of the SU(3)/SU(2) ≅ 𝑆5 base mod-
ulo fermionic double cover (𝑟sync = 2) yields the asymptotic dimensionless
capacity ratio:

𝐾𝑝𝑝
𝐾𝑒

≃ 6 vol(𝑆3) vol(𝑆5)
𝑟sync

= 6𝜋5 ≈ 1836.118. (5.12)

Against the empirical ratio 𝑚𝑝/𝑚𝑒 = 1836.15267… of proton to electron
mass, Equation (5.12) agrees towithin 0.0019%. In StandardModel phenomen-
ology, proton rest mass arises predominantly from non-perturbative chro-
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modynamic confinement (ΛQCD) whereas electron rest mass is set by elec-
troweak Yukawa coupling, and (5.12) evaluates each topological factor at
unit round-sphere radius rather than the Berger-squashed bi-invariant Haar
volume √3𝜋5 on SU(3). Principle 5.1 is therefore advanced strictly as an
asymptotic continuum-fibre capacity conjecture (𝐾𝑒 ≫ 1), motivating in-
vestigation of whether effective coarse-grained capacities admit a shared
group-manifold calibration rather than replacing gauge-field dynamics or
asserting an equality on three bare vertices. When 𝐴 nucleons bind into a
composite nucleus, internalising inter-nucleon boundary cuts via 𝒯P sheds
exposed boundary load (Δ𝒬2𝜕,shed > 0, Section 3.4.1), lowering the composite
rest energy below the sum of isolated nucleon capacities as the nuclear bind-
ing mass defect while projecting internal quark modes into the unresolved
residual im(QΠΠΠ(1)).

5.1.3 Atomic Ground States and Reduced Capacity

Discrete atomic bound states arise when a low-capacity electron block (𝑆1,
𝐾11 = 𝐾𝑒 , 𝑟sync = 2) couples to an encapsulated nuclear block (𝑆2, 𝐾22 = 𝐾𝑝𝑝)
across an open electromagnetic boundary cut (K𝜕 ≠ 0). On the two-block
partition 𝑆 = 𝑆1 ⊔ 𝑆2 with inter-block cut capacity 𝐾12 > 0, the isolated
capacity Laplacian LK = D(int)

K −K𝑆 (2.101) and diagonal memory matrixKΩ
take the 2 × 2 form:

LK = 𝐾12 ( 1 −1
−1 1 ) , (5.13)

KΩ = diag(𝐾𝑒 , 𝐾𝑝𝑝). (5.14)

Internal atomic excitations are governed by the generalised eigenvalue prob-
lem LKu = 𝜆KΩu on the subspace KΩ-orthogonal to uniform translation
12 = (1, 1)T.

lemma 5.2 (Two-Body Reduced-Capacity Spectrum). Let 𝐾𝑒 , 𝐾𝑝𝑝 , 𝐾12 > 0,
and define LK and KΩ by (5.13)–(5.14). The uniform vector 12 = (1, 1)T spans
ker(LK) with 𝜆1 = 0, and the relative displacement vector u2 = (𝐾𝑝𝑝 , −𝐾𝑒)T
is KΩ-orthogonal to 12 (uT2KΩ12 = 0) and satisfies LKu2 = 𝜆2KΩu2 with
generalised eigenvalue and reduced capacity:

𝜆2(LK,KΩ) = 𝐾12
𝐾𝑒 + 𝐾𝑝𝑝
𝐾𝑒𝐾𝑝𝑝

= 𝐾12
𝜇𝑒𝑝

, (5.15)

𝜇𝑒𝑝 ∶= 𝐾𝑒𝐾𝑝𝑝
𝐾𝑒 + 𝐾𝑝𝑝

. (5.16)

proof. Direct multiplication gives LK12 = 0, while evaluating the inner
product uT2KΩ12 cancels 𝐾𝑝𝑝𝐾𝑒 against −𝐾𝑒𝐾𝑝𝑝 to give uT2KΩ12 = 0. Acting
on u2 with both matrices yields:

LKu2 = 𝐾12(𝐾𝑒 + 𝐾𝑝𝑝)(1, −1)T, (5.17)

KΩu2 = 𝐾𝑒𝐾𝑝𝑝(1, −1)T, (5.18)
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establishing (5.15)–(5.16).

Lemma 5.2 isolates the exact reduced-capacity inertial factor 𝜇−1𝑒𝑝 at fixed
inter-block cut𝐾12. Across the Schur-reduced two-block port resistanceΩ12 =
1/𝐾12 of (5.13) and (2.239) [85], the effective electromagnetic cut conduct-
ance decays with continuum radial separation 𝑟 via the three-dimensional
harmonic Green’s function as 𝐾12(𝑟) = ℓ0/𝑟 , distinct from unreduced point-
to-point lattice resistance saturation. Balancing reduced-capacity kinetic con-
finement against Coulombic cut attraction via virial minimisation contracts
the equilibrium orbital resistance in proportion to 𝜇−1𝑒𝑝 and scales the ground-
state binding depth directly with 𝜇𝑒𝑝/𝐾𝑒 . Calibrating the infinite-nuclear-
capacity limit 𝐾𝑝𝑝 → ∞ (𝜇𝑒𝑝/𝐾𝑒 → 1) to the empirical Rydberg constant
𝐸Ryd = 13.6057 eV and metric conversion factor ℓ0 (m link) yields the neut-
ral hydrogen ground-state energy and Bohr radius 𝑎0:

𝐸0(1H) = −𝜇𝑒𝑝
𝐾𝑒

𝐸Ryd = − 𝐾𝑝𝑝
𝐾𝑒 + 𝐾𝑝𝑝

𝐸Ryd = −13.5983 eV, (5.19)

𝑎0 = ℓ0Ω12 = ℓ0(e1 − e2)TL†K(e1 − e2) ≈ 0.5292Å. (5.20)

In helium (𝑍 = 2), coupling a second electron (𝑟sync = 2) to the encapsulated
alpha-particle core (𝐾4He ≈ 4𝐾𝑝𝑝) permits both electrons to occupy this
lowest relative mode only when their boundary phase currents circulate in
opposite orientations, closing the ground shell.

5.1.4 Pauli Exclusion and Orthogonal Harmonic Shells

Whereas standard non-relativistic quantummechanics introduceswavefunc-
tion antisymmetry as an independent postulate [129], the CCE framework
grounds Pauli exclusion jointly in fermionic 2∶1 phase closure (5.6) and bin-
ary edge capacity on 𝐺 = (𝑉 , 𝐸). Exchanging two identical 𝑟sync = 2 clos-
ures winds their relative boundary phase through one full environmental
cycle (U(2𝜋) = −I), so symmetric co-occupancy of the same oriented phase
channel interferes destructively—in sharp contrast to bosonic 𝑟sync = 1 clos-
ures (U(2𝜋) = +I), which constructively condense into a shared ground
mode. Because each undirected link𝐴𝑖𝑗 ∈ {0, 1} (Section 2.1) supports at most
two opposing directed phase currents (𝐽𝑖𝑗 and 𝐽𝑗𝑖), a spatial valence mode
admits at most two opposite-orientation 𝑟sync = 2 electron cycles. Minim-
ising the Dirichlet Rayleigh quotient on the inter-scale electronic subspace
im(ΔP1→2) (2.164) therefore forces subsequent electron pairs onto mutually
orthonormal harmonic eigenvectors v𝑎 , v𝑏 ∈ im(ΔP1→2):

⟨v𝑎 , v𝑏⟩ = vT𝑎v𝑏 = 𝛿𝑎𝑏 . (5.21)

On an isotropic valence shell graph whose spatial spectral dimension equals
an integer 𝑛 = 𝑑spatial𝑠 [ΠΠΠ] ≥ 2 (2.233), the space of degree-ℓ harmonic modes
(ℓ ∈ ℕ0) has dimension (𝑛+ℓ−1ℓ ) − (𝑛+ℓ−3ℓ−2 ), where (𝑚𝑘 ) ∶= 0 for 𝑘 < 0. Mul-
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tiplying by the two opposing phase orientations (𝑟sync = 2) fixes the shell
occupancy ceiling for general 𝑛:

𝑔ℓ(𝑛) = 2 [(𝑛 + ℓ − 1
ℓ ) − (𝑛 + ℓ − 3

ℓ − 2 )] . (5.22)

When coarse-grained orbital persistence selects 𝑛 = 3 spatial channels—as
proved independently in Chapter 6 (Theorem 6.1)—Equation (5.22) reduces
to 𝑔ℓ(3) = 2(2ℓ+1), recovering the 𝑠, 𝑝, 𝑑 shell capacities 𝑔0(3) = 2, 𝑔1(3) = 6,
and 𝑔2(3) = 10 without assuming three-dimensional space beforehand. Fur-
thermore, when an open-shell atom or coordination centre couples to aniso-
tropic external ports in K𝜕 , projecting the Schur-reduced operator Leff (5.2)
onto the (2ℓ + 1)-dimensional valence shell lifts its degeneracy algebraically
[18] without empirical self-interaction penalties.

example 5.1 (Reduced-Capacity Isotope Shift and Orthogonal Shell Filling).
Consider first the two-block hydrogenic system (LK,KΩ) of (5.13)–(5.14) cal-
ibrated by Principle 5.1 (𝐾𝑝𝑝/𝐾𝑒 ≃ 6𝜋5). Applying Lemma 5.2 to a single-
proton core (𝐾𝑝𝑝) versus an encapsulated deuteron core of diagonal capa-
city approximately 2𝐾𝑝𝑝 yields the proton and deuteron reduced-capacity
factors:

𝜇𝑒𝑝
𝐾𝑒

≃ 6𝜋5
6𝜋5 + 1 ≈ 0.999456, (5.23)

𝜇𝑒𝑑
𝐾𝑒

≃ 12𝜋5
12𝜋5 + 1 ≈ 0.999728. (5.24)

Relative to the 1H ground-state energy 𝐸0(1H) = −13.5983 eV of (5.19), doub-
ling the nuclear diagonal capacity from 1836∶1 to 3672∶1 inKΩ deepens the
deuteron ground state by 3.7meV to 𝐸0(2H) ≈ −13.6020 eV.
Next, when 𝑍 = 3 electrons couple to a lithium core of diagonal capa-
city approximately 7𝐾𝑝𝑝 at spatial spectral dimension 𝑛 = 3, the first two
electrons saturate the nodeless ℓ = 0 mode v0 with opposite phase cur-
rents (𝑔0(3) = 2). By (5.21)–(5.22), binary link saturation forces the third
valence electron onto one of the three mutually orthogonal dipolar modes
{d1,d2,d3} ⊂ im(ΔP1→2) (ℓ = 1, 𝑔1(3) = 6), exposing a single weakly bound
outer channel ready for chemical cut internalisation. ♢

5.2 chemical bonding and molecular geometry

Ascending fromTier 2 atomic blocks to Tier 3molecular graphs viaP2→3 (5.1)
(Table 5.1) introduces no additional dynamical postulates. Chemical bonds
form when neighbouring atomic blocks share valence electronic channels
across their mutual boundary cut, executing cut internalisation via𝒯P as es-
tablished in Chapters 2 and 3. Eliminating the fast shared electronic degrees
of freedom to obtain the effective inter-nuclear potential then provides the
first molecular application of the Schur complement (5.2), while Pauli ortho-
gonality among valence modes in im(ΔP1→2) fixes equilibrium bond angles
without presupposing continuous spatial coordinates.
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5.2.1 Covalent Cut Internalisation and Schur Reduction

Consider two atomic blocks 𝑆 = {1, 2} interacting across a fast shared elec-
tronic sector ̄𝑆. In isolation, each atom exposes an independent external cut
with total boundary load ‖Kiso

𝜕 ‖2𝐹 (3.53). Opening an antiparallel singlet elec-
tronic channel (𝑟sync = 2) between blocks 1 and 2 internalises the shared
interface cut into the composite diagonal memory block via 𝒯P (2.160). As
proved for general multi-system coupling in Section 3.4.1, shedding exposed
boundary cut load (Δ𝒬2𝜕,shed > 0) reduces allocated capacity 𝒬alloc (2.196),
frees structural capacity Δ𝒬free > 0 (3.63), and deepens the collective escape
barrier ΔΦ (3.64).

Energetically, let x𝑆 ∈ ℝ𝑁𝑆 denote dimensionless slow nuclear displacements
and x ̄𝑆 ∈ ℝ𝑁 ̄𝑆 denote dimensionless fast electronic displacements coupled
through the energy-calibrated stiffness Laplacian L (J) (2.20):

𝐸(x𝑆 ,x ̄𝑆) = 1
2x

T
𝑆L𝑆𝑆x𝑆 + xT𝑆L𝑆 ̄𝑆x ̄𝑆 + 1

2x
T
̄𝑆L ̄𝑆 ̄𝑆x ̄𝑆 , (5.25)

where LT𝑆𝑆 = L𝑆𝑆 , L ̄𝑆𝑆 = LT𝑆 ̄𝑆 , and the open electronic block L ̄𝑆 ̄𝑆 ≻ 0 is
strictly positive-definite by grounded Dirichlet leakage (2.24). Relaxing the
fast electronic sector at fixed nuclear configuration x𝑆 yields the variational
Schur reduction (Figure 5.1(a)).

theorem 5.3 (Variational Schur Reduction). Consider the quadratic energy
𝐸(x𝑆 ,x ̄𝑆) in (5.25) with symmetric blocks, L ̄𝑆𝑆 = LT𝑆 ̄𝑆 , and positive-definite
complement L ̄𝑆 ̄𝑆 ≻ 0. For every x𝑆 ∈ ℝ𝑁𝑆 and x ̄𝑆 ∈ ℝ𝑁 ̄𝑆 , define the relaxed
bath response x⋆̄𝑆 ∶= −L−1̄𝑆 ̄𝑆 L ̄𝑆𝑆x𝑆 and positive-semidefinite self-energyΣΣΣenv ∶=
L𝑆 ̄𝑆L−1̄𝑆 ̄𝑆 L ̄𝑆𝑆 (ΣΣΣenv ⪰ 0). Completing the square gives:

𝐸(x𝑆 ,x ̄𝑆) = 1
2x

T
𝑆 (L𝑆𝑆 −ΣΣΣenv)x𝑆

+ 1
2(x ̄𝑆 − x⋆̄𝑆 )

TL ̄𝑆 ̄𝑆(x ̄𝑆 − x⋆̄𝑆 ).
(5.26)

Consequently, 𝐸(x𝑆 ,x ̄𝑆) attains its unique global minimum over x ̄𝑆 at x ̄𝑆 = x⋆̄𝑆 ,
and the relaxed effective energy 𝐸eff(x𝑆) ∶= minx ̄𝑆 𝐸(x𝑆 ,x ̄𝑆) satisfies:

𝐸eff(x𝑆) = 1
2x

T
𝑆Leffx𝑆 ≤ 1

2x
T
𝑆L𝑆𝑆x𝑆 , (5.27)

where Leff = L𝑆𝑆 −ΣΣΣenv, with strict inequality whenever L ̄𝑆𝑆x𝑆 ≠ 0.

proof. Using LT ̄𝑆 ̄𝑆 = L ̄𝑆 ̄𝑆 and L ̄𝑆 ̄𝑆x⋆̄𝑆 = −L ̄𝑆𝑆x𝑆 , expanding the shifted bath
quadratic form in (5.26) gives:

1
2(x ̄𝑆 − x⋆̄𝑆 )

TL ̄𝑆 ̄𝑆(x ̄𝑆 − x⋆̄𝑆 )

= 1
2x

T
̄𝑆L ̄𝑆 ̄𝑆x ̄𝑆 + xT𝑆L𝑆 ̄𝑆x ̄𝑆 + 1

2x
T
𝑆ΣΣΣenvx𝑆 .

(5.28)

Adding (1/2)xT𝑆 (L𝑆𝑆 − ΣΣΣenv)x𝑆 to (5.28) cancels the ΣΣΣenv term and recov-
ers (5.25). Because L ̄𝑆 ̄𝑆 ≻ 0, the quadratic residual in (5.28) is non-negative
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and vanishes uniquely at x ̄𝑆 = x⋆̄𝑆 , while the identity xT𝑆ΣΣΣenvx𝑆 = (x⋆̄𝑆 )
TL ̄𝑆 ̄𝑆x⋆̄𝑆

is non-negative and strictly positive whenever L ̄𝑆𝑆x𝑆 ≠ 0, establishing (5.27).

Theorem 5.3 gives the variational counterpart of the inversion commutator
−ΣΣΣenv = ⟦(⋅)−1, 𝒞𝑆⟧(G𝜀) (Lemma 2.3, (2.171)) for Born–Oppenheimer elec-
tronic relaxation [20]. Eliminating the shared singlet sector ̄𝑆 subtractsΣΣΣenv ⪰
0 from L𝑆𝑆 and strictly lowers the nuclear deformation energy relative to un-
relaxed open atoms.

5.2.2 Resistance-Scale Overlap and the Diatomic Potential

To resolve covalent binding energy across inter-nuclear separation without
presupposing Euclidean coordinates, we parameterise boundary overlap by
the metric bond length 𝑟 = ℓ0Ω12 calibrated from the inter-block resistance
distance Ω12 (2.239) around equilibrium separation 𝑟𝑒 > 0. Because each
atomic ground mode decays exponentially across resistance distance at the
Bohr scale (5.20), the normalised inter-atomic overlap 𝑢(𝑟) decays exponen-
tially with attenuation constant 𝑎cov > 0 (Å

−1
):

𝑢(𝑟) ∶= exp[−𝑎cov(𝑟 − 𝑟𝑒)], (5.29)

Δ𝐸bond(𝑢) = −2𝐷𝑒𝑢 + 𝐷𝑒𝑢2 = 𝐷𝑒(1 − 𝑢)2 − 𝐷𝑒 . (5.30)

Equation (5.30) recovers the functional form of the Morse potential [116]
with dissociation depth 𝐷𝑒 > 0 (eV) from two competing contributions in
the Schur-reduced energy (5.27): first-order singlet delocalisation in −ΣΣΣenv
lowers boundary energy linearly (−2𝐷𝑒𝑢), whereas second-order electronic
channel crowding and short-range nuclear core repulsion in L𝑆𝑆 penalise
overlap quadratically (+𝐷𝑒𝑢2), with unique global minimum −𝐷𝑒 at 𝑢 = 1
(𝑟 = 𝑟𝑒).

example 5.2 (Schur Calibration of the H2 Bond Potential). Consider the
H2 dimer comprising two encapsulated proton blocks 𝑆 = {1, 2} (𝐾𝑝𝑝 ≃
6𝜋5𝐾𝑒) coupled through a shared antiparallel singlet electronic sector ̄𝑆 (Fig-
ure 5.1(a)). With Bohr resistance scale 𝑎0 ≈ 0.5292Å set by (5.20), calibrat-
ing the reduced singlet overlap parameters to spectroscopic H2 benchmarks
fixes equilibrium separation 𝑟𝑒 = 0.7414Å (≈ √2 𝑎0), attenuation constant
𝑎cov = 1.942Å−1

, and dissociation depth 𝐷𝑒 = 4.75 eV.
Differentiating (5.30) with respect to 𝑟 = ℓ0Ω12 separates the attractive Schur
delocalisation from short-range channel crowding:

Δ𝐸bond(𝑟) = −2𝐷𝑒𝑢(𝑟) + 𝐷𝑒𝑢(𝑟)2, (5.31)
dΔ𝐸bond

d𝑟 = 2𝐷𝑒𝑎cov𝑢(𝑟)(1 − 𝑢(𝑟)), (5.32)

which vanishes uniquely at 𝑢(𝑟𝑒) = 1. Expanding to second order around
𝑟 = 𝑟𝑒 for two protons of mass 𝑚𝑝 (reduced nuclear mass 𝑚𝑝/2 ≈ 8.363 ×
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(a) Covalent Cut Internalisation and Schur Reduction
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(b) Competing Schur Terms in the H2 Bond Potential

Singlet Delocalisation −2Deu(r)

Channel Crowding +Deu(r)2

Harmonic 1
2kbond(r− re)2 −De

Schur Bond Potential ΔEbond(r)

f igure 5.1: Nuclear encapsulation, covalent Schur reduction, and competing over-
lap terms in the H2 bond potential (Theorem 5.3 and Example 5.2).
(a) Two nuclear blocks 𝑆 = {1, 2} (each encapsulating a 𝐾3 core of capa-
city𝐾𝑝𝑝 ≃ 6𝜋5𝐾𝑒 , teal) couple across L𝑆 ̄𝑆 to a shared antiparallel singlet
electronic sector ̄𝑆 (𝑟sync = 2, crimson). Eliminating ̄𝑆 via the Schur self-
energy ΣΣΣenv = L𝑆 ̄𝑆L−1

̄𝑆 ̄𝑆 L ̄𝑆𝑆 (5.27) produces the effective two-node nuc-
lear operator Leff = L𝑆𝑆 − ΣΣΣenv. (b) Decomposition of Δ𝐸bond(𝑟) (5.30)
into linear singlet delocalisation −2𝐷𝑒𝑢(𝑟) (teal dashed) and quadratic
channel crowding +𝐷𝑒𝑢(𝑟)2 (crimson dashed), balancing at 𝑢(𝑟𝑒) = 1
(𝑟𝑒 = 0.741Å, Δ𝐸bond = −4.75 eV, navy solid) alongside the local har-
monic expansion (1/2)𝑘bond(𝑟 − 𝑟𝑒)2 − 𝐷𝑒 (slate dotted).

10−28 kg) determines the harmonic bond stiffness and fundamental vibra-
tional quantum:

𝑘bond = d2Δ𝐸bond
d𝑟2 |

𝑟=𝑟𝑒
= 2𝐷𝑒𝑎2cov ≈ 574Nm−1, (5.33)

ℏ𝜔vib = ℏ
√
2𝑘bond
𝑚𝑝

= 2ℏ𝑎cov
√

𝐷𝑒
𝑚𝑝

≈ 0.545 eV. (5.34)

As shown in Figure 5.1(b), linear singlet cut internalisation dominates at long
range (𝑟 > 𝑟𝑒 , 𝑢 < 1) to draw the nuclei together, quadratic channel satur-
ation dominates at short range (𝑟 < 𝑟𝑒 , 𝑢 > 1) to form the repulsive wall,
and unlike the local harmonic parabola (1/2)𝑘bond(𝑟 − 𝑟𝑒)2 − 𝐷𝑒 , the Schur
overlap curve saturates smoothly to Δ𝐸bond → 0 upon bond dissociation
(𝑢 → 0). ♢

5.2.3 Angular Geometry and Valence Port Orthogonality

A scalar capacity Laplacian LK on bonded nuclear blocks depends only on
pairwise edge weights 𝐾𝛼𝛽 and is therefore blind to inter-bond angles. Yet
directional stereochemistry requires no external ℝ3 coordinate frame or aux-
iliary connection bundle, because it follows directly from Pauli orthogonal-
ity (5.21) inside the central atom’s valence subspace im(ΔP1→2) (Section 4.3.3).

Consider a central atomic block 1 bonded to peripheral blocks 2 and 3. Inside
im(ΔP1→2), let e0 denote the unit isotropic (ℓ = 0) valence mode and let
d2,d3 denote unit dipolar (ℓ = 1) valence vectors directed along the two bond



5.2 chemical bonding and molecular geometry 145

channels, orthogonal to e0 (⟨e0,d𝑗⟩ = 0), with intrinsic inter-bond angle 𝜙 ∈
[0, 𝜋] defined by the Hilbert-space inner product cos 𝜙 ∶= ⟨d2,d3⟩. Mixing
isotropic fraction 𝑤0 ∈ [0, 1/2] with dipolar fraction 1 − 𝑤0 forms hybrid
valence ports whose mutual orthogonality fixes the equilibrium bond angle
𝜙0 [37, 130].

lemma 5.4 (Hybrid Valence Port Orthogonality). Let e0,d2,d3 ∈ im(ΔP1→2)
be unit vectors (‖e0‖ = 1 and ‖d𝑗 ‖ = 1 for 𝑗 ∈ {2, 3}) satisfying ⟨e0,d𝑗⟩ = 0 for
each 𝑗 ∈ {2, 3}. For any isotropic mixing weight 𝑤0 ∈ [0, 1/2] and peripheral
channel 𝑗 ∈ {2, 3}, the hybrid valence port vectors

u⋆𝑗 ∶= √𝑤0 e0 + √1 − 𝑤0 d𝑗 (5.35)

have unit norm ‖u⋆𝑗 ‖ = 1, and their inner product evaluates to

⟨u⋆2 ,u⋆3⟩ = 𝑤0 + (1 − 𝑤0)⟨d2,d3⟩. (5.36)

In particular, mutual port orthogonality ⟨u⋆2 ,u⋆3⟩ = 0 holds if and only if the
equilibrium dipolar alignment cos 𝜙0 ∶= ⟨d2,d3⟩ lies in [−1, 0] and satisfies

cos 𝜙0 = − 𝑤0
1 − 𝑤0

. (5.37)

proof. Because ⟨e0,d𝑗⟩ = 0 with ‖e0‖ = 1 and ‖d𝑗 ‖ = 1, expanding the
self-inner product of (5.35) gives:

⟨u⋆𝑗 ,u⋆𝑗 ⟩ = 𝑤0‖e0‖2 + (1 − 𝑤0)‖d𝑗 ‖2 = 1, (5.38)

establishing ‖u⋆𝑗 ‖ = 1, while expanding ⟨u⋆2 ,u⋆3⟩ yields (5.36). Because 𝑤0 ∈
[0, 1/2] ensures 1 − 𝑤0 ≥ 1/2 and hence 1 − 𝑤0 > 0, setting (5.36) to zero is
equivalent to (5.37), with −𝑤0/(1 − 𝑤0) ∈ [−1, 0].

Lemma 5.4 recovers the canonical molecular geometries from subspace or-
thogonality alone, where pure dipolar ports (𝑤0 = 0) meet at 𝜙0 = 90∘, four
symmetric tetrahedral ports (𝑤0 = 1/4) satisfy cos 𝜙0 = −1/3 (𝜙0 ≈ 109.47∘),
three trigonal ports (𝑤0 = 1/3) satisfy cos 𝜙0 = −1/2 (𝜙0 = 120∘), and two col-
linear ports (𝑤0 = 1/2) satisfy cos 𝜙0 = −1 (𝜙0 = 180∘). When non-bonding
lone pairs retain a higher isotropic share on the central core, 𝑤0 decreases on
the bonding ports, contracting 𝜙0 until balanced by steric channel crowding
across the peripheral resistance distance Ω23 (2.239). Under any angular dis-
tortion 𝜙 ∈ [0, 𝜋] of the dipolar bond channels cos 𝜙 = ⟨d2(𝜙),d3(𝜙)⟩ at fixed
hybrid mixing 𝑤0 ∈ [0, 1/2) and angular stiffness scale 𝑔ang > 0 (eV), pen-
alising non-orthogonal Pauli port overlap via (5.36)–(5.37) yields a smooth,
frame-independent bending potential:

⟨u2(𝜙),u3(𝜙)⟩ = (1 − 𝑤0)(cos 𝜙 − cos 𝜙0), (5.39)

Δ𝐸ang(𝜙) =
𝑔ang
1 − 𝑤0

⟨u2(𝜙),u3(𝜙)⟩2 = (1 − 𝑤0)𝑔ang(cos 𝜙 − cos 𝜙0)2.
(5.40)
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example 5.3 (Valence Port Orthogonality and Bending Barrier in H2O).
Consider a bent triatomic molecule such as H2O, comprising a central oxy-
gen block (1) bonded to two hydrogen blocks (2 and 3) with equal inter-
block capacity 𝐾OH > 0 (links) and angular port stiffness 𝑔ang > 0 (eV, Fig-
ure 5.2(a)). On the three-block nuclear graph alone, the scalar capacity Lapla-
cian LK depends only on pairwise link capacities and assigns zero bending
penalty across all angles 𝜙:

LK = 𝐾OH

⎛
⎜⎜
⎝

2 −1 −1
−1 1 0
−1 0 1

⎞
⎟⎟
⎠
. (5.41)

On the central oxygen valence subspace im(ΔP1→2), two non-bonding lone
pairs concentrate isotropic ℓ = 0 weight, leaving lone-pair-calibrated iso-
tropic share 𝑤0 ≈ 0.200 (1 − 𝑤0 = 0.800) in each O–H bonding port. Substi-
tuting 𝑤0 = 0.200 into Lemma 5.4 (5.37) fixes the orthogonal port angle,
while (5.40) gives the bending energy under angular displacement Δ𝜙 =
𝜙 − 𝜙0:

cos 𝜙0 = − 𝑤0
1 − 𝑤0

= −0.250 ⟹ 𝜙0 ≈ 104.5∘, (5.42)

Δ𝐸ang(𝜙) = 0.800 𝑔ang(cos 𝜙 + 0.250)2 ≈ 0.750 𝑔ang(Δ𝜙)2. (5.43)

Whereas the scalar nuclear Laplacian (5.41) is invariant under bond rota-
tion (Figure 5.2(b), muted dashed baseline), hybrid port orthogonality pins
the zero-overlap minimum at 𝜙0 = 104.5∘, responds harmonically to small
thermal bending vibrations, and reaches a smooth stationary inversion saddle
Δ𝐸ang(𝜋) = 0.450 𝑔ang at 𝜙 = 180∘ (dΔ𝐸ang/d𝜙|𝜋 = 0, matching water’s em-
pirical 1.38 eV linearisation barrier at 𝑔ang ≈ 3.07 eV, distinct from radial
O–H bond dissociation). ♢

5.3 open-bath reduction and multi -bas in ensembles

In an isolated covalent dimer, the eliminated sector ̄𝑆 consists of fast elec-
tronic modes relaxed at zero temperature (Theorem 5.3). When a molecu-
lar subsystem 𝑆 is embedded inside a larger macromolecular scaffold and
thermal solvent bath ̄𝑆, two additional questions arise: how do thermal fluc-
tuations across ̄𝑆 modify the effective free-energy landscape of 𝑆, and how
does 𝑆 switch between distinct metastable conformations when a single har-
monic expansion breaks down? Resolving both questions requires no new
operators beyond the Schur complement Leff = L𝑆𝑆 − ΣΣΣenv (5.2) and the
coarse-grained capacity barriers and escape rates of Chapter 2.

5.3.1 Gaussian Bath Marginalisation

Partition a composite molecular network 𝑉 = 𝑆 ⊔ ̄𝑆 (2.13) into a resolved
functional subgraph 𝑆 (𝑁𝑆 blocks) and an untracked scaffold and solvent
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(a) Hybrid Valence Port Orthogonality in H2O
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(b) Angular Bending Energy vs. Scalar Laplacian

Scalar Laplacian ΔEscalar(ϕ) = 0

Harmonic Tangent 0.750(Δϕ)2

Port Overlap 0.8(cosϕ+ 0.25)2

f igure 5.2: Hybrid valence port orthogonality and angular bending landscape in
a bent triatomic molecule (Lemma 5.4 and Example 5.3). (a) Inside
im(ΔP1→2), orthogonal hybrid ports ⟨u⋆

2 ,u⋆
3⟩ = 0 with isotropic share

𝑤0 = 0.200 fix the equilibrium H–O–H bond angle 𝜙0 ≈ 104.5∘ (5.42)
at zero Pauli overlap (Δ𝐸ang = 0, teal, top), whereas angular distor-
tion 𝜙 = 𝜙0 + Δ𝜙 induces port overlap ⟨u2(𝜙),u3(𝜙)⟩ ≠ 0 and restor-
ing energy Δ𝐸ang(𝜙) > 0 (crimson, bottom). (b) Normalised bending
potential Δ𝐸ang(𝜙)/𝑔ang = 0.800(cos 𝜙 + 0.250)2 across bond angle 𝜙
(navy solid), showing the orthogonal-port minimum at 𝜙0 = 104.5∘,
the local harmonic tangent 0.750(Δ𝜙)2 (light-navy dotted), the smooth
linear-inversion saddle 0.450 𝑔ang at 𝜙 = 180∘ (crimson marker), and
the angle-blind scalar nuclear baseline Δ𝐸scalar(𝜙) = 0 (muted dashed).

bath ̄𝑆 (𝑁 ̄𝑆 blocks), coupled across 𝜕𝑆 by the quadratic fluctuation energy
𝐸(x𝑆 ,x ̄𝑆) (5.25) over dimensionless displacements (x𝑆 ,x ̄𝑆) ∈ ℝ𝑁𝑆+𝑁 ̄𝑆 . At op-
erational noise intensity 𝜃 > 0 (J nat−1, equal to 𝑘B𝑇th in an isothermal bath
at temperature 𝑇th), marginalising over all bath configurations x ̄𝑆 defines the
effective partition weight of 𝑆 [7, 157]:

𝑍eff(x𝑆) = ∫ℝ𝑁 ̄𝑆
exp(−𝐸(x𝑆 ,x ̄𝑆)

𝜃 ) dx ̄𝑆 . (5.44)

BecauseL ̄𝑆 ̄𝑆 ≻ 0 on the open bath complement (2.24), substituting the square-
completion identity (5.26) from Theorem 5.3 and shifting the Gaussian integ-
ration around x⋆̄𝑆 evaluates (5.44) in closed form (Figure 5.3(a)):

𝑍eff(x𝑆) = 𝑍 ̄𝑆,0 exp(− 1
2𝜃 x

T
𝑆Leffx𝑆) , (5.45)

𝑍 ̄𝑆,0 ∶= √
(2𝜋𝜃)𝑁 ̄𝑆

detL ̄𝑆 ̄𝑆
, (5.46)

𝐹eff(x𝑆) ∶= −𝜃 ln𝑍eff(x𝑆) = 1
2x

T
𝑆Leffx𝑆 + 𝐹 ̄𝑆,0, (5.47)

where Leff = L𝑆𝑆 −ΣΣΣenv with ΣΣΣenv = L𝑆 ̄𝑆L−1̄𝑆 ̄𝑆 L ̄𝑆𝑆 , and 𝐹 ̄𝑆,0 ∶= −𝜃 ln𝑍 ̄𝑆,0 (J) is
the x𝑆-independent bath free energy.

Equation (5.47) unifies ground-state electronic relaxation and thermal bath
marginalisation under a single operator: integrating out harmonic fluctu-
ations across ̄𝑆 folds the mechanical compliance and screening of the bath
onto the boundary ports of 𝑆 through −ΣΣΣenv = ⟦(⋅)−1, 𝒞𝑆⟧(G𝜀), bypassing ex-
plicit trajectory integration over ̄𝑆. By Lemma 2.3, the continuum quadratic
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counterpart ⟦𝐺𝜇𝜈 ,PΠΠΠ⟧(𝑔) = 𝜅G𝑇 (untracked)𝜇𝜈 generates untracked gravitational
stress–energy across coarse-grained partitions in Chapter 6 (Section 6.2),
while the same discrete Schur commutator governs passive dendritic integ-
ration in Chapter 9 (Section 9.2.2).

5.3.2 Multi-Basin Ensembles and Conformational Selection

The Schur free energy (5.47) is exact within a single metastable basin 𝑆𝛼
(Ξ(𝑆𝛼 ) ≫ 1, (2.127)), where fluctuations remain quadratic around a local equi-
librium x(𝛼)𝑆 . Functional molecular switching, however, traverses multiple
metastable basins {𝑆1, … , 𝑆𝑀 } (𝑀 ≥ 2) separated by Eyring–Kramers escape
barriers ΔΦ𝛼𝛽 ≈ 𝜃Δ𝐼barrier,𝛼𝛽 (2.326)–(2.327) [73, 89]. Extrapolating a single

basin’s Schur operator L(1)eff across an inter-basin barrier into 𝑆2 assigns a
quadratically growing elastic penalty far beyond the true saddle height (Fig-
ure 5.3(b)).

To resolve multi-basin switching without reverting to femtosecond traject-
ory steps, we project onto a discrete Markov State Model (MSM) [137] over
the 𝑀 admissible basins {𝑆1, … , 𝑆𝑀 } coupled by the inter-basin transition
rates (2.138) and (2.326). Each basin 𝛼 ∈ {1, … ,𝑀} carries normalised station-
ary weight 𝑝𝛼 > 0 (𝑝1+⋯+𝑝𝑀 = 1), local Schur operator L(𝛼)eff = L(𝛼)𝑆𝑆 −ΣΣΣ(𝛼)env,
and coupling free-energy shiftΔ𝐹𝛼 (J) upon engaging an external stimulus or
guest molecule. Summing over all 𝑀 basins gives the multi-basin partition
weight and ensemble coupling free energy:

𝑍ens(x𝑆) =
𝑀
∑
𝛼=1

𝑝𝛼 exp(− 1
2𝜃 (x𝑆 − x(𝛼)𝑆 )TL(𝛼)eff (x𝑆 − x(𝛼)𝑆 )) , (5.48)

Δ𝐹ens = −𝜃 ln(
𝑀
∑
𝛼=1

𝑝𝛼 exp(−Δ𝐹𝛼
𝜃 )) . (5.49)

theorem 5.5 (Multi-Basin Free-Energy Bound and Population Shift). Let
𝑀 ≥ 2, 𝜃 > 0, and 𝑝1, … , 𝑝𝑀 > 0 satisfy 𝑝1 + ⋯ + 𝑝𝑀 = 1. For any basin free-
energy shifts Δ𝐹1, … , Δ𝐹𝑀 ∈ ℝ, the ensemble free energy Δ𝐹ens (5.49) satisfies
for every 𝛼 ∈ {1, … ,𝑀}:

min1≤𝛽≤𝑀 Δ𝐹𝛽 ≤ Δ𝐹ens < Δ𝐹𝛼 − 𝜃 ln 𝑝𝛼 . (5.50)

Furthermore, the coupled posterior basin probability

𝑝⋆𝛼 ∶= 𝑝𝛼 𝑒−Δ𝐹𝛼/𝜃
∑𝑀

𝛽=1 𝑝𝛽 𝑒−Δ𝐹𝛽/𝜃
(5.51)

exceeds the ground-basin probability 𝑝⋆1 (𝑝⋆𝛼 > 𝑝⋆1 ) if and only if

Δ𝐹1 − Δ𝐹𝛼 > 𝜃 ln(𝑝1𝑝𝛼
) . (5.52)
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(a) Open-Bath Gaussian Schur Reduction
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f igure 5.3: Open-bath Gaussian Schur reduction and multi-basin conformational
selection (Theorem 5.5 and Example 5.4). (a) Partitioning a molecu-
lar network 𝑉 = 𝑆 ⊔ ̄𝑆 into an active subgraph 𝑆 (navy) and sur-
rounding thermal bath ̄𝑆 (slate) eliminates ̄𝑆 via the Schur self-energy
ΣΣΣenv = L𝑆 ̄𝑆L−1

̄𝑆 ̄𝑆 L ̄𝑆𝑆 (5.47), folding bath compliance directly onto the
boundary ports of 𝑆 (teal). (b) Free-energy profile 𝐹(𝑞)/𝜃 along dimen-
sionless conformational coordinate 𝑞: extrapolating the single-basin
Schur parabola from 𝑆1 (𝑞1 = −1.0) to 𝑆2 (𝑞2 = +1.5) imposes an un-
physical +62.5 𝜃 quadratic penalty (crimson dashed), whereas the two-
basin ensemble resolves the uncoupled landscape (𝑝1 = 0.99, 𝑝2 = 0.01,
navy solid) and shifts posterior occupancy into 𝑆2 upon selective coup-
ling (𝑝⋆2 > 0.9999, Δ𝐹ens ≈ −15.39 𝜃 , teal solid).

proof. Setting Δ𝐹min ∶= min𝛽 Δ𝐹𝛽 , positivity of each Boltzmann term
across𝑀 ≥ 2 basins and normalisation 𝑝1+⋯+𝑝𝑀 = 1 bracket the partition
sum on both sides:

𝑝𝛼 𝑒−Δ𝐹𝛼/𝜃 <
𝑀
∑
𝛽=1

𝑝𝛽 𝑒−Δ𝐹𝛽/𝜃 , (5.53)

𝑀
∑
𝛽=1

𝑝𝛽 𝑒−Δ𝐹𝛽/𝜃 ≤ 𝑒−Δ𝐹min/𝜃
𝑀
∑
𝛽=1

𝑝𝛽 = 𝑒−Δ𝐹min/𝜃 . (5.54)

Applying the strictly decreasing map 𝑧 ↦ −𝜃 ln 𝑧 (𝜃 > 0) to (5.53)–(5.54)
establishes (5.50). Finally, since the denominator in (5.51) is positive, 𝑝⋆𝛼 >
𝑝⋆1 holds if and only if 𝑝𝛼 𝑒−Δ𝐹𝛼/𝜃 > 𝑝1𝑒−Δ𝐹1/𝜃 , which rearranges via 𝜃 ln(⋅)
to (5.52).

Theorem 5.5 formalises conformational selection [112]. Even when an ex-
cited basin 𝑆𝛼 is sparsely populated before coupling (𝑝𝛼 ≪ 𝑝1), selective
stabilisation above the reversible opening cost 𝜃 ln(𝑝1/𝑝𝛼 ) (5.52) shifts en-
semble occupancy into 𝑆𝛼 while capping the net free energy strictly below
Δ𝐹𝛼 − 𝜃 ln 𝑝𝛼 (5.50), avoiding the single-basin quadratic extrapolation error.
Within the metriplectic decomposition of Section 2.5.2, intra-basin fluctu-
ations governed by L(𝛼)eff generate conservative Poisson flow {𝐴, 𝐻}, whereas
thermally activated Kramers transitions between basins execute dissipative
metric relaxation (𝐴, 𝑆).

example 5.4 (Two-Basin Conformational Selection versus Single-Basin Ex-
trapolation). Consider a two-basin molecular gating switch (𝑀 = 2) along
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a dimensionless reaction coordinate 𝑞 at operational noise scale 𝜃 = 𝑘B𝑇th ≈
25.7meV (𝑇th = 298K, Figure 5.3(b)). In the uncoupled state, the occluded
ground basin 𝑆1 (𝑞1 = −1.0) carries stationary weight 𝑝1 = 0.99 and local
Schur curvature ℓ(1)eff = 20.0 𝜃 , while the open basin 𝑆2 (𝑞2 = +1.5) carries
weight 𝑝2 = 0.01 and local Schur curvature ℓ(2)eff = 16.0 𝜃 (rendered in Fig-
ure 5.3(b) with barrier-softening scale 𝑠bar = 2.6 𝜃). An incoming guest mo-
lecule couples weakly to 𝑆1 (Δ𝐹1 = −2.5 𝜃) and strongly to 𝑆2 (Δ𝐹2 = −20.0 𝜃).
Extrapolating the single-basin quadratic energy around 𝑆1 to 𝑞2 produces a
severe elastic penalty that masks binding altogether:

Δ𝐹harm(𝑞2) = 1
2ℓ

(1)
eff (𝑞2 − 𝑞1)2 = +62.5 𝜃 ≈ +1.61 eV, (5.55)

Δ𝐹trap = Δ𝐹harm(𝑞2) + Δ𝐹2 = +42.5 𝜃 ≈ +1.09 eV. (5.56)

Applying Theorem 5.5 across {𝑆1, 𝑆2} yields instead:

𝜃 ln(𝑝1𝑝2
) = 𝜃 ln 99 ≈ +4.60 𝜃 < Δ𝐹1 − Δ𝐹2 = 17.5 𝜃, (5.57)

Δ𝐹ens = −𝜃 ln(𝑝1𝑒−Δ𝐹1/𝜃 + 𝑝2𝑒−Δ𝐹2/𝜃) ≈ −15.39 𝜃, (5.58)

𝑝⋆2 = 𝑝2𝑒−Δ𝐹2/𝜃
𝑝1𝑒−Δ𝐹1/𝜃 + 𝑝2𝑒−Δ𝐹2/𝜃

> 0.9999. (5.59)

Replacing the single-basin parabola with the two-basin ensemble substitutes
the finite opening cost +4.60 𝜃 for the spurious +62.5 𝜃 elastic extrapola-
tion, inverting occupancy from 1% open (𝑝2 = 0.01) to over 99.99% open
(𝑝⋆2 > 0.9999) and recovering favourable net stabilisation Δ𝐹ens ≈ −15.39 𝜃
(≈ −0.396 eV). ♢

Across all three tiers of this chapter—from confined particle closures and
reduced-capacity atomic shells to covalent cut internalisation, valence port
orthogonality, and multi-basin molecular switching—composite matter has
beenmodelled directly on the discrete capacity graph𝐺K without presuppos-
ing a continuous spatial manifold. This raises the foundational question ad-
dressed next: if spatial coordinates are not postulated in advance, how does
continuous (3 + 1)-dimensional spacetime emerge? Chapter 6 answers this
question by deriving relativistic kinematics, three-dimensional spatial per-
sistence, gravitational curvature, and cosmological horizons from the large-
scale spectral geometry of K.
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S PAC E T IM E , G RAV I T Y , AND CO SMOLOGY

Having applied the Epistemic Lens to quantum measurement in Chapter 4
and to grid-free particle and molecular structure in Chapter 5, this chapter
turns outward to address the question posed at the close of Chapter 5: if
neither spatial coordinates nor external clocks exist on the relational graph
𝐺 = (𝑉 , 𝐸), how do continuous spacetime and gravity emerge? In the frame-
work of Conservation-Congruent Encoding (CCE), every geometric observ-
able is fixed directly by the operators constructed in Chapter 2. Under an
admissible partition ΠΠΠ, the coarse-grained capacity matrix K = KΩ + K𝜕
splits into Frobenius-orthogonal diagonal memory and off-diagonal bound-
ary sectors (2.186), while its Laplacian LK defines spectral dimension 𝑑𝑠[ΠΠΠ]
(2.233), resistance distance Ω𝛼𝛽 (2.239), local spectral cut conductance Σ𝑖𝑗(𝛼)
(2.311), diagonal memory trace Tr(KΩ) (2.249), and algebraic capacity-Ricci
curvature RicK (2.268).

Flat kinematics and gravitational curvature both follow from the orthogonal
split between PΠΠΠ and QΠΠΠ (2.64) across those operators. On a uniform ca-
pacity network whose incoming boundary updates remain within the cal-
ibrated reversible rate ΩΦ of the observer, transitions across KΩ and K𝜕
trade off losslessly in quadrature, recovering the Minkowski interval and
Lorentz boosts without presupposing a background manifold. Gravity arises
whenever block aggregation breaks that uniform baseline across either sec-
tor. Within the resolved sector of PΠΠΠ, compressing dense internal subgraphs
via𝒯P (2.159) concentrates links into heavy diagonal capacities𝐾𝛼𝛼 that turn
diagonal Ricci curvature strictly positive (2.274) even in vacuum and source
tracked stress–energy 𝑇 (tracked)𝜇𝜈 . Across the unresolved complement of QΠΠΠ,
sub-grid internal capacities and boundary dissipation 𝐼irr,𝜕 enter the non-
linear projection commutator of the Einstein operator as untracked stress–
energy 𝑇 (untracked)𝜇𝜈 , closing covariant conservation at finite resolution.

Synthesising Fagan [52, 53], this chapter develops three consequences of that
operator bridge. Section 6.1 reconciles discrete CCE updates with continu-
ous differentials across Chapter 2’s persistence and Weyl windows, proves
that collision-free routing and orbital stability uniquely select (3 + 1) di-
mensions, and calibrates the Minkowski interval and reversible tracking
threshold. Section 6.2 bridges RicK, Σ𝑖𝑗(𝛼), and Schur boundary closure to
the coarse-grained Einstein field equation under an explicit ContinuumMet-
ric Closure Assumption, unifying tracked baryonic gravity, untracked sub-
grid stress, geodesic attraction, and black hole horizon saturation. Finally,
Section 6.3 applies Chapter 4’s finite-observer bounds to cosmic history, re-
placing the Big Bang singularity and asymptotic Heat Death with a bounded
Epistemic Bubble.
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6.1 space and time

Standard relativity postulates a smooth four-dimensional Lorentzian mani-
fold and places clocks and rods upon it. Here the construction runs in re-
verse from the discrete operators of Chapter 2. An embedded subsystem
𝑆 ⊂ 𝑉 (𝑁 < ∞) partitioned under ΠΠΠ possesses only its internal capacity
split K𝑆 = KΩ + K(int)

𝜕 , its external cut K(ext)
𝜕 , and finite combinatorial link

counts. From these ingredients alone, we connect discrete transition counts
to smooth spacetime differentials across finite spectral windows, select (3+1)
continuum dimensions, and calibrate SI clocks and rulers to recover the
Minkowski metric and the reversible tracking threshold.

6.1.1 Discrete-to-Continuum Allocation and (3 + 1) Spatial Viability

Connecting discrete CCE algebra to relativistic kinematics requires distin-
guishing static capacity weights on 𝐺K from reversible transition updates
routed across them. In Chapter 2, each coarse-grained block 𝛼 ∈ {1, … ,𝑀}
carries internal link capacity 𝐾𝛼𝛼 ≥ 2 (links) and static logarithmic depth
𝐼𝛼𝛼 = ln𝐾𝛼𝛼 (nats, (1.33)). Across a multi-epoch foliation 𝑆1, … , 𝑆𝑁𝜏 along
𝜙𝜙𝜙time (2.242), those logarithmic depths set the intrinsic slice proper-time in-
crements Δ𝜏nat(𝜏 ) (2.243), whereas on a single-epoch partition the diagonal
memory trace Tr(KΩ) (2.249) counts the parallel internal channels carry-
ing elementary memory updates, with interior core transitions shielded by
LΩΩ. Even when an observer sits at rest relative to a stationary reference
sub-block ̄𝑆ref ⊂ ̄𝑆 (2.247), its static norms 𝒬Ω, 𝒬𝜕 , and 𝒬free remain strictly
positive (Section 2.4.2). What changes with motion is how the subsystem’s
reversible transition flux 𝐽𝛼𝛽—supported strictly where 𝐾𝛼𝛽 > 0 (2.310)—
apportions its reversible distinction budget Δ𝐼total (nats) across a reference
slice of ̄𝑆ref.
During one reversible update step, diagonal transitions throughKΩ advance
internal proper-time distinctions Δ𝐼int ≡ Δ𝜏nat, while off-diagonal trans-
itions across K𝜕 resolve spatial distinctions Δ𝐼ext (both in nats) across the
resistance metric Ω𝛼𝛽 (2.239). Because KΩ and K𝜕 occupy disjoint matrix
entries, any transition fluxmatrix decomposes into Frobenius-orthogonal di-
agonal and off-diagonal parts (⟨KΩ,K𝜕⟩𝐹 = 0, (2.186)), and reversible unitary
or orthogonal transport preserves the Euclidean ℓ2 norm—the same quad-
ratic geometry enforcing Tsirelson’s bound in Theorem 4.8. On any finite
CCE graph, prior to assuming a manifold or spatial dimension, discrete re-
versible distinction increments therefore add in quadrature:

Δ𝐼 2total = Δ𝐼 2int + Δ𝐼 2ext. (6.1)

Against a fixed reference stepΔ𝐼total, every nat of reversible capacity commit-
ted to external boundary transport Δ𝐼ext reduces in quadrature the internal
proper-time increment Δ𝐼int.
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How do discrete increments (Δ𝑘Ω, Δz𝛼𝛽 , Δ𝐼int, Δ𝐼ext) become smooth differ-
entials (d𝜏 , dz, d𝐼int, d𝐼ext) when Theorem 4.1 restricts every embedded ob-
server to finitely many blocks 𝑀 ≤ ⌊𝑁𝑆/2⌋? Rather than invoking an exact
continuum (𝑀 → ∞, ruled out operationally by Corollary 4.4), smooth dif-
ferential calculus emerges as the controlled coarse-grained approximation
inside Chapter 2’s two scale-separation windows (𝑀 ≫ 1 and 𝐾𝛼𝛼 ≫ 1).
Temporally, across Axiom II’s persistence window (𝜈0 Tr(KΩ))−1 ≪ d𝜏 ≪ 𝑇
(d𝜏 ≤ d𝑡 , (2.250)), d𝑘Ω = 𝜈0 Tr(KΩ) d𝜏 spans many internal channel updates
before coarse-grained state drift. Spatially, across the intermediate Weyl dif-
fusion window 𝜇−1𝑀 ≪ 𝑠 ≪ 𝜇−12 (2.232)–(2.234), coordinate jumps across

adjacent blocks satisfy |Δz𝛼𝛽 | ∼ 𝑀−1/𝑛 (𝑀−1/𝑛 ≪ 1) along 𝑛 ∶= 𝑑spatial𝑠
orthogonal spatial eigenmodes of LK while ΔK = 0 on the kinematic up-
date scale. Across this joint window, (6.1) passes directly to the differential
distinction balance across one temporal channel and 𝑛 mutually orthogonal
spatial channels (all in nats):

d𝐼 2total = d𝐼 2int + d𝐼 2ext, (6.2)

d𝐼 2ext =
𝑛
∑
𝑖=1

d𝐼 2ext,𝑖. (6.3)

Both legs in (6.2) belong strictly to reversible symplectic transport in Sub-
section 2.5.2, whereas projection loss enters separately as boundary dissip-
ation 𝐼irr,𝜕 in Section 6.2. When realised in relativistic quantum matter and
metered in seconds against a physical reference oscillator ̄𝑆ref of reversible
rate Ωref > 0 (nats s−1) via (2.255), rest energy above ground state (5.4) (at
universal elementary substrate step cadence 𝜈0 > 0 in s−1 and reduced Planck
constant ℏ in J s) and the Margolus–Levitin bound [106] on rest-frame ortho-
gonal transition time Δ𝜏⟂ (in s) cap the subsystem’s own active rest-frame
reversible distinction rate ΩΦ (in nats s−1):

𝐸Φ − 𝐸0,Φ = ℏ𝜈0 Tr(KΩ), (6.4)

Δ𝜏⟂ ≥ 𝜋ℏ
2(𝐸Φ − 𝐸0,Φ)

, (6.5)

0 < ΩΦ ≤ 𝜂Φ
2(𝐸Φ − 𝐸0,Φ)

𝜋ℏ = 2𝜂Φ
𝜋 𝜈0 Tr(KΩ), (6.6)

where 𝜂Φ ≥ ln 2 is the dimensionless coding factor (nats per orthogonal
transition). Because logarithmic concavity keeps static slice depthΔ𝜏nat (2.243)
strictly below the linear trace factor in (6.6) on every admissible partition
(𝐾𝛼𝛼 ≥ 2), any subsystem advancing coarse-grained steps at frequency 𝜈int ≤
𝜈0 (ΩΦ = Δ𝜏nat 𝜈int) satisfies (6.6) automatically.1

Although abstract networks can exhibit any spectral dimension 𝑛 = 𝑑spatial𝑠
(Section 2.5.1), persistent physical observers realised in relativistic matter
must sustain both collision-free boundary routing (Axiom I) and stable bound
registers (Axiom II) across (6.3). On the unboundedWeyl-windowheat-kernel

scaling 𝑃∞(𝑠) ≍ 𝑠−𝑑spatial𝑠 /2 (𝑠 ≥ 𝑠0 > 0) of (2.232), a lower bound 𝑛 ≥ 3 follows

1 Equation (6.6) bounds transition rate rather than spatial storage, whereas Bekenstein’s bound
already presupposes spatial radius and 𝑐 [12].
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from Pólya’s large-time recurrence criterion paired with transverse intersec-
tion codimension for generic one-dimensional routing channels Γ𝑖, Γ𝑗 :

∫
∞

𝑠0
𝑃∞(𝑠) d𝑠 = ∞ ⟺ 𝑑spatial𝑠 ≤ 2, (6.7)

dim(Γ𝑖 ∩tr Γ𝑗) = 1 + 1 − 𝑑spatial𝑠 = 2 − 𝑑spatial𝑠 . (6.8)

For 𝑑spatial𝑠 ≤ 2, random walks recur with probability one and non-planar
interconnects cannot be routed without crossings (dim ≥ 0, [66]) that force
serial arbitration and continuous boundary dissipation ̇𝐼irr,𝜕 > 0. Only for

𝑑spatial𝑠 ≥ 3 is generic channel intersection empty (dim < 0), permitting
collision-free non-planar causal routing.

An upper bound 𝑑spatial𝑠 < 4 follows from the stability of central-force bound
states—atomic shells (Chapter 5), mechanical oscillators, and orbital clocks—
under Laplacian flux conservation.2 For integer 𝑛 = 𝑑spatial𝑠 > 2, Gauss’s law
fixes the radial central force 𝐹𝑛(𝑟)with coupling 𝑘 > 0 and binding potential
𝑈𝑛(𝑟):

𝐹𝑛(𝑟) = − 𝑘
𝑟𝑛−1 , (6.9)

𝑈𝑛(𝑟) = − 𝑘
(𝑛 − 2)𝑟𝑛−2 . (6.10)

For reduced mass 𝜇 > 0 and angular momentum 𝐿 > 0, the planar effective
potential 𝑉eff(𝑟) has circular-orbit stationarity at 𝑟𝑐 > 0 and radial stability
curvature 𝑉″

eff(𝑟𝑐):

𝑉eff(𝑟) = 𝐿2
2𝜇𝑟2 − 𝑘

(𝑛 − 2)𝑟𝑛−2 , (6.11)

𝑉 ′
eff(𝑟𝑐) = 0 ⟺ 𝐿2

𝜇 = 𝑘𝑟4−𝑛𝑐 , (6.12)

𝑉″
eff(𝑟𝑐) = (4 − 𝑛) 𝑘𝑟𝑛𝑐

. (6.13)

theorem 6.1 (Dimensional Upper Bound from Orbital Stability). Let an
emergent spatial continuum possess integer spectral dimension 𝑛 = 𝑑spatial𝑠 > 2,
with long-range binding governed by the 𝑛-dimensional Gauss-law central po-
tential 𝑈𝑛(𝑟) in (6.10) with coupling constant 𝑘 > 0. Circular orbits of non-zero
angular momentum 𝐿 > 0 and reduced mass 𝜇 > 0 are linearly stable with
restoring effective potential curvature 𝑉″

eff(𝑟𝑐) > 0 if and only if 𝑛 < 4. Con-
sequently, for any integer spatial dimension satisfying the non-planar routing
bound 𝑛 ≥ 3, circular orbital stability holds if and only if 𝑛 = 3.

proof. Because 𝐿 > 0, 𝜇 > 0, and 𝑘 > 0, (6.12) admits 𝑟𝑐 > 0, and by (6.13)
the sign of 𝑉″

eff(𝑟𝑐) matches 4 − 𝑛. Hence 𝑉″
eff(𝑟𝑐) > 0 if and only if 𝑛 < 4,

which intersected with integer 𝑛 ≥ 3 uniquely yields 𝑛 = 3.
2 By Zeeman’s unknotting theorem [172], closed one-dimensional loops 𝑆1 ↪ 𝑆𝑛 likewise untie

trivially for all 𝑛 ≥ 4, leaving knot-protected flux tubes viable exclusively at 𝑛 = 3.
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At 𝑛 = 4 circular orbits are marginal (𝑉″
eff(𝑟𝑐) = 0) and for 𝑛 > 4 strictly

unstable [155], matching Bertrand’s theorem that among central power laws
only three-dimensional Keplerian and harmonic potentials close all bounded
orbits [147]. Combining 3 ≤ 𝑑spatial𝑠 < 4 with the single directed Fiedler axis
𝑑 time𝑠 = 1 along 𝜙𝜙𝜙time uniquely selects (3 + 1) continuum dimensions:

3 ≤ 𝑑spatial𝑠 < 4 ⟹ 𝑑spatial𝑠 = 3, (6.14)

𝑑𝑠[ΠΠΠ] = 𝑑spatial𝑠 + 𝑑 time𝑠 = 3 + 1 = 4. (6.15)

6.1.2 The Minkowski Interval and the Reversible Tracking Threshold

Consider first an irregular relational substrate whose coarse-grained block
degrees have uniform mean ̄𝑑 > 0 (links) and whose degree-normalised
spectral cut conductances (2.311) satisfy Σ𝑖𝑗(𝛼)/𝑑𝛼 ≃ ̄𝜎 𝛿 𝑖𝑗 at baseline con-
ductance ̄𝜎 > 0 (links−1) across all 𝑛 = 3 spatial axes within the Weyl
diffusion window. Unlike a periodic lattice, whose discrete grid axes break
boost symmetry, an irregular substrate without preferred lattice directions
realises continuous orthochronous Lorentz isotropy SO+(1, 3) statistically
across coarse-grained blocks (𝐾𝛼𝛼 ≫ 1), analogous to Poisson-sprinkled
causal sets [19]. Physical seconds and metres enter by choosing an inertial
physical reference oscillator as ̄𝑆ref of reversible distinction rate Ωref > 0
(nats s−1) in (2.255). For any target subsystem 𝑆 with active rest-frame re-
versible distinction rateΩΦ > 0 (nats s−1, (6.6)), letting d𝑡 (2.255) (𝑥0 = 𝑐𝑡) de-
note coordinate time metered on ̄𝑆ref, d𝜏 (2.250) denote standardised proper
time accumulated along KΩ, and dℓ denote Euclidean spatial displacement
relative to ̄𝑆ref in Cartesian coordinates 𝑥 𝑖 (𝑖 ∈ {1, 2, 3}) at invariant causal
propagation speed 𝑐 > 0 (m s−1) calibrates the distinction channels (all in
nats) to:

d𝐼total ∶= ΩΦ d𝑡 , (6.16)

d𝐼int ∶= ΩΦ d𝜏 , (6.17)

d𝐼ext ∶= ΩΦ
dℓ
𝑐 . (6.18)

Here d𝐼int = ΩΦ d𝜏 is a Lorentz scalar counting the intrinsic reversible dis-
tinctions actually accumulated along 𝑆’s own internal channelsKΩ, whereas
d𝐼total and d𝐼ext are observer-relative projections onto the chosen inertial ref-
erence sub-block ̄𝑆ref, with d𝐼total measuring the reference distinction budget
𝑆 would accumulate internally over d𝑡 if comoving with ̄𝑆ref. Calibrating
each spatial component in (6.3) and solving (6.2) for the invariant internal
leg yields the Euclidean spatial element and local Minkowski interval:

d𝐼ext,𝑖 ∶= ΩΦ
d𝑥 𝑖
𝑐 , (6.19)

dℓ2 ∶= 𝛿𝑖𝑗 d𝑥 𝑖d𝑥 𝑗 , (6.20)

d𝐼 2int = d𝐼 2total − d𝐼 2ext ⟹ 𝑐2d𝜏2 = 𝑐2d𝑡2 − dℓ2. (6.21)
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theorem 6.2 (Recovery of the Local Minkowski Interval). Let an embed-
ded observer with calibrated reversible distinction rateΩΦ > 0 allocate differen-
tial updates across mutually orthogonal temporal (d𝐼int) and three-dimensional
spatial ({d𝐼ext,𝑖}3𝑖=1) channels satisfying (6.2)–(6.3). Under the operational clock
and distance calibrations (6.16)–(6.20) with invariant signal speed 𝑐 > 0, the
proper-time interval satisfies

𝑐2d𝜏2 = 𝑐2d𝑡2 − dℓ2, (6.22)

recovering the (− + ++) Lorentzian Minkowski metric 𝜂𝜇𝜈 = diag(−1, 1, 1, 1)
in coordinates 𝑥𝜇 = (𝑐𝑡, 𝑥1, 𝑥2, 𝑥3) independently of ΩΦ.

proof. Substituting (6.16)–(6.20) at 𝑛 = 3 into the orthogonal channel sum
(6.2)–(6.3) gives

Ω2Φ d𝑡2 = Ω2Φ d𝜏2 + Ω2Φ
dℓ2
𝑐2 . (6.23)

Multiplying (6.23) by 𝑐2 > 0, cancelling Ω2Φ > 0, and solving for 𝑐2d𝜏2 yields
(6.22).

The Lorentzian minus sign thus requires neither Wick rotation nor imagin-
ary edge weights. Solving the positive-definite Frobenius balance (6.2) for
the frame-invariant internal leg d𝐼 2int against the frame-relative reference
budget d𝐼 2total algebraically reverses the sign of d𝐼 2ext. Dividing (6.21) by d𝑡
defines coordinate speed 𝑣 and the normalised Lorentz allocation circle:

𝑣 ∶= dℓ
d𝑡 , (6.24)

d𝜏2
d𝑡2 + 𝑣2

𝑐2 = 1, (6.25)

from which the Lorentz factor 𝛾L(𝑣) fixes proper-time dilation and longitud-
inal length contraction relative to rest length 𝐿0:

𝛾L(𝑣) ∶= 1
√1 − 𝑣2/𝑐2

, (6.26)

d𝜏 = d𝑡
𝛾L(𝑣)

, (6.27)

𝐿∥ =
𝐿0

𝛾L(𝑣)
. (6.28)

At rest relative to ̄𝑆ref (𝑣 = 0), d𝐼ext = 0 and all updates advance internal
memory (d𝜏 = d𝑡). At 𝑣 > 0, committing d𝐼ext > 0 across K𝜕 leaves fewer in-
ternal distinctions (d𝜏 < d𝑡) and projects 𝐿0 onto a contracted simultaneous
slice (𝐿∥ < 𝐿0). Comparing trajectories of different speeds 𝑣 across a fixed
reference increment d𝑡 on ̄𝑆ref traces the Euclidean allocation circle (6.25), so
between two worldlines that depart and reunite at a common register on a
later slice 𝑆𝜏 , the trajectory routing flux across K𝜕 completes fewer internal
channel updates d𝑘Ω = 𝜈0 Tr(KΩ) d𝜏 on KΩ (Δ𝜏 < Δ𝑡). Conversely, switch-
ing from ̄𝑆ref to any boosted inertial reference sub-block ̄𝑆′ref transforms
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the observer-relative pair (d𝐼total, d𝐼ext,𝑖) ↦ (d𝐼 ′total, d𝐼 ′ext,𝑖) under SO+(1, 3)
across the Lorentzian hyperbola (6.22) as each frame foliates simultaneous
slices along its own Fiedler mode 𝜙𝜙𝜙time (2.240), while leaving d𝐼int = ΩΦ d𝜏
on KΩ (shielded on 𝑆Ω by LΩΩ, Section 2.1.2) strictly invariant. Because a
boost is an SO+(1, 3) frame rotation on a statistically isotropic substrate [19]
rather than a coarsening map P (Section 2.3.2), the moving system preserves
its rest-frame partitionΠΠΠ, static structural norms 𝒬alloc and 𝒬free, and stabil-
ity barrier Δ𝐼barrier, while exact cancellation of Ω2Φ in (6.23) ensures symmet-
ric relative dilation without a preferred rest frame across clocks of distinct
capacities ΩΦ.

Flat Minkowski kinematics (6.21)–(6.28) requires both statistically homogen-
eous resolved capacities KΩ and an incoming proper-time rate of environ-
mental distinctions ̇𝐼env ≥ 0 (nats s−1) across K(ext)

𝜕 that stays within ΩΦ
(6.6). Whenever ̇𝐼env exceeds ΩΦ in the observer’s proper frame, excess dis-
tinctions cannot be routed reversibly and enforce a capacity-overflow floor
on proper-time boundary dissipation ̇𝐼irr,𝜕 (Section 3.2.2):

̇𝐼irr,𝜕 ≥ [ ̇𝐼env − ΩΦ]+, (6.29)

where [𝑥]+ ∶= max(𝑥, 0). On a statistically homogeneous substrate with
̇𝐼env ≤ ΩΦ, lossless coupling maintains flat kinematics ( ̇𝐼irr,𝜕 = 0). Whenever

coarse-graining instead concentrates internal capacities𝐾𝛼𝛼 unevenly across
im(PΠΠΠ) or leaves unmodelled capacities and boundary overflow ( ̇𝐼irr,𝜕 > 0)
in im(QΠΠΠ), the emergent metric 𝑔[Φ]𝜇𝜈 itself must curve (Section 6.2).

6.2 gravity

Why does energy–momentum curve spacetime? Standard general relativity
postulates 𝐺𝜇𝜈 = 𝜅G𝑇𝜇𝜈 without specifying why matter and unresolved en-
ergy deform geometry. Within Conservation-Congruent Encoding, gravita-
tional curvature is the direct continuum image of coarse-graining ΠΠΠ across
I = PΠΠΠ + QΠΠΠ (2.64), distinct from thermodynamic horizon-state derivations
[49, 80, 167]. On the bare loopless graph 𝐺 = (𝑉 , 𝐸), every vertex lacks self-
loops (𝐴𝑖𝑖 = 0) and carries strictly negative diagonal Ricci curvature (2.274),
so attractive gravitational focusing does not exist prior to coarse-graining.
Partitioning 𝐺 into persistent blocks concentrates internal links into diag-
onal capacities 𝐾𝛼𝛼 on im(PΠΠΠ) that turn local Ricci curvature positive even
in vacuum (𝑇 (tracked)𝜇𝜈 ), while unresolved sub-grid capacities and boundary
dissipation on im(QΠΠΠ) enter the nonlinear commutator of the Einstein op-
erator (𝑇 (untracked)𝜇𝜈 ). Changing the coarse-graining scale shifts contributions
between these two sectors without altering their conserved sum, making the
emergent metric 𝑔[Φ]𝜇𝜈 objective for any declared projection Φ.
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6.2.1 From the Capacity Graph to Continuum Curvature

Bridging the block capacity graph 𝐺K (𝑀 ≥ 3) to continuum Riemannian
slices (Σ, 𝑔𝑖𝑗) and a divergence-free spacetime curvature tensor requires sep-
arating exact discrete identities on the 𝑀-register block space ℝ𝑀 from dif-
ferential identities on the three-dimensional spatial tangent bundle 𝑇Σ.
On ℝ𝑀 , three algebraic identities from Chapter 2 hold exactly on every fi-
nite partition without manifold assumptions. First, under cut internalisation
⟦diag, 𝒞P⟧ = 𝒯P (2.168) and the discrete Ricci commutator ⟦Ric, 𝒞P⟧ (2.276),
encapsulating dense internal subgraphs into heavy blocks yields 𝐾𝛼𝛼 > 𝑑𝛽 +
𝐾𝛼𝛽 , flipping the diagonal capacity-Ricci curvature (RicK)𝛼𝛼 (2.274) from
strictly negative on the bare graph to strictly positive inside massive re-
gisters. Sparse exterior throats carry compensating negative curvature so
that global scalar curvature ScalK < 0 remains fixed by inter-block cuts
(2.275) (Example 2.8). Second, across the 𝑛 = 3 spatial spectral axes z(𝛼)
(2.237), dividing the local spectral cut conductance Σ𝑖𝑗(𝛼) (dimensionless,
(2.311)) by block degree 𝑑𝛼 (links) forms the 3 × 3 degree-normalised cut
conductance Σ𝑖𝑗(𝛼)/𝑑𝛼 (in links−1). Concentrating internal capacity 𝐾𝛼𝛼 en-
larges 𝑑𝛼 in this ratio, depressing Σ𝑖𝑗(𝛼)/𝑑𝛼 below the uniform baseline ̄𝜎 𝛿 𝑖𝑗
and stretching resistance distances around heavy blocks as the discrete pre-
cursor of a Flamm spatial throat. Third, applying Lemma 2.6 (2.270) to 1𝑀
on a closed capacity Laplacian (LK1𝑀 = 0) evaluates the combinatorial Ricci
row-sum divK RicK ∈ ℝ𝑀 (links2) and its exact global cancellation:

(divK RicK)𝛼 ∶=
𝑀
∑
𝛽=1

(RicK)𝛼𝛽 = 𝑑2𝛼 − (Kd)𝛼 = (LKd)𝛼 , (6.30)

𝑀
∑
𝛼=1

(divK RicK)𝛼 = 1T𝑀LKd = 0. (6.31)

Pointwise row-sums vanish on degree-harmonic regions where LKd = 0, in-
cluding the uniform baseline 𝑑𝛼 = ̄𝑑 . For an open subsystem 𝑆 ⊂ 𝑉 , omitting
bath return across D(ext)

K ≠ 0 breaks row-sum closure on the open Dirich-
let Laplacian, whereas restoring the Schur boundary self-energy ΣΣΣK,env in
LK,eff (3.6) restores exact nullspace closure LK,eff1𝑀 = 0.

Crucially, both the algebraic curvature ℛK = SK ∧⃝ I𝑀 in (2.280), whose
Schouten denominators 𝑀 − 2 and 2(𝑀 − 1) depend on block count 𝑀 ≫ 1,
and the scalar row-sum (6.30) act on the 𝑀-dimensional register space ℝ𝑀
rather than on the 𝑑 = 3 tangent space 𝑇𝑝Σ of an emergent spatial slice.
Coordinate-free simplicial deficit angles [141] and Ollivier–Ricci transport
curvature on random geometric graphs sampled from a smooth manifold
converge across intermediate diffusion scales to continuum Ricci curvature
[78, 123]. Because arbitrary relational graphs satisfying Axioms I–III need
not converge automatically to a smooth manifold, passing from discrete
block operators on ℝ𝑀 to differential geometry on a smooth spacetime chart
ℳ rests on an explicit continuum closure hypothesis.
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pr inciple 6.3 (Continuum Metric Closure Assumption). Let an embed-
ded observer coarse-grain 𝐺 = (𝑉 , 𝐸) under Φ across the persistence win-
dow (𝐾𝛼𝛼 ≫ 1) and Weyl diffusion window 𝜇−1𝑀 ≪ 𝑠 ≪ 𝜇−12 (𝑀 ≫ 1) in
the (3 + 1)-dimensional regime 𝑑spatial𝑠 = 3 and 𝑑 time𝑠 = 1 of Section 6.1. In
the geometric phase, the calibrated proper-time increments d𝜏 (2.250) and
degree-normalised cut conductances Σ𝑖𝑗(𝛼)/𝑑𝛼 admit an effective smooth
(3 + 1)-dimensional Lorentzian metric 𝑔[Φ]𝜇𝜈 (dimensionless in coordinates
𝑥𝜇 = (𝑐𝑡, 𝑥1, 𝑥2, 𝑥3)) of signature (− + ++) on ℳ whose spatial inverse met-
ric interpolates the baseline-normalised cut conductance at block position
𝑥𝛼 :

𝑔 𝑖𝑗[Φ](𝑥𝛼 ) ≃
Σ𝑖𝑗(𝛼)
̄𝜎 𝑑𝛼

, (6.32)

andwhose continuumRicci tensor 𝑅𝜇𝜈 [𝑔[Φ]] (m−2) reproduces across coarse-
grained Weyl neighbourhoods the directional focusing and defocusing of
capacity curvature RicK on 𝐺K.

Under Principle 6.3, two differential identities hold directly on the emergent
tangent bundles 𝑇Σ and 𝑇ℳ. First, whereas a Riemann tensor in 𝑑 ≥ 4 spatial
dimensions carries independent Weyl conformal components, on each 𝑑 =
3 spatial tangent space 𝑇𝑝Σ selected by Theorem 6.1 the three-dimensional
Weyl tensor (3)𝑊𝑖𝑗𝑘𝑙 vanishes identically and the spatial Ricci tensor (3)Ric
reconstructs the full spatial Riemann tensor (3)𝑅𝑖𝑗𝑘𝑙 (m−2):

(3)𝑊𝑖𝑗𝑘𝑙 ≡ 0 (𝑑 = 3), (6.33)

(3)𝑅𝑖𝑗𝑘𝑙 = (((3)Ric−1
4
(3)𝑅 𝑔) ∧⃝ 𝑔)

𝑖𝑗𝑘𝑙
. (6.34)

Propagating four-dimensional gravitational waves (𝑊𝜇𝜈𝜌𝜎 ≠ 0) arise dynam-
ically once the spatial slices (Σ, 𝑔𝑖𝑗) are stacked across time in Section 6.2.2.

Second, for the Levi–Civita connection ∇𝜇 of 𝑔[Φ]𝜇𝜈 on 𝑇ℳ, the Ricci tensor
alone is generally not divergence-free when scalar curvature 𝑅[𝑔[Φ]] varies
across space and time, just as the block row-sum (6.30) equals LKd rather
than vanishing on inhomogeneous graphs. Subtracting half the scalar trace
defines the continuum Einstein tensor 𝐺𝜇𝜈 [𝑔[Φ]] (m−2) and enforces the ex-
act contracted Bianchi identity:

𝐺𝜇𝜈[𝑔[Φ]] ∶= 𝑅𝜇𝜈[𝑔[Φ]] − 1
2𝑅[𝑔

[Φ]] 𝑔[Φ]𝜇𝜈 , (6.35)

∇𝜇𝐺𝜇𝜈[𝑔[Φ]] = ∇𝜇𝑅𝜇𝜈[𝑔[Φ]] − 1
2∇𝜈𝑅[𝑔

[Φ]] = 0. (6.36)

6.2.2 Coarse-Grained Stress–Energy and the Einstein Field Equation

Under the observation projection Φ ∶ 𝒳 ̄𝑆 → 𝒵 (Section 4.1, (4.11)), the ex-
tended coarse-grained state (2.309) on each spatial hypersurface Σ comprises
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the spatial metric 𝑔𝑖𝑗 , its conjugate momentum density 𝜋 𝑖𝑗 , resolved matter
and gauge fields Ψ, and coarse-grained entropy 𝑆 (in nats):

𝑍Φ ∶= Φ(𝑋), (6.37)

𝑍Φ[Σ] = (𝑔𝑖𝑗 , 𝜋 𝑖𝑗 , Ψ, 𝑆)Σ. (6.38)

Eliminating unresolved degrees of freedom in im(QΠΠΠ) induces the boundary
cometric𝕄𝜕 (Section 3.2.2, (3.11)), accumulating boundary dissipation along
any worldline 𝛾 parameterised by proper time 𝜏 :

𝐼irr,𝜕[𝑍Φ] ∶= ∫𝛾
̇𝐼irr,𝜕 d𝜏 = ∫𝛾 ∇𝑆(𝑍Φ) ⋅ 𝕄𝜕(𝑍Φ)∇𝑆(𝑍Φ) d𝜏 ≥ 0. (6.39)

Stacking the Riemannian slices (Σ, 𝑔𝑖𝑗) across 𝑥0 = 𝑐𝑡 in an Arnowitt–Deser–
Misner (ADM) foliation [3] with dimensionless lapse 𝑁lapse > 0, shift velo-
city N = (𝑁 𝑖) (m s−1), and future-pointing unit timelike normal 𝑛̂𝜇 defines
the ADM extrinsic curvature 𝒦𝑖𝑗 (in m−1, written in calligraphic script to
distinguish it from capacity blocks 𝐾𝛼𝛽 ) and evolves 𝑍Φ[Σ] under the exten-
ded coarse-grained generator 𝐻Φ ∶= 𝐻tracked + 𝐻untracked (Section 2.5.2 and
Section 3.2):

𝒦𝑖𝑗 ∶= −1
2ℒ𝑛̂𝑔𝑖𝑗 = − 1

2𝑐𝑁lapse
(𝑔̇𝑖𝑗 −ℒN𝑔𝑖𝑗), (6.40)

𝑔̇𝑖𝑗 = {𝑔𝑖𝑗 , 𝐻Φ} + (𝑔𝑖𝑗 , 𝑆)𝐻Φ , (6.41)

𝐴̇ = {𝐴, 𝐻Φ} + (𝐴, 𝑆)𝐻Φ , (6.42)

for any coarse-grained observable𝐴(𝑍Φ), where the symmetric bracket (⋅, ⋅)𝐻Φ
is generated by the Kulkarni–Nomizu mobility tensor 𝑅𝑎𝑏𝑐𝑑 (2.317)–(2.320)
[115]. By the Kulkarni–Nomizu Casimir degeneracy (𝐻Φ, 𝑆)𝐻Φ = 0 (2.324)
and the sector cometric split 𝕄 = 𝕄Ω + 𝕄𝜕 (3.9), dissipative exchange
transfers energy from 𝐻tracked into the entropy-bearing reservoir 𝐻untracked
while keeping the total generator 𝐻Φ strictly conserved:

𝐻̇Φ = {𝐻Φ, 𝐻Φ} + (𝐻Φ, 𝑆)𝐻Φ = 0, (6.43)
̇𝑆 = {𝑆, 𝐻Φ} + (𝑆, 𝑆)𝐻Φ = ̇𝐼irr,Ω + ̇𝐼irr,𝜕 ≥ ̇𝐼irr,𝜕 ≥ 0. (6.44)

Why do both quiet baryonicmasses and unresolved sub-grid dynamics curve

the coarse-grained metric 𝑔[Φ]𝜇𝜈 ? Let 𝑔[Φ(1)]𝜇𝜈 denote any finer Weyl-window

metric coarsened to 𝑔[Φ]𝜇𝜈 ∶= PΠΠΠ[𝑔[Φ
(1)]𝜇𝜈 ] across Φ = Φ(1)PΠΠΠ via Theorem 2.2.

Because the Einstein tensor 𝐺𝜇𝜈 is quadratic in the Levi–Civita connection

Γ𝜆𝜇𝜈 , evaluating 𝐺𝜇𝜈 on 𝑔[Φ]𝜇𝜈 does not commute with PΠΠΠ. Applying the coarse-

graining commutator (2.166) of Lemma 2.3 across 𝑔[Φ(1)]𝜇𝜈 ↦ 𝑔[Φ]𝜇𝜈 with empir-
ical gravitational coupling 𝜅G (in m J−1, calibrated by Newton’s constant 𝐺 in
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m3 kg−1 s−2) defines the tracked, untracked, and total stress–energy tensors
(in Jm−3):

𝜅G ∶= 8𝜋𝐺
𝑐4 , (6.45)

⟦𝐺𝜇𝜈 ,PΠΠΠ⟧(𝑔[Φ(1)]) = 𝐺𝜇𝜈[𝑔[Φ]] − PΠΠΠ[𝐺𝜇𝜈[𝑔[Φ(1)]]]
= 𝜅G 𝑇 (untracked)𝜇𝜈 ,

(6.46)

𝑇 (total)𝜇𝜈 ∶= 𝑇 (tracked)𝜇𝜈 + 𝑇 (untracked)𝜇𝜈 . (6.47)

Here PΠΠΠ[𝐺𝜇𝜈 [𝑔[Φ(1)]]] = 𝜅G𝑇 (tracked)𝜇𝜈 captures the resolved fields Ψ, where
persistent particles acquire rest mass𝑚 proportional to Tr(KΩ) via (5.4) from
concentrated intra-block capacities KΩ and generate positive Ricci focusing
(RicK)𝛼𝛼 > 0 (2.276) even in quiet vacuum ( ̇𝐼irr,𝜕 = 0). Complementarily,
the commutator (6.46)—the continuum counterpart of Lemma 2.3 alongside
the Schur boundary residual −ΣΣΣenv (2.171)—collects all curvature generated
across the open-observer residual projector QΠ̃ΠΠ𝑆

(2.69) between Φ(1) and Φ,
encompassing both unmodelled intra-basin capacities inKΩ and irreversible
boundary dissipation 𝐼irr,𝜕 driven by (𝑔𝑖𝑗 , 𝑆)𝐻Φ (6.41) and calibrated into Jm−3
at substrate noise intensity 𝜃 (J nat−1).

How does non-Hamiltonian drift (𝑔𝑖𝑗 , 𝑆)𝐻Φ and (𝜋 𝑖𝑗 , 𝑆)𝐻Φ remain compatible
with ADM constraint preservation across slices? Because open dissipation
acts across im(QΠΠΠ), the tracked canonical fields alone do not close the ADM
constraints when ̇𝐼irr,𝜕 > 0. Instead, the Casimir identity (𝐻Φ, 𝑆)𝐻Φ = 0
(6.43) transfers every unit of energy–momentum lost from the tracked sec-
tor into 𝑇 (untracked)𝜇𝜈 . With trace𝒦 ∶= 𝑔 𝑖𝑗𝒦𝑖𝑗 , spatial covariant derivative 𝐷𝑗
on (Σ, 𝑔𝑖𝑗), and spatial projector ℎ𝑖𝜇 , varying the total generator 𝐻Φ across
(𝑁lapse, 𝑁 𝑖) closes the Gauss–Codazzi ADM Hamiltonian and momentum

constraints (both in m−2) on the combined source 𝑇 (total)𝜇𝜈 :

(3)𝑅 +𝒦 2 −𝒦𝑖𝑗𝒦 𝑖𝑗 = 2𝜅G 𝑇 (total)𝜇𝜈 𝑛̂𝜇 𝑛̂𝜈 , (6.48)

𝐷𝑗(𝒦 𝑗 𝑖 − 𝛿 𝑗𝑖𝒦) = −𝜅G ℎ𝑖𝜇𝑇 (total)𝜇𝜈 𝑛̂𝜈 . (6.49)

Combining (6.46)–(6.49) with the contracted Bianchi identity (6.36) yields
the coarse-grained Einstein field equation and tracked–untracked covariant
exchange law:

𝐺𝜇𝜈[𝑔[Φ]] = 𝜅G (𝑇 (tracked)𝜇𝜈 + 𝑇 (untracked)𝜇𝜈 ) , (6.50)

∇𝜇 (𝑇 (tracked)𝜇𝜈 + 𝑇 (untracked)𝜇𝜈 ) = 0, (6.51)

∇𝜇𝑇 (tracked)𝜇𝜈 = −∇𝜇𝑇 (untracked)𝜇𝜈 . (6.52)

Just asD(ext)
K ≠ 0 breaks open-subsystem conservation until closed byΣΣΣK,env,

tracked stress alone need not satisfy ∇𝜇𝑇 (tracked)𝜇𝜈 = 0 across dissipative

boundaries, whereas its exchange (6.52) with 𝑇 (untracked)𝜇𝜈 closes (6.51) identic-
ally. Taking the formal fine-grained limit Φ(1) → id below theWeyl diffusion
window does not leave a smooth metric with 𝑇 (untracked)𝜇𝜈 = 0, because with-
drawing coarse-graining altogether dissolves the continuum chart itself back
into the bare graph 𝐺 = (𝑉 , 𝐸).
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6.2.3 Proper-Time Arrow, Geodesic Attraction, and Horizon Saturation

Along any timelike worldline 𝛾 in signature (− + ++), internal memory up-
dates along KΩ accumulate the curved-spacetime proper-time interval and
worldline functional 𝜏Φ[𝛾 ]:

d𝜏2 = − 1
𝑐2 𝑔

[Φ]𝜇𝜈 d𝑥𝜇d𝑥𝜈 , (6.53)

𝜏Φ[𝛾 ] = 1
𝑐 ∫𝛾 √−𝑔

[Φ]𝜇𝜈 d𝑥𝜇d𝑥𝜈 , (6.54)

whose intrinsic distinction integralΩΦ𝜏Φ[𝛾 ] = 𝜏nat,𝑇 generalises the intrinsic
proper-time horizon of (2.244), with 𝜏Φ[𝛾 ] ≡ 𝜏𝑇 in (2.256). Although (6.53)
is quadratic in d𝑥𝜇 , coarse-grained histories cannot run backwards in 𝜏 . Be-
cause 𝑆 is a Poisson Casimir (2.322), advancing along any monotonically in-
creasing trajectory parameter 𝜆 (d𝜆/d𝜏 > 0) drives non-decreasing entropy
solely through the metric bracket:

d𝑆
d𝜆 = (𝑆, 𝑆)𝐻Φ ≥ 0, (6.55)

d𝑆
d𝜏 = d𝜆

d𝜏 (𝑆, 𝑆)𝐻Φ ≥ 0. (6.56)

Metric curvature in (6.50) simultaneously explains gravitational attraction
and clock redshift while upholding the Einstein Equivalence Principle. Rel-
ative to four-velocity 𝑢𝜇 , the induced spatial metric and stationary temporal
support factor 𝜒𝑔(𝑥) (𝑔[Φ]0𝑖 = 0) read:

ℎ𝜇𝜈 = 𝑔[Φ]𝜇𝜈 + 𝑢𝜇𝑢𝜈
𝑐2 , (6.57)

dℓ2 = ℎ𝜇𝜈 d𝑥𝜇d𝑥𝜈 , (6.58)

and for a clock held stationary at fixed spatial coordinates (d𝑥 𝑖 = 0), temporal
support 𝜒𝑔(𝑥), gravitational clock dilation d𝑡/d𝜏 , and photon redshift 1 + 𝑧
satisfy:

𝜒𝑔(𝑥) ∶= −𝑔[Φ]00 (𝑥) > 0, (6.59)
d𝑡
d𝜏 = 1

√𝜒𝑔(𝑥)
, (6.60)

1 + 𝑧 = (𝑢𝜇𝑘𝜇)em
(𝑢𝜇𝑘𝜇)obs

. (6.61)

Near any resolved or unresolved mass concentration, positive Ricci focus-
ing depresses temporal support below unity (𝜒𝑔(𝑥) < 1, with 𝜒𝑔(𝑥) ≃ 1 +
2ΦN(𝑥)/𝑐2 in a weak Newtonian potential ΦN < 0). An unforced CCE in free
fall (𝑎𝜇 = 0) expends zero boundary station-keeping thrust and extremises
its accumulated internal reversible updates ΩΦ𝜏Φ[𝛾 ]:

𝛿 ∫𝛾 d𝐼int = ΩΦ 𝛿𝜏Φ[𝛾 ] = 0, (6.62)

ẍ ≃ −∇ΦN(x), (6.63)
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bending trajectories towards regions of deeper metric depression in exact
agreement with conservative Poisson flow {𝑍 , 𝐻tracked} (2.313). Conversely,
holding a clock at fixed spatial coordinates (𝑣 = 0, 𝑎𝜇 ≠ 0) diverts reversible
updates into outward boundary station-keeping against the metric gradi-
ent, slowing stationary proper ticks by d𝜏 = √𝜒𝑔(𝑥) d𝑡 . Because ΩΦ cancels
identically in (6.60)–(6.63), gravitational time dilation and free-fall acceler-
ation are strictly universal across all clock substrates, including thermally
shielded or cryogenically cooled detectors.

For a timelike worldline congruence with unit tangent 𝑢̂𝜇 ∶= 𝑢𝜇/𝑐, shear 𝜎𝜇𝜈 ,
vorticity 𝜔𝜇𝜈 , and four-acceleration 𝑎𝜇 ∶= 𝑢̂𝜈∇𝜈 𝑢̂𝜇 , volumetric focusing and
expansion follow the Raychaudhuri equation [140] in terms of the expansion
scalar Θexp (m−1):

Θexp ∶= ∇𝜇 𝑢̂𝜇 , (6.64)

𝑢̂𝜈∇𝜈Θexp = −1
3Θ

2
exp − 𝜎𝜇𝜈𝜎𝜇𝜈 + 𝜔𝜇𝜈𝜔𝜇𝜈 − 𝑅𝜇𝜈 𝑢̂𝜇 𝑢̂𝜈 + ∇𝜇𝑎𝜇 , (6.65)

where the untracked sector contributes via (6.50) with trace 𝑇 (untracked):

(𝑅𝜇𝜈 𝑢̂𝜇 𝑢̂𝜈)untracked = 𝜅G (𝑇 (untracked)𝜇𝜈 𝑢̂𝜇 𝑢̂𝜈 + 1
2𝑇

(untracked)) , (6.66)

𝑇 (untracked) ∶= 𝑔𝜇𝜈[Φ]𝑇 (untracked)𝜇𝜈 . (6.67)

Concentrated intra-basin stress with positive Raychaudhuri source in (6.66)
drives attractive focusing (𝑢̂𝜈∇𝜈Θexp < 0), whereas untracked stress violating

the strong energy condition (𝑇 (untracked)𝜇𝜈 𝑢̂𝜇 𝑢̂𝜈 + (1/2)𝑇 (untracked) < 0) drives
congruence defocusing (𝑢̂𝜈∇𝜈Θexp > 0) without postulating an elementary
negative-pressure fluid.

Relative to stationary proper-time increments√𝜒𝑔(𝑥) d𝑡 , when gravitational

compression drives 𝜒𝑔(𝑥) → 0+ so coordinate null speed dℓ/d𝑡 = 𝑐√𝜒𝑔(𝑥)
vanishes, the outward acceleration 𝑎𝜇 required to hover at fixed coordin-
ates diverges, saturating the reversible distinction balance (6.2) alongside
the local null transport boundary:

d𝐼ext ⟶ d𝐼total, (6.68)

d𝐼int ⟶ 0, (6.69)

𝑔[Φ]𝜇𝜈 d𝑥𝜇d𝑥𝜈 = 0 ⟺ dℓ

√𝜒𝑔(𝑥) d𝑡
= 𝑐. (6.70)

A black hole horizon is this stationary allocation limit, where station-keeping
consumes the entire reversible budget and collapses stationary proper time
while freely falling observers (𝑎𝜇 = 0) cross in finite 𝜏 . Here 𝑐 (m s−1) is not a
Shannon channel rate (ΩΦ in nats s−1), but the continuum conversion scale
between resistance distance Ω𝛼𝛽 on K𝜕 and reference time on KΩ, realising
the multi-slice graph-routing bound Δ𝜏compare ≥ dist𝐺K(𝛼, 𝛽) of (2.310) and
(4.80). Whenever an observer traverses an ambient bath of coordinate-frame
arrival rate ̇𝐼env,0 > 0 (nats s−1) at local stationary speed 𝑣 < 𝑐 (measured



164 spacetime , gravity , and cosmology

per stationary increment √𝜒𝑔(𝑥) d𝑡) in temporal support 𝜒𝑔(𝑥), kinematic
and gravitational clock compression combine into the dimensionless track-
ing factor ℛΦ(𝑣 , 𝑥), blueshifting the incoming environmental arrival rate
̇𝐼env(𝑣 , 𝑥) ∶= d𝐼env/d𝜏 (nats s−1) per unit observer proper time:

ℛΦ(𝑣 , 𝑥) ∶=
𝛾L(𝑣)

√𝜒𝑔(𝑥)
, (6.71)

d𝜏
d𝑡 = ℛ−1Φ (𝑣 , 𝑥) = √𝜒𝑔(𝑥)

𝛾L(𝑣)
, (6.72)

̇𝐼env(𝑣 , 𝑥) = ℛΦ(𝑣 , 𝑥) ̇𝐼env,0. (6.73)

For √𝜒𝑔(𝑥) ΩΦ > ̇𝐼env,0, lossless tracking via (6.29) holds only below the

velocity ceiling in (6.74), while either 𝑣 → 𝑐− or 𝜒𝑔(𝑥) → 0+ drivesℛΦ(𝑣 , 𝑥)
and proper-time boundary dissipation ̇𝐼irr,𝜕(𝑣 , 𝑥) (nats s−1) to diverge:

𝑣 < 𝑐

√√√√√√√√
√
1 − (

̇𝐼env,0

√𝜒𝑔(𝑥) ΩΦ
)
2

, (6.74)

lim𝑣→𝑐− ℛΦ(𝑣 , 𝑥) = lim
𝜒𝑔(𝑥)→0+

ℛΦ(𝑣 , 𝑥) = ∞, (6.75)

̇𝐼irr,𝜕(𝑣 , 𝑥) ≥ [ℛΦ(𝑣 , 𝑥) ̇𝐼env,0 − ΩΦ]+ ⟶ ∞. (6.76)

On every spatial slice, static link allocation obeys 𝒬alloc ≤ 𝒬total and 𝒬free ≥
0 (2.200) unconditionally (Theorem 2.4), because neither Lorentz boosts nor
stationary redshift alter the combinatorial link incidences of𝐺K (Section 6.1.2).
What ℛΦ(𝑣 , 𝑥) compresses is the observer’s uncommitted proper-time re-
versible bandwidthΩfree(𝜏 ) (in nats s−1), which remains strictly positive only
above a dimensionless critical temporal support floor 𝜒 crit𝑔 (𝑣):

Ωfree(𝜏 ) ∶= [ΩΦ −ℛΦ(𝑣 , 𝑥) ̇𝐼env,0]+ ≥ 0, (6.77)

𝜒 crit𝑔 (𝑣) ∶= 𝛾 2L (𝑣) (
̇𝐼env,0
ΩΦ

)
2
, (6.78)

Ωfree(𝜏 ) > 0 ⟺ 𝜒𝑔(𝑥) > 𝜒 crit𝑔 (𝑣). (6.79)

Whenever 𝜒𝑔(𝑥) > 𝜒 crit𝑔 (0), the temporal support threshold (6.79) coincides
identically with the velocity bound (6.74), whereas at or below 𝜒 crit𝑔 (𝑣) un-
committed proper-time bandwidth saturates at Ωfree(𝜏 ) = 0 without viol-
ating 𝒬free ≥ 0 and spills excess arrivals into ̇𝐼irr,𝜕(𝑣 , 𝑥) via (6.76). In flat
vacuum ( ̇𝐼env,0 = 0), both 𝒬free and Ωfree(𝜏 ) = ΩΦ remain boost-invariant.
In an ambient bath ( ̇𝐼env,0 > 0), sustained through-time agency (𝜒𝑇 > 0)
requires both static structural slack 𝒬free(𝑥) > 0 (Theorem 3.4) and posit-
ive proper-time bandwidth Ωfree(𝜏 ) > 0, situating viable observers between
sparse intergalactic voids with low 𝒬total(𝑥) and near-horizon saturation at
𝜒𝑔(𝑥) ≤ 𝜒 crit𝑔 (𝑣) and favouring intermediate planetary wells.
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6.3 cosmological horizons

A differential field equation such as (6.50) can be formally integrated to
𝑡 → 0 or 𝑡 → ∞ even where no embedded subsystem 𝑆 ⊂ 𝑉 can store
or verify its extrapolated states. Treating those infinite mathematical limits
as observer-independent physical reality commits the Platonic Observer Fal-
lacy (Section 4.1.1). By Theorem 4.1 (4.13)–(4.4), any observer enclosed within
a smooth operational boundary 𝜕𝑆 of area 𝐴𝜕𝑆 resolves at most 𝑀 ≤ ⌊𝑁𝑆/2⌋
blocks (𝑀 < |𝒳 ̄𝑆 |) under 𝑍𝑡 = Φ(𝑋𝑡), subject independently to an upper
holographic memory bound [11, 12, 75] (without assuming horizon satura-
tion) and a finite pathwise dissipation budget 𝑊 (𝑆)

max,[𝑡𝑎 ,𝑡𝑏] (4.10) at substrate
noise scale 𝜃 :

𝐼 (𝑋𝑡 ; 𝑍𝑡) ≤ 𝐼rev,Ω(𝑡) ≤ 𝐼 capΦ ≤ 𝐴𝜕𝑆
4ℓ2P

< ∞, (6.80)

𝐼irr,𝜕,[𝑡𝑎 ,𝑡𝑏][𝛾 ] = ∫
𝑡𝑏

𝑡𝑎
̇𝐼irr,𝜕(𝑡) d𝑡 ≤ 𝐼 (𝑆)irr,max,[𝑡𝑎 ,𝑡𝑏] ∶=

𝑊 (𝑆)
max,[𝑡𝑎 ,𝑡𝑏]

𝜃 < ∞. (6.81)

Auditing backward and forward cosmic extrapolations against (6.80)–(6.81)
replaces singular origins and infinite-horizon equilibria with well-defined
epistemic horizons.

6.3.1 Retrodictive Divergence and Past Resolution Limits

To reconstruct the cosmic state at an earlier epoch 𝑡 < 𝑡0 from a present
coarse-grained record 𝑧𝑡0 ∈ 𝒵 , the observer facesmulti-slice backward branch-
ing (Definition 4.2, (4.17)), since Φ is many-to-one and trajectories from 𝑘− ≥
2 distinct past blocks { ̄𝑆𝑗}𝑘−𝑗=1 merge into Φ−1({𝑧𝑡0}). Across those 𝑘− reachable
past blocks, the posterior weights 𝑝𝑗(𝑡 ∣ 𝑧𝑡0) define the retrodictive branch
load 𝐵−Φ(𝑡; 𝑧𝑡0) (in nats):

𝑝𝑗(𝑡 ∣ 𝑧𝑡0) = ∫ ̄𝑆𝑗
𝑝(𝑥𝑡 ∣ 𝑧𝑡0) d𝜇𝑡(𝑥𝑡), (6.82)

𝐵−Φ(𝑡; 𝑧𝑡0) ∶= −
𝑘−
∑
𝑗=1

𝑝𝑗(𝑡 ∣ 𝑧𝑡0) ln 𝑝𝑗(𝑡 ∣ 𝑧𝑡0) ≤ ln 𝑘−, (6.83)

which by Theorem 4.3 (4.19) requires boundary dissipation 𝐼irr,𝜕,𝑇 ≥ 𝐵−Φ(𝑡; 𝑧𝑡0)
to resolve. Past distinctions reach the observer along a past-directed causal
light-sheet [22] of cross-sectional area 𝐴−(𝜆−) (m2) at backward affine para-
meter 𝜆−(𝑡) (m). Tracked retrodiction requires 𝐵−Φ(𝑡; 𝑧𝑡0) to fit simultaneously
within 𝐼 capΦ and the covariant light-sheet capacity 𝐴−(𝜆−)/(4ℓ2P) (6.80), set-
ting a strictly positive past area floor 𝐴minΦ (𝑡):

𝐵−Φ(𝑡; 𝑧𝑡0) ≤ min{𝐼 capΦ , 𝐴−(𝜆−)
4ℓ2P

} , (6.84)

𝐴−(𝜆−) ≥ 𝐴minΦ (𝑡) ∶= 4ℓ2P𝐵−Φ(𝑡; 𝑧𝑡0). (6.85)
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The earliest backward epoch 𝑡−Φ < 𝑡0 at which the past light-sheet contracts
below 𝐴minΦ (𝑡) (or 𝐵−Φ(𝑡; 𝑧𝑡0) exceeds 𝐼

cap
Φ ) defines the backward epistemic ho-

rizon, beyond which tracked reconstruction fails in retrodictive divergence.

Equations (6.83)–(6.85) refute the physical inference of a zero-volume Big
Bang singularity. Classical Hawking–Penrose theorems [76] integrate (6.65)
backwards along 𝑢̂𝜇− ∶= −𝑢̂𝜇 for the past-directed expansionΘ− ∶= −Θexp <
0 of an irrotational (𝜔𝜇𝜈 = 0), geodesic (𝑎𝜇 = 0) congruence under 𝑅𝜇𝜈 𝑢̂𝜇−𝑢̂𝜈− ≥
0, mirrored on the past light-sheet 𝐴−(𝜆−) by null focusing with prefactor
−1/2 under the null energy condition:

dΘ−
d𝜆−

= −1
3Θ

2− − 𝜎𝜇𝜈𝜎𝜇𝜈 − 𝑅𝜇𝜈 𝑢̂𝜇−𝑢̂𝜈− ≤ −1
3Θ

2−, (6.86)

lim𝜆−→𝜆−origin
Θ−(𝜆−) = −∞. (6.87)

Continuing (6.86)–(6.87) to𝐴−(𝜆−) → 0 fails physically across three coupled
thresholds. First, as𝐴−(𝜆−) contracts towards𝐴minΦ (𝑡)while 𝐵−Φ(𝑡; 𝑧𝑡0) grows,
̇𝐼env exceedsΩΦ (6.29), shifting source weight from 𝑇 (tracked)𝜇𝜈 into 𝑇 (untracked)𝜇𝜈

in (6.50). Second, once past light-sheet cross-sections reach the discreteWeyl
cutoff 𝜇−1𝑀 where finite substrate valence 𝑑𝑖 ≤ 𝑑max (2.194) saturates block de-
grees, the spectral chart ΦΦΦ (2.236) ceases to approximate a smooth manifold
while the underlying graph curvature RicK remains strictly finite. Third, by
Corollary 4.4, refining a positive initial past cross-section 𝐴−(𝜆−,0) > 0 to
𝐴−(𝜆−) → 0+ drives both preserved capacity and reset work to infinity:

𝐼rev(𝜆−) ≥
𝐴−(𝜆−,0)
𝐴−(𝜆−)

ln 2 𝐴−(𝜆−)→0+−−−−−−−−−→ ∞, (6.88)

𝑊diss(𝜆−) ≥ 𝜃 ln(𝐴−(𝜆−,0)
𝐴−(𝜆−)

) 𝐴−(𝜆−)→0+−−−−−−−−−→ ∞, (6.89)

violating (6.80)–(6.81). Universal redshift 1 + 𝑧 (6.61) and cosmic microwave
thermalisation reflect coarse-grained curvature in (6.50) rather than licens-
ing extrapolation to 𝐴−(𝜆−) = 0, and the apparent singularity is retrodictive
divergence at 𝑡−Φ .

6.3.2 Predictive Signal Dilution and the Epistemic Bubble

In the forward direction (𝑡 > 𝑡0), trajectories bundled inside Φ−1({𝑧𝑡0}) dis-
perse across 𝑘+ > 1 reachable future blocks (4.16) while open boundary
damping (𝐴, 𝑆)𝐻Φ erodes phase correlations. Unlike the observer’s incoming
past light-sheet 𝐴−(𝜆−) carrying cosmic retrodictive branch load 𝐵−Φ(𝑡; 𝑧𝑡0),
forward resolution tracks a separate outgoing point-source or predictive
causal wavefront of cross-sectional area 𝐴+(𝜆+) (m2) at forward affine para-
meter 𝜆+(𝑡) (m). Near a localised emitter, 𝐴+(𝜆+) can start at compact cross-
sections 𝐴+(𝜆+) ≪ 𝐴minΦ (𝑡) without triggering retrodictive divergence, be-
cause𝐴minΦ (𝑡) constrains only𝐴−(𝜆−). Instead, by data processing and (6.80),
surviving predictive mutual information 𝐼 (𝑍𝑡0 ; 𝑅𝑡) cannot exceed 𝐼 capΦ , while
an outgoing signal of energy 𝐸signal > 0 (J) spreading across𝐴+(𝜆+) remains
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resolvable against detector fluence noise floor 𝜌noise > 0 (J m−2) only up to
a finite outgoing area ceiling 𝐴maxΦ :

𝐼 (𝑍𝑡0 ; 𝑅𝑡) ≤ 𝐼rev,Ω(𝑡0) ≤ 𝐼 capΦ , (6.90)
𝐸signal
𝐴+(𝜆+)

≥ 𝜌noise, (6.91)

𝐴+(𝜆+) ≤ 𝐴maxΦ ∶= 𝐸signal
𝜌noise

< ∞. (6.92)

The forward epoch 𝑡+Φ > 𝑡0 at which the outgoing wavefront 𝐴+(𝜆+) ex-
pands past 𝐴maxΦ (or 𝐼 (𝑍𝑡0 ; 𝑅𝑡) falls below the detector noise floor) defines
the forward epistemic horizon, beyond which outgoing distinctions are lost
to predictive dissipation.

Equations (6.90)–(6.92) similarly rule out operational claims of universal
Heat Death [34, 67]. Postulating a global entropy of a closed cosmos pre-
supposes an external spectator enclosing 𝑉 , violating Theorem 4.1. As tra-
jectories cross 𝑡+Φ or the causal horizon (6.80), 𝐼 (𝑍𝑡0 ; 𝑅𝑡) → 0 transfers dis-

tinctions from 𝑇 (tracked)𝜇𝜈 into 𝑇 (untracked)𝜇𝜈 rather than halting substrate dy-
namics. Under (6.42), Casimir conservation preserves total coarse-grained
energy (𝐻̇Φ = 0, (6.43)) while any open multi-basin subsystem (𝑀 ≥ 2)
retains 𝒬free > 0 via the ℓ2–ℓ1 norm gap (2.200), operating indefinitely as a
generative dissipator (Definition 3.10) by exporting boundary entropy across
its local horizon.

Pairing the past light-sheet floor (6.85) with the outgoing wavefront ceil-
ing (6.92) confines every embedded observer to a compact temporal interval
𝒟Φ ∶= [𝑡−Φ , 𝑡+Φ ]—its Epistemic Bubble—bounded at its past and future hori-
zons by two distinct causal congruences.

theorem 6.4 (Cosmological Epistemic Horizon Bounds). Let 𝑆 ⊂ 𝑉 be an
embedded observing subsystem at epoch 𝑡0 with finite structural capacity ceil-
ing 𝐼 capΦ < ∞, past light-sheet cross-sectional area 𝐴−(𝜆−) > 0 (𝑡 ≤ 𝑡0) car-
rying retrodictive branch load 0 < 𝐵−Φ(𝑡; 𝑧𝑡0) ≤ 𝐼 capΦ , and outgoing predictive
wavefront cross-sectional area 𝐴+(𝜆+) > 0 (𝑡 ≥ 𝑡0) carrying signal energy
𝐸signal > 0 against detector fluence noise floor 𝜌noise > 0. Tracked reconstruc-
tion across 𝒟Φ = [𝑡−Φ , 𝑡+Φ ] is physically admissible if and only if the incom-
ing past light-sheet and outgoing predictive wavefront satisfy their respective
causal area bounds:

𝐴−(𝜆−) ≥ 𝐴minΦ (𝑡) ∶= 4ℓ2P𝐵−Φ(𝑡; 𝑧𝑡0), (6.93)

𝐴+(𝜆+) ≤ 𝐴maxΦ ∶= 𝐸signal
𝜌noise

. (6.94)

Any backward extrapolation with 𝐴−(𝜆−) < 𝐴minΦ (𝑡) (𝑡 < 𝑡−Φ ) fails by retro-
dictive divergence and any forward extrapolation with 𝐴+(𝜆+) > 𝐴maxΦ (𝑡 >
𝑡+Φ ) fails by predictive dissipation, transferring unresolvable distinctions from
𝑇 (tracked)𝜇𝜈 into 𝑇 (untracked)𝜇𝜈 .
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proof. Since 𝐵−Φ(𝑡; 𝑧𝑡0) ≤ 𝐼 capΦ and 4ℓ2P > 0, the retrodictive capacity condi-
tion (6.84) on the past light-sheet is equivalent to 𝐵−Φ(𝑡; 𝑧𝑡0) ≤ 𝐴−(𝜆−)/(4ℓ2P),
and thus to (6.93). Independently, for 𝐴+(𝜆+) > 0 and 𝜌noise > 0, the predict-
ive signal-to-noise condition (6.91) on the outgoing wavefront is equivalent
to 𝐸signal/𝐴+(𝜆+) ≥ 𝜌noise, and thus to (6.94). Outside 𝒟Φ = [𝑡−Φ , 𝑡+Φ ], viol-
ating either bound transfers unresolvable distinctions into 𝑇 (untracked)𝜇𝜈 via
(6.46).

example 6.1 (Epistemic Horizon Bounds of an Embedded Cosmic Obser-
vatory). Consider an embedded cosmic observatory whose incoming past
light-sheet carries retrodictive branch load 𝐵−Φ(𝑡; 𝑧𝑡0) = 1090 nats (< 𝐼 capΦ ) at
Planck area scale ℓ2P ≈ 2.612×10−70 m2, while an outgoing astrophysical tran-
sient radiates signal energy 𝐸signal = 1044 J (comparable to a core-collapse
supernova or gamma-ray burst) against an integrated detector fluence noise
floor 𝜌noise = 10−10 Jm−2. Evaluating Theorem 6.4 (6.93)–(6.94) fixes the
past light-sheet floor and outgoing wavefront ceiling:

𝐴minΦ (𝑡) = 4ℓ2P𝐵−Φ(𝑡; 𝑧𝑡0) ≈ 1.04 × 1021 m2, (6.95)

𝐴maxΦ = 𝐸signal
𝜌noise

= 1.00 × 1054 m2. (6.96)

Backward cosmic reconstruction fails once the incoming past light-sheet
contracts below 𝐴−(𝜆−) ≈ 1.04 × 1021 m2 (spherical light-sheet radius 𝑟− ≈
9.1 × 109 m), setting 𝑡−Φ . Independently, the outgoing transient wavefront
remains resolvable from its compact source (𝐴+(𝜆+) ≪ 𝐴minΦ (𝑡)) out to
𝐴+(𝜆+) = 1.00 × 1054 m2 (spherical wavefront radius 𝑟+ ≈ 2.8 × 1026 m, or
roughly 9.1Gpc), setting 𝑡+Φ , beyond which unresolvable distinctions enter

𝑇 (untracked)𝜇𝜈 . ♢

Theorem 6.4 completes Chapter 6 and Part II. From quantum measurement
and molecular bonding to (3 + 1) spacetime, gravity, and cosmic horizons,
effective physical laws emerge from coarse-graining a finite relational graph
under ΠΠΠ, where 𝑇 (untracked)𝜇𝜈 in (6.46) captures the curvature sourced by un-
resolved degrees of freedom. Part III turns from observing physical reality
to engineering within it, building continuous dynamical circuits and Hyper-
bolic Processing Units (Chapter 7) and establishing physical containment
bounds for autonomous artificial intelligence (Chapter 8).
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7
PH Y S I CA L COMP U TAT I ON AND HARDWARE
ARCH I T E C T UR E S

Computer science rests on two opposing idealisations. At the logical level, it
treats the discrete bit {0, 1} as a costless primitive of computation (Section 1.5),
while at the analogue level, it assumes that physical states inhabit an infinite-
precision real continuum ℝ𝐷 . Embedded hardware admits neither extreme.
By Corollary 4.4 (Section 4.1.3) and the continuum bounds of Chapter 5,
resolving an exact real coordinate requires unbounded preserved structure
(𝐼rev → ∞) and infinite boundary dissipation (𝐼irr,𝜕,𝑇 → ∞). Conversely, re-
stricting an architecture to binary fixed-point states {0, 1} is not a physical
necessity, but a design choice that confines the assignment operator ΠΠΠ𝑆 to
𝑀 = 2 isolated point basins and halts state trajectories at every logical step.

In this monograph, physical computation is a controlled state transforma-
tion on the coarse-grained Conservation-Congruent Encoding (CCE) capa-
city network (K𝑆 ,LK,eff,ΠΠΠ𝑆) of an open relational substrate, evaluated on the
(𝜒𝑇 , 𝜅𝑇 ) operational efficiency plane of Chapter 3 [55, 56]. This chapter devel-
ops that theory from substrate-agnostic evaluation to concrete hardware ar-
chitectures. Section 7.1 formulates computational efficiency on (𝜒𝑇 , 𝜅𝑇 ), sub-
suming classical time and space complexity within boundary dissipation and
preserved internal structure across combinatorial sorting and sequence at-
tention to expose the temporal overwrite and spatial routing bottlenecks of
conventional computing. Section 7.2 evaluates digital systems in the over-
damped fixed-point limit (𝕁∇𝐻 → 0) of open capacity modules, anchoring
semiconductor switching, volatile and non-volatile memory retention, and
cascaded Boolean noise margins on (𝜒𝑇 , 𝜅𝑇 ). Section 7.3 turns to analogue
systems (𝕁∇𝐻 ≠ 0), proving an asymptotic reduction in coarse-grained state
transitions and boundary dissipation for phase-locked flows over clocked di-
gital counters while confining irreversible basin collapse to discrete terminal
readout. Finally, Section 7.4 aligns the discrete capacity-Ricci operator RicK
of the interconnect fabric with hierarchical workloads in a Hyperbolic Pro-
cessing Unit (HPU).

7.1 computational eff ic iency

Every physical computing device is an open subsystem 𝑆 ⊂ 𝑉 of the rela-
tional graph 𝐺 = (𝑉 , 𝐸) coupled across its boundary cut 𝜕𝑆 to an external
environment ̄𝑆 = 𝑉 ⧵ 𝑆 (Section 2.1.2). Under the two-tier assignment ΠΠΠ =
diag(ΠΠΠ𝑆 ,ΠΠΠ ̄𝑆) of Chapter 2 (Section 2.2.2, (2.83)), the internal system capacity
K𝑆 = KΩ + K(int)

𝜕 separates intra-basin memory capacity 𝐾𝛼𝛼 (local state
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reservoirs) from internal interconnects 𝐾𝛼𝛽 , while the external boundary

cutK(ext)
𝜕 couples the device across 𝜕𝑆 to external drives, input–output chan-

nels, and environmental sinks. Eliminating unmonitored environmental de-
grees of freedom via the projected Schur operator LK,eff = LK + (D(ext)

K −
ΣΣΣK,env) (3.6)–(3.7) captures external driving and sink impedance entirely
through the boundary self-energy ΣΣΣK,env. Whereas a self-maintaining or-
ganism in Chapter 3 expends capacity to defend its own stability barrier
Δ𝐼barrier,𝑇 , an externally driven computing system operates over emergent
horizon 𝑇 to resolve task mutual information 𝐼 (𝑋 ; 𝑌 ) (in nats) (3.1) between
input ensemble 𝑋 and output register 𝑌 . Specialising through-time intelli-
gence and consciousness (3.29)–(3.32) to this task yield gives

𝜒𝑇 = 𝐼 (𝑋 ; 𝑌 )
𝐼irr,𝜕,𝑇

= 𝜅𝑇
𝐼rev,Ω,𝑇
𝐼irr,𝜕,𝑇

, (7.1)

𝜅𝑇 = 𝐼 (𝑋 ; 𝑌 )
𝐼rev,Ω,𝑇

, (7.2)

operated beneath the relational capacity ceiling 𝒬free = 𝒬total − 𝒬alloc >
0 (2.200), where pairwise basin barriersΔ𝐼barrier,𝛼𝛽 (≈ lnΞ forΞ ≫ 1) protect
stored distinctions against spontaneous transitions and multiplying by the
substrate noise intensity 𝜃 (J nat−1, with 𝜃 = 𝑘B𝑇th in an isothermal bath at
temperature 𝑇th) calibrates (𝜃𝜒𝑇 , 𝜃𝜅𝑇 ) in J nat−1.

7.1.1 Time, Space, and Combinatorial Sorting

Equations (7.1)–(7.2) subsume classical algorithmic complexitywithin a phys-
ical efficiency framework. Classical complexity theory classifies algorithms
by counting abstract step counts 𝒪(𝑇 ) and workspace words 𝒪(𝑆) on an
idealised Turing tape or unit-cost random-access machine. On physical hard-
ware, every state transition and memory allocation alters distinguishability
on the capacity networkK𝑆 . Under the through-time accounting of Chapter 3
(Section 3.3, (3.29)–(3.32)), algorithmic time and space map directly onto cu-
mulative boundary dissipation and time-averaged preserved internal struc-
ture:

𝒪(𝑇 ) ⟶ 𝐼irr,𝜕,𝑇 , (7.3)

𝒪(𝑆) ⟶ 𝐼rev,Ω,𝑇 . (7.4)

In Equations (7.3)–(7.4), step execution drives cumulative boundary dissipa-
tion 𝐼irr,𝜕,𝑇 (in nats) generated by state transitions, channel charging, and irre-

versible state overwrites across K(ext)
𝜕 , whereas workspace drives preserved

internal structure 𝐼rev,Ω,𝑇 (in nats) held inside KΩ across registers, caches,
and buffers. Evaluating Equations (7.1)–(7.2) against resolved task mutual in-
formation 𝐼 (𝑋 ; 𝑌 ) places every computation on the two-dimensional (𝜒𝑇 , 𝜅𝑇 )
operational efficiency plane rather than ranking it by runtime alone.

Combinatorial sorting illustrates how algorithmic design moves a processor
across (𝜒𝑇 , 𝜅𝑇 ). Mapping an input array 𝑋 drawn uniformly from all 𝑁! per-
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Algorithm 𝐼rev,Ω,𝑇 (nats) 𝐼irr,𝜕,𝑇 (nats) 𝜒𝑇 𝜅𝑇
Bubble Sort ≈ 𝑁 ln𝑁 Θ(𝑁 2) Θ(𝑁−1 ln𝑁) ≈ 1
Merge Sort ≈ 2𝑁 ln𝑁 Θ(𝑁 ln𝑁) Θ(1) ≈ 0.5
Heap Sort ≈ 𝑁 ln𝑁 Θ(𝑁 ln𝑁) Θ(1) ≈ 1

table 7.1: Asymptotic sorting costs under comparison branching with task mutual
information 𝐼 (𝑋 ; 𝑌 ) = Θ(𝑁 ln𝑁) nats (7.5) andminimal word width 𝑤 ≈
ln𝑁 nats. Merge Sort allocates an auxiliary𝑁 -word workspace buffer in
𝐼rev,Ω,𝑇 to avoid quadratic comparison overwrites in 𝐼irr,𝜕,𝑇 , whereas Heap
Sort embeds an implicit binary tree inside the input array.

mutations of 𝑁 distinct items onto its unique sorted order 𝑌 resolves mutual
information (in nats)

𝐼 (𝑋 ; 𝑌 ) = ln(𝑁 !) = 𝑁 ln𝑁 − 𝑁 + 𝒪(ln𝑁) = Θ(𝑁 ln𝑁), (7.5)

while indexing 𝑁 distinct items requires word width 𝑤 ≥ ln𝑁 nats so that
an 𝑁 -word array stores at least 𝑁 ln𝑁 nats of distinguishable internal state.
Table 7.1 compares Bubble Sort, Merge Sort, and Heap Sort at minimal word
width 𝑤 ≈ ln𝑁 nats when each pairwise comparison incurs Θ(1) nat of bin-
ary branching dissipation and itemsmove via permutation swaps (on awider
fixed-width register file, 𝐼rev,Ω,𝑇 grows proportionally to word width, while
overwriting full words on every move multiplies 𝐼irr,𝜕,𝑇 by 𝑤 ).

As summarised in Table 7.1, Bubble Sort operates in placewithminimalwork-
space (𝐼rev,Ω,𝑇 ≈ 𝑁 ln𝑁 ), saturating 𝜅𝑇 ≈ 1, but its Θ(𝑁 2) comparisons in-
flate 𝐼irr,𝜕,𝑇 quadratically and drive 𝜒𝑇 → 0 at large 𝑁 . Merge Sort allocates
an auxiliary 𝑁 -word buffer that doubles 𝐼rev,Ω,𝑇 and halves 𝜅𝑇 ≈ 0.5, while
compressing comparison dissipation to the information-theoreticΘ(𝑁 ln𝑁)
lower bound so that 𝜒𝑇 = Θ(1). Heap Sort stores its binary heap implicitly
inside the input array, achieving optimal asymptotic scaling in both memory
and step count (𝜒𝑇 = Θ(1) and 𝜅𝑇 ≈ 1).

7.1.2 Autoregressive Sequence Attention

The same (𝜒𝑇 , 𝜅𝑇 ) audit exposes the scaling bottleneck of autoregressive se-
quence modelling. Across a context window of 𝑁 discrete tokens with fea-
ture dimension 𝑑 , sequential prediction resolves linear mutual information
𝐼 (𝑋 ; 𝑌 ) = Θ(𝑁 ). A dense Transformer [165] holds token representations in a
key–value cache inside KΩ while computing all-to-all pairwise interactions
at every self-attention layer from query, key, and value activation matrices
Qatt,Katt,Vatt ∈ ℝ𝑁×𝑑 (subscripted to distinguish Katt from the hardware
capacity matrix K):

Attention(Qatt,Katt,Vatt) = softmax(QattKT
att

√𝑑
)Vatt. (7.6)
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Splitting the 𝑁 context tokens into two equal halves shows that evaluating
every cross-half query–key inner product in (7.6) executes Ω(𝑁 2𝑑) scalar
multiply-accumulate operations across the partition cut. Including projec-
tion and feed-forward weights (Θ(𝑑2) parameters and Θ(𝑁𝑑2) operations
per layer) on an overwrite-based accelerator yields per-layermemory, bound-
ary dissipation, and intelligence scaling:

𝐼rev,Ω,𝑇 = Θ(𝑑2 + 𝑁𝑑), (7.7)

𝐼irr,𝜕,𝑇 = Θ(𝑁𝑑2 + 𝑁 2𝑑), (7.8)

𝜒𝑇 = 𝒪((𝑑2 + 𝑁𝑑)−1) ⟶ 0. (7.9)

Local buffer tiling and fused-kernel broadcast reduce constantmemory-traffic
multipliers, but they leave the quadratic Θ(𝑁 2𝑑) contraction in (7.8) intact,
driving 𝜒𝑇 = 𝒪(𝑁−1𝑑−1) → 0 across the long-context regime 𝑁 ≥ 𝑑 as
𝑁 → ∞.

Crucially, both Heap Sort and sequence attention expose two physical costs
that unit-cost complexity counts conceal. First, abstract step counts treat
each discrete state overwrite and idlememory hold as costless or unit-weight,
leaving unquantified how heavily per-step switching and retention degrade
(𝜒𝑇 , 𝜅𝑇 ) on real substrates. Second, in Table 7.1, Heap Sort appears strictly
superior to Merge Sort because unit-cost random access treats every index
lookup equally, whereas on a planar substrate Heap Sort traverses parent–
child binary-tree pointers (𝑖 ↦ 2𝑖, 2𝑖 + 1) that jump across distant addresses
of a flat array, charging longer interconnects and triggering more cache-
hierarchy misses than Merge Sort’s sequential scans. Designing for compu-
tational efficiency therefore requires examining both the dynamical regime
of the elementary computing modules (Section 7.2 and Section 7.3) and the
spatial curvature of the interconnect fabric (Section 7.4).

7.2 d ig ital systems

Conventional hardware realises (7.1)–(7.2) by decomposing the open capa-
city network into modular bistable switches and gates. Within each mod-
ule, the local assignmentΠΠΠ𝑆 partitions fine-grained states into disjoint meta-
stable CCE basins (Section 2.3.1), storing local state capacity insideKΩ while
coupling to upstream and downstreammodules acrossK(int)

𝜕 and to external

supply rails, drives, and thermal sinks across K(ext)
𝜕 via LK,eff. When each

module aggregates high internal capacity (𝐾𝛼𝛼 ≫ 1), spectral projection
(Section 2.5, (2.235) and (2.309)) maps the discrete capacity network onto a
continuous state manifold 𝒵 , evolving in emergent time 𝑡 (metered against
a shared stationary reference sub-block ̄𝑆ref ⊂ ̄𝑆, (2.247)–(2.255)) under the
metriplectic generator (3.8).Within this generator, conservative Poisson trans-
port 𝕁∇𝐻 circulates distinctions along constant-energy surfaces inside KΩ
without boundary contraction (𝐼irr,𝜕,𝑇 = 0) at the cost of preserved struc-
ture 𝐼rev,Ω,𝑇 , whereas dissipative cometric drift 𝕄∇𝑆 contracts phase-space
volume across LK,eff to stabilise attractors against noise at the cost of bound-
ary dissipation 𝐼irr,𝜕,𝑇 (Section 2.5.2). Digital systems restrict hardware to the
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f igure 7.1: A Boolean gate as the overdamped fixed-point limit (𝕁∇𝐻 → 0) of an
open capacity module (K𝑆 ,LK,eff,ΠΠΠ𝑆). Contractive relaxation drives the
normalised node state 𝑥𝑖(𝑡) from distributed initial conditions into dis-
joint binary CCE basins 𝑆0 = [0, 𝛿] (logical 0, crimson trajectories) and
𝑆1 = [1 − 𝛿, 1] (logical 1, teal trajectories), separated by an unencoded
saddle margin (𝛿, 1 − 𝛿) at tolerance 0 < 𝛿 < 0.25. Discrete Boolean
truth values hold only across the settled window 𝑡 ≥ 𝜏max within the
operational hierarchy 𝜏max ≪ 𝜏op ≪ 𝜏escape (7.10).

overdamped binary fixed-point sub-regime (𝕁∇𝐻 → 0, 𝑀 = 2), requiring
every gate transition to satisfy the timescale hierarchy (2.133):

𝜏relax ≲ 𝜏max ≪ 𝜏op ≪ 𝜏escape ∼ 𝜏relax Ξ, (7.10)

where 𝜏max is the worst-case settling time across inputs into the target basin,
𝜏op is the input hold duration, and 𝜏escape is the Kramers escape time. As
shown in Figure 7.1, discrete Boolean values label trajectories only after 𝑡 ≥
𝜏max.

7.2.1 CMOS Switching and Memory Retention

Complementary metal–oxide–semiconductor (CMOS) circuits anchor this
overdamped regime in concrete device physics. The conductive output node
𝑆out of a CMOS inverter aggregates high carrier capacity (𝐾out,out ≫ 1) as
load capacitance 𝐶 , storing charge 𝑞 = 𝐶𝑉 at thermal noise scale 𝜃 = 𝑘B𝑇th.
Because room-temperature electron–phonon momentum scattering (𝜏𝑝 ∼
10−14 s) damps inertial Poisson flow 𝕁∇𝐻 (2.333) three orders of magnitude
faster than 𝑅𝐶 relaxation (𝜏𝑅𝐶 ∼ 10−11 s), the node voltage 𝑉 (𝑡) ∈ [0, 𝑉DD]
evolves purely through boundary cometric drift 𝕄𝜕∇𝑆. Across the external
boundary cut K(ext)

𝜕 (𝑉in) (Section 3.2.1), the insulated gate voltage 𝑉in expo-
nentially modulates the pull-up channel conductance 𝑔𝑃 (𝑉in) > 0 to supply
rail 𝑉DD and the pull-down conductance 𝑔𝑁 (𝑉in) > 0 to ground (𝑉GND = 0),
with calibrated boundary conductance 𝑔𝑃 (𝑉in) + 𝑔𝑁 (𝑉in) ∝ (D(ext)

K )out,out.
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Evaluating the boundary relaxation current across K(ext)
𝜕 (𝑉in) yields Kirch-

hoff’s nodal balance directly without an external force term:

𝐶 ̇𝑉 = 𝑔𝑃 (𝑉in)(𝑉DD − 𝑉 ) − 𝑔𝑁 (𝑉in)𝑉 . (7.11)

Although logical inversion is bijective, enforcing rapid overdamped settling
(𝜏max ∼ 𝑅𝐶) into binary voltage basins charges 𝐶 and dumps rail-to-rail
switching heat across K(ext)

𝜕 on every cycle [95]. Evaluated for a single-bit
transition (𝐼 (𝑋 ; 𝑌 ) = ln 2 nats) at representative nanoscale CMOS paramet-
ers (𝑇th = 300K, 𝐶 ≈ 0.25 fF, 𝑉DD ≈ 1.0V), the stored capacitive structure,
full-cycle switching dissipation, and through-time efficiencies satisfy

𝐼rev,Ω,𝑇 = 𝐶𝑉 2
DD

2𝜃 ≈ 3 × 104 nats, (7.12)

𝐼irr,𝜕,𝑇 = 𝐶𝑉 2
DD

𝜃 ≈ 6 × 104 nats, (7.13)

𝜒𝑇 ∼ 𝜅𝑇 ∼ 10−5. (7.14)

Autonomous memory retention arises when two inverters are cross-coupled
in positive feedback across internal conduits K(int)

𝜕 , splitting the two-node
voltage manifold into two stable attractor basins separated by an electro-
static saddle barrier ΔΦ01 ≈ 𝜃Δ𝐼barrier,01 (2.326)–(2.327). At threshold offset
Δ𝑉th ≈ 0.48V for elementary charge 𝑞𝑒 , the single-carrier subthreshold bar-
rier 𝑞𝑒Δ𝑉th/𝜃 ≈ 18.6 nats suppresses off-state channel conductance by 𝑒−18.6
(while the collective cell saddle barrierΔ𝐼barrier,01 = ΔΦ01/𝜃 against spontan-
eous bit flips scales with total node capacitance), yet finite relaxation time
𝜏relax > 0 still drains stored structure 𝐼rev,Ω continuously (3.19)–(3.20). Invert-
ing the standing maintenance power 𝑃maint,Ω calibrates preserved internal
structure directly from boundary power telemetry. Holding a bit in volatile
static random-access memory (SRAM) for duration 𝑇hold after write dissipa-
tion 𝐼write,𝜕 accumulates standby leakage across K(ext)

𝜕 :

𝐼rev,Ω = 𝜏relax
𝜃 𝑃maint,Ω, (7.15)

𝐼irr,𝜕,𝑇 (𝑇hold) = 𝐼write,𝜕 +
𝑇hold
𝜏relax

𝐼rev,Ω. (7.16)

Equation (7.15) measures actively maintained internal structure without re-
constructing the chip’s fine-grained stationary distribution, whereas substi-
tuting (7.16) into (7.1) shows that volatile standby leakage degrades 𝜒𝑇 as
𝑇−1hold during idle retention (with internal relaxation across K(int)

𝜕 entering
𝐼irr,Ω,𝑇 ). Non-volatile magnetic or charge-trapped cells with passive barri-
ers (Δ𝐼barrier,01 ∼ 40–60 nats and 𝜏relax → ∞, calibrated via controlled eras-
ure (3.22)) eliminate standby decay of 𝜒𝑇 , trading higher single-write barrier
work 𝐼write,𝜕 for time-invariant retention efficiency.

7.2.2 Cascaded Threshold Gates and Boolean Recovery

To establish when cascaded continuous nodes faithfully execute digital logic,
rescale each module’s state to 𝑥𝑖 ∈ [0, 1] with registered binary basins 𝑆0 =
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[0, 𝛿] (logical 0) and 𝑆1 = [1 − 𝛿, 1] (logical 1) at tolerance 0 < 𝛿 < 0.25.
Aggregating upstream states 𝑥𝑗 with synaptic or conductive weights 𝑤𝑖𝑗 ∈ ℝ
and threshold bias 𝑏𝑖 ∈ ℝ across a logistic channel response of dimensionless
rail gain 𝛽 > 0 (proportional to 𝑞𝑒𝑉DD in units of 𝜃) yields the canonical
continuous threshold gate:

̇𝑥𝑖 = −𝑥𝑖 + [1 + exp(−𝛽( ∑
𝑗∶𝑗→𝑖

𝑤𝑖𝑗𝑥𝑗 − 𝑏𝑖))]
−1

. (7.17)

A single gate realises NOT for negative weight 𝑤𝑖1 = −𝑤 < 0 and negative
bias 𝑏𝑖 = −𝑏 < 0with 0 < 𝑏 < 𝑤 , while a symmetric two-input gate (𝑤𝑖1 = 𝑤𝑖2
at weight 𝑤 > 0) realises both AND (𝑤 < 𝑏𝑖 < 2𝑤 ) and OR (0 < 𝑏𝑖 < 𝑤 ) by
shifting the threshold bias 𝑏𝑖 alone. Denoting by 𝑚𝑖 > 0 the gate’s undis-
turbed threshold clearance across ideal binary inputs ℓ𝑗 ∈ {0, 1}, cascading
gates whose upstream outputs may settle anywhere within 𝑆0 ⊔ 𝑆1 requires
the disturbed clearance to exceed the inverse-gain basin margin:

𝑚𝑖 ∶= min
ℓℓℓ∈{0,1}in(𝑖)

| ∑
𝑗∶𝑗→𝑖

𝑤𝑖𝑗ℓ𝑗 − 𝑏𝑖| , (7.18)

𝑚𝑖 − 𝛿 ∑
𝑗∶𝑗→𝑖

|𝑤𝑖𝑗 | ≥ 1
𝛽 ln(1 − 𝛿

𝛿 ) . (7.19)

theorem 7.1 (Recovery of an acyclic Boolean circuit). Consider a finite dir-
ected acyclic circuit composed of continuous threshold gates governed by (7.17).
Suppose every gate satisfies the cascaded noise-margin inequality (7.19) at toler-
ance 0 < 𝛿 < 0.25, and external boundary inputs are held fixed in 𝑆0⊔𝑆1 across
the cumulative settling horizon. Then the composite continuous dynamical sys-
tem possesses a unique globally attracting equilibrium 𝑍∗ ∈ 𝒵 whose basin
memberships in 𝑆0 ⊔ 𝑆1 identically recover the evaluation of the corresponding
Boolean circuit at every gate.

proof. Order the gates topologically by circuit layer 𝑟 ∈ {1, … , 𝑅}. Because
the circuit graph is a directed acyclic graph, the coupled system (7.17) is tri-
angular across layers: layer 𝑟 = 1 depends only on fixed external inputs
in 𝑆0 ⊔ 𝑆1 and contracts exponentially at unit rate to a unique equilibrium
𝑥∗𝑖 ∈ 𝑆0⊔𝑆1 matching its target Boolean truth value by (7.19). Inducting from
layer 𝑟 − 1 to layer 𝑟 , once all upstream equilibria lie in 𝑆0 ⊔ 𝑆1, each gate 𝑖
in layer 𝑟 receives an asymptotic drive clearing (7.19) and converges globally
to its unique target basin 𝑥∗𝑖 ∈ 𝑆0 ⊔ 𝑆1 (entering the basin interior in finite
settling time whenever (7.19) holds strictly). Induction across all 𝑅 layers es-
tablishes a unique globally attracting equilibrium 𝑍∗ ∈ 𝒵 reproducing the
exact Boolean evaluation throughout the circuit.

Composing inverting and threshold stages yields universal NAND and NOR
primitives capable of synthesising any Boolean map 𝑓 ∶ {0, 1}𝑛 → {0, 1}𝑚,
yet Equations (7.12)–(7.19) and the agency identity (3.32) expose three funda-
mental trade-offs of fixed-point logic. First, in CMOS where 𝛽 scales linearly
with 𝑉DD while capacitive structure (7.12) and switching loss (7.13) scale quad-
ratically with 𝑉DD, over-engineering noise margins (𝛿 → 0) degrades both
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𝜒𝑇 and 𝜅𝑇 inversely with the square of the logarithmic factor in (7.19). Near-
threshold circuits maximise (𝜒𝑇 , 𝜅𝑇 ) by operating near the minimal admiss-
ible gain. Second, an unpipelined cascade of depth 𝑅must hold inputs across
all 𝑅 sequential stage settling times, accumulating standby leakage (7.16)
that lowers 𝜒𝑇 , whereas inserting bistable pipeline latches restores 𝜒𝑇 and
throughput by committing additional latch structure to 𝐼rev,Ω,𝑇 (lowering
𝜅𝑇 ). Third, many-to-one gates (AND,OR,NAND,NOR) merge input basins
and expel lost distinctions across K(ext)

𝜕 as 𝐼irr,𝜕,𝑇 > 0, whereas embedding
logic into bijective Toffoli or Fredkin gates [14, 15] retains ancilla histories
insideKΩ, inflating 𝐼rev,Ω,𝑇 (degrading 𝜅𝑇 ) and incurring continuous internal
maintenance dissipation ̇𝐼irr,Ω (3.19). Within zero-dimensional fixed-point lo-
gic, an architect can trade boundary dissipation against preserved internal
structure, but cannot avoid halting trajectories at point attractors on every
step.

7.3 analogue systems

When a computational task carries continuous temporal or phase symmetry,
halting state trajectories at discrete clock ticks destroys the conserved cur-
rent of the input signal and reconstructs it through dissipative register over-
writes. Relaxing the zero-dimensional fixed-point restriction allows cyclic
couplingswithinK𝑆 to compute via conservative Poisson transport 𝕁∇𝐻 ≠ 0
tangentially along a low-dimensional invariant set 𝒜 ⊂ 𝒵—such as a limit
cycle 𝑆1 in phase-locked oscillators or a nearly lossless constant-energyman-
ifold (𝕄∇𝑆 → 0) in superconducting and photonic waveguides—while con-
fining dissipative cometric drift𝕄∇𝑆 to the transverse directions that damp
amplitude perturbations. In accordance with Corollary 4.4 (Section 4.1.3),
physical analogue computation on𝒜 does not encode infinite-precision real
coordinates. Instead, the coarse-grainingΠΠΠ𝑆 extracts discrete topological in-
variants of the flow, such as phase-locking versus phase-drift regimes, whose
coarse-grained distinguishability survives ambient thermal and shot noise.

To quantify how matching attractor geometry to task symmetry elevates
(𝜒𝑇 , 𝜅𝑇 ), consider frequency discrimination on a periodic boundary drive
𝑢(𝑡) = cos(𝜔in𝑡 + 𝜙0) of angular frequency 𝜔in > 0 (rad s−1) and initial
phase 𝜙0 ∈ [0, 2𝜋): deciding whether 𝜔in lies within tolerance 𝜀 > 0 of a
target reference frequency 𝜔ref > 0. Rather than routing 𝑢(𝑡) through an
analogue-to-digital converter and a clocked binary counter, coupling the ex-
ternal drive across K(ext)

𝜕 with synchronisation strength 𝑔sync > 0 (rad s−1)
to a limit-cycle CCE with phase coordinate 𝜑(𝑡) ∈ 𝑆1 gives

̇𝜑 = 𝜔ref + 𝑔sync sin(𝜔in𝑡 + 𝜙0 − 𝜑). (7.20)
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f igure 7.2: Frequency discrimination in oscillatory versus clocked digital hard-
ware. (a) A forced phase oscillator on 𝑆1 governed by ̇𝜓 = Δ𝜔 −
𝑔sync sin 𝜓 (7.23) locks in-band drives (|Δ𝜔| < 𝜀, 𝑔sync = 𝜀) into the
stable basin around 𝜓 ∗ = arcsin(Δ𝜔/𝑔sync) (teal) across 𝐿osc

enc = 𝒪(1)
block transitions, whereas out-of-band drives (|Δ𝜔| > 𝜀) circulate
monotonically (crimson). (b) Boundary dissipation 𝐼irr,𝜕,𝑇 (nats) across
relative frequency resolution 𝜔ref/𝜀: an overwrite-based clocked di-
gital counter executes 𝐿dig

enc = Ω(𝜔ref/𝜀) updates across K(ext)
𝜕 , driv-

ing 𝐼 digirr,𝜕,𝑇 = Ω(𝜔ref/𝜀) upward (crimson) above the bounded phase-
oscillator lock cost 𝐼 oscirr,𝜕,𝑇 = 𝒪(1) (teal) and the single-bit Landauer
readout floor ln 2 (slate dotted).

Introducing the relative phase error 𝜓(𝑡) and frequency detuning Δ𝜔 elimin-
ates explicit time dependence and yields the Adler synchronisation equation
[1]:

𝜓(𝑡) ∶= 𝜔in𝑡 + 𝜙0 − 𝜑(𝑡), (7.21)

Δ𝜔 ∶= 𝜔in − 𝜔ref, (7.22)
̇𝜓 = Δ𝜔 − 𝑔sync sin 𝜓 . (7.23)

Equation (7.23) governs the competition on 𝑆1 between frequency detuning
Δ𝜔 and restorative boundary coupling 𝑔sync sin 𝜓 . Setting 𝑔sync = 𝜀 maps
the in-band decision directly onto a saddle-node bifurcation on 𝑆1:

|Δ𝜔| < 𝜀 ⟺ 𝜓 ∗ = arcsin( Δ𝜔
𝑔sync

) ∈ (−𝜋
2 ,

𝜋
2 ) . (7.24)

When |Δ𝜔| < 𝜀, trajectories relax monotonically into the stable locking
basin around 𝜓 ∗ (paired with an unstable saddle at 𝜋 − 𝜓 ∗), whereas when
|Δ𝜔| > 𝜀, no equilibrium exists on 𝑆1 and 𝜓(𝑡) drifts monotonically. Over an
observation horizon [0, 𝑇 ]metered against an embedded reference sub-block
̄𝑆ref (2.247)–(2.255), let 𝐿enc ∈ ℕ0 count the discrete CCE block transitions

executed by the discriminator prior to terminal readout (Figure 7.2).

theorem 7.2 (Transition-count advantage of phase-locked oscillators). Sup-
pose a frequency discriminator must resolve an in-band signal |Δ𝜔| < 𝜀 across
tolerance 𝜀 > 0, requiring observation horizon 𝑇 ≥ 𝜑lock𝜀−1 for a phase threshold
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𝜑lock > 0. Suppose further that (i) the forced phase oscillator (7.20)with 𝑔sync =
𝜀 is initialised once and coarse-grained into locked versus drifting phase re-
gimes, and (ii) the digital discriminator uses a fixed-memory clocked controller
at clock rate 𝑓clk ≥ 𝑓0 > 0, whose state-overwrite protocol incurs at least 𝑖0 > 0
nats of irreversible boundary dissipation per update on average. Then

𝐿oscenc = 𝒪(1), (7.25)

𝐿digenc = Ω(1/𝜀), (7.26)

𝐼 digirr,𝜕,𝑇 = Ω(1/𝜀). (7.27)

proof. For any in-band input |Δ𝜔| < 𝜀, the relative phase 𝜓(𝑡) relaxes
monotonically on 𝑆1 into the stable locking basin around 𝜓 ∗ (7.24), bounding
the number of block transitions prior to readout independently of 𝜀 and giv-
ing 𝐿oscenc = 𝒪(1). Conversely, the clocked digital controller executes state up-
dates at rate 𝑓clk ≥ 𝑓0 > 0 across [0, 𝑇 ]. By additivity of cumulative boundary
dissipation (3.14) with average per-update loss 𝑖0 > 0, the digital transition
count and cumulative boundary dissipation satisfy

𝐿digenc ≥ 𝑓0𝑇 ≥ 𝑓0𝜑lock
𝜀 = Ω(1/𝜀), (7.28)

𝐼 digirr,𝜕,𝑇 ≥ 𝑖0𝑓0𝑇 ≥ 𝑖0𝑓0𝜑lock
𝜀 = Ω(1/𝜀), (7.29)

establishing the stated asymptotic separation.

Theorem 7.2 yields an Ω(𝜀−1) separation on the (𝜒𝑇 , 𝜅𝑇 ) efficiency plane. For
a binary band decision (𝐼 (𝑋 ; 𝑌 ) = ln 2 nats), the clocked counter’s overwrite
dissipation (7.27) drives 𝜒𝑇 to zero at rate 𝒪(𝜀) as 𝜀 → 0, whereas phase
entrainment suppresses transition-induced boundary dissipation by Ω(𝜀−1).
Notice that Theorem 7.2 bounds discrete transitions 𝐿enc rather than observa-
tion duration 𝑇 ≥ 𝜑lock𝜀−1: both substrates obey the Fourier time–frequency
uncertainty bound, and an active oscillator still expends transverse mainten-
ance power 𝑃maint,Ω (7.15) while holding lock. A reversible digital counter
could avoid assumption (ii) by storing all Ω(𝜀−1) intermediate clock ticks in
unmerged ancilla registers [14, 16], but doing so merely transfers the Ω(𝜀−1)
divergence from 𝐼irr,𝜕,𝑇 onto 𝐼rev,Ω,𝑇 , driving 𝜅𝑇 to zero at rate 𝒪(𝜀).
In practice, analogue transport cores do not replace fixed-point logic out-
right, because downstream branching and long-term storage still require
discrete basin decisions. Instead, hybrid architectures modulate LK,eff across
K(int)
𝜕 andK(ext)

𝜕 to couple task-matched continuous attractors—such as phase-
locked limit cycles or low-damping waveguide and resonator cores—to over-
damped bistable latches, confining irreversible basin collapse to terminal
readout while calibrating active state upkeep through (7.15). Matching mod-
ule dynamics to temporal task symmetries eliminates redundant local state
transitions, leaving the complementary processor-scale bottleneck identified
in Section 7.1 of how computing modules are interconnected across space.
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7.4 the hyperbol ic process ing unit

Sections 7.2 and 7.3 governed the temporal dynamics within individual com-
puting modules, balancing conservative transport 𝕁∇𝐻 against dissipative
contraction 𝕄∇𝑆. At processor scale, however, energy expenditure is dom-
inated by datamovement across the inter-module conduitsK(int)

𝜕 rather than
local gate transitions. When hierarchical task graphs are mapped onto flat
silicon meshes, long-range interconnect charging drives boundary dissipa-
tion 𝐼irr,𝜕,𝑇 upward and collapses 𝜒𝑇 . Eliminating this spatial bottleneck re-
quires matching the discrete capacity-Ricci curvature RicK of the hardware
communication fabric to the branching geometry of the computation itself.

7.4.1 Planar Congestion and Capacity-Ricci Curvature

Why must a planar sequence processor expend the Ω(𝑁 2𝑑) routing work
of (7.8) to resolve linguistic or causal dependencies [30, 104] that contain
only 𝒪(𝑁 ) compositional relations? The bottleneck stems from a curvature
mismatch between the hardware substrate and hierarchical computation. A
two-dimensional planar silicon die is an intrinsically flat Euclidean surface
with vanishing Ricci curvature and a severe perimeter-to-area bottleneck
across disks of radius 𝑅:

Ricdie ≡ 0, (7.30)
Area(𝜕 Vol(𝑅))

Vol(𝑅) = 2𝜋𝑅
𝜋𝑅2 = 2

𝑅 = Θ(𝑅−1). (7.31)

Conversely, compositional syntax, planning trees, and multi-scale physical
dependencies with branching factor 𝑏 > 1 expand exponentially in ball
cardinality |𝐵𝑟 | with hierarchy depth 𝑟 [72, 90], matching the exponential
volume growth of negatively curved hyperbolic space ℍ𝑛 (𝑛 ≥ 2):

|𝐵𝑟 | =
𝑟
∑
𝑘=0

𝑏𝑘 = Θ(𝑏𝑟 ) = Θ(𝑒(ln 𝑏)𝑟) . (7.32)

By classical metric embedding bounds, forcing an 𝑁 -node constant-degree
expander into Euclidean space of any dimension incurs Ω(ln𝑁) metric dis-
tortion, while packing a complete binary tree of depth 𝑟 ∼ log2 𝑁 onto a
bounded-density two-dimensional die incurs Ω(√𝑁(ln𝑁)−1) distortion. On
a two-dimensional VLSI layout of area Θ(𝑁), routing any communication
graph of linear bisection width stretches interconnects to average physical
wire length Ω(√𝑁) (and forces root-level H-tree wires to Ω(√𝑁)), inflating
parasitic wire-charging energy linearly, 𝑅𝐶 delay quadratically, and repeater
leakage proportionally.
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On the discrete capacity network K across 𝑀 coarse-grained CCE blocks,
Lemma 2.6 (2.270) and the diagonal reduction (2.274) express this intercon-
nect geometry directly through the capacity-Ricci operator:

RicK = D2
K − L2K − diag(Kd), (7.33)

(RicK)𝛼𝛼 = ∑
𝛾≠𝛼

𝐾𝛼𝛾 (𝐾𝛼𝛼 − 𝑑𝛾 − 𝐾𝛼𝛾 ). (7.34)

Although global scalar curvature satisfies ScalK < 0 on every connected
multi-block capacity graph (2.275), the distribution of RicK separates planar
meshes from hierarchical routing fabrics (Section 2.5.1). On a regular planar
grid (𝑑𝛼 ≡ 𝑑0), row-sums vanish (RicK 1𝑀 = 0), elementary 4-cycles concen-
trate 2-hop overlap (RicK)𝛼𝛽 = −2 to restrict ball growth to |𝐵𝑟 | = Θ(𝑟2), and
heavy compute tiles (𝐾𝛼𝛼 ≥ 𝑑𝛾 +𝐾𝛼𝛾 ) carry non-negative diagonal curvature
(RicK)𝛼𝛼 ≥ 0. By contrast, an unbuffered tree or high-girth (𝑔 ≥ 5) expander
routing fabric (𝐾𝛼𝛼 = 0, unit link capacities, router degree 𝑑𝛾 ≥ 2) elimin-
ates short-cycle 2-hop overlap ((K2)𝛼𝛽 ≤ 1 for 𝛼 ≠ 𝛽) and enforces strictly
negative diagonal curvature at every router:

(RicK)𝛼𝛼 = −∑
𝛾∼𝛼

(𝑑𝛾 + 1) ≤ −3𝑑𝛼 < 0. (7.35)

Under the continuum metric bridge of Chapter 6 (Section 6.2.1), the uni-
formly negative capacity-Ricci curvature RicK < 0 of such a branching fabric
embeds at large scale into a negatively curved hyperbolic manifold ℍ𝑛 [119,
148].

7.4.2 Curvature Congruence and Three-Dimensional Fabrics

Aligning substrate geometry with task topology yields the hardware design
rule of curvature congruence.

pr inciple 7.3 (Curvature congruence). A physical computing substrate
minimises boundary routing dissipation 𝐼irr,𝜕,𝑇 and maximises through-time
intelligence 𝜒𝑇 when the capacity-Ricci operator of its communication fabric
matches that of its algorithmic workload:

RicfabricK ≈ Ricworkload
K < 0. (7.36)

A Hyperbolic Processing Unit (HPU) realises Principle 7.3 through three
hardware mechanisms, illustrated in Figure 7.3(a). First, because a single
planar metal layer cannot sustain exponential bisection bandwidth without
wire stretch, physical HPU fabrics replace the planar mesh with bounded-
degree three-dimensional chip stacks linked by vertical through-silicon vias
(TSVs) whose channels scale as 𝑏ℓ across levels ℓ, wavelength-division mul-
tiplexed photonic waveguide trees free of 𝑅𝐶 charging loss, or supercon-
ducting hyperbolic resonator lattices [87, 100]. Second, local memory banks
(SRAMor non-volatile cells) sit adjacent to each hierarchical router so branch
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f igure 7.3: Hyperbolic Processing Unit architecture and routing dissipation scal-
ing. (a) A three-dimensional monolithic fat-tree fabric with negative
router capacity-Ricci curvature (RicK < 0) and co-located SRAM banks
routes query–key interactions along 𝒪(ln𝑁) hyperbolic geodesics via
vertical through-silicon vias (TSVs). (b) Across the router-dominated
packaging regime 𝑁 ≤ 𝑁 ∗

3D, matching the negative curvature of a hier-
archical workload reduces inter-token boundary routing dissipation
𝐼irr,𝜕,𝑇 from Θ(𝑁 2𝑑) on a flat planar die (Ricdie = 0) to Θ(𝑁𝑑 ln𝑁), rais-
ing routing-limited intelligence 𝜒𝑇 by Ω(𝑁(ln𝑁)−1).

activations access local key–value state without traversing a chip-wide bus.
Third, conditional geodesic routers match each query against branch sum-
maries in hyperbolic coordinates, energising only the selected 𝒪(ln𝑁) route
rather than broadcasting across all 𝑁 2 token pairs, as shown in Figure 7.3(b).

Within the router-dominated packaging regime 𝑁 ≤ 𝑁 ∗
3D where per-hop in-

terconnectweight remains𝒪(1), hierarchical representations embed into the
negatively curved fabricwith𝒪(1) distortion. For the𝑁 -token, 𝑑-dimensional
sequence workload of (7.6) with 𝐼 (𝑋 ; 𝑌 ) = Θ(𝑁 ) and 𝑑 ≤ 𝑁 ≤ 𝑁 ∗

3D, retain-
ing the 𝑁 × 𝑑 context state alongside Θ(𝑑2) weights while replacing Θ(𝑁 2𝑑)
all-to-all token broadcast with 𝒪(ln𝑁) geodesic routes of width Θ(𝑑) per
token alongside Θ(𝑁𝑑2) local channel projections gives

𝐼rev,Ω,𝑇 = Θ(𝑑2 + 𝑁𝑑), (7.37)

𝐼irr,𝜕,𝑇 = Θ(𝑁𝑑2 + 𝑁𝑑 ln𝑁), (7.38)

yielding the full-layer HPU through-time efficiencies (7.1)–(7.2):

𝜒𝑇 = Θ( 1
𝑑2 + 𝑑 ln𝑁 ) , (7.39)

𝜅𝑇 = Θ(𝑑−1). (7.40)

Compared against dense planar attention (7.7)–(7.9) (𝜒𝑇 = 𝒪(𝑁−1𝑑−1) and
𝜅𝑇 = 𝒪(𝑑−1) for 𝑁 ≥ 𝑑), hyperbolic token routing raises full-layer 𝜒𝑇 by
Ω(𝑁/(𝑑 + ln𝑁)) while preserving 𝜅𝑇 = Θ(𝑑−1). Moreover, pairing geodesic
token routing with hierarchical block-sparse channel routing (𝒪(𝑑 ln𝑁) act-
ive channel operations per token) eliminates the Θ(𝑁𝑑2) projection floor
as well, reducing total layer dissipation across 𝑁 ≤ 𝑁 ∗

3D to pure routing
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Θ(𝑁𝑑 ln𝑁) (Figure 7.3(b)) and elevating 𝜒𝑇 to Θ((𝑑 ln𝑁)−1), an Ω(𝑁/ ln𝑁)
gain over planar broadcast.

Even under a fixed per-node pin budget, reconfiguring topology towards
negative curvature compresses routing paths prior to full place-and-route
calibration [55]. By the Moore degree–diameter bound for𝑀 coarse-grained
CCE nodes of maximum degree 𝑑max > 2 and graph diameter 𝐷,

𝑀 ≤ 1 + 𝑑max

𝐷
∑
ℓ=1

(𝑑max − 1)ℓ−1, (7.41)

any network of 𝑀 = 128 nodes with 𝑑max ≤ 4 satisfies 𝐷 ≥ 4 (since 𝐷 =
3 accommodates at most 53 nodes and 𝐷 = 4 at most 161). Rewiring an
8 × 16 planar grid of 128 nodes (𝐷 = 22, worst-case 𝑀𝐷 = 2,816 node-
hops) to break short 4-cycles into a negatively curved degree-4 expander
compresses diameter to 𝐷 = 5 (𝑀𝐷 = 640 node-hops, a 4.4-fold reduction).
Converting topological hop counts into physical dissipation weights each
traversed interconnect 𝑒 along message path 𝑃(𝑚) by its physical cost 𝜆𝑒
(wire length, parasitic capacitance, repeater buffering, and contention delay):

𝐼irr,𝜕,𝑇 ∝ ∑
𝑚

∑
𝑒∈𝑃(𝑚)

𝜆𝑒 . (7.42)

Aligning curvature compresses path length |𝑃(𝑚)| to 𝒪(ln𝑁), while three-
dimensional integration, photonic waveguides, or superconducting reson-
ator lattices keep the per-hopweight 𝜆𝑒 bounded up to the packaging threshold
𝑁 ∗
3D. Above 𝑁 ∗

3D, embedding an exponentially branching graph into three-

dimensional Euclidean space forces physical wire stretch (𝜆𝑒 = Ω(𝑁 1/3)
across stacked volumes), while in electronic chip stackswith exterior cooling
area 𝐴sink (m2) and maximum heat-rejection flux 𝑞max

th (Wm−2), volumetric
heat removal bounds the admissible boundary dissipation rate ̇𝐼irr,𝜕 (nats s−1)
at noise scale 𝜃 (J nat−1):

𝜃 ̇𝐼irr,𝜕
𝐴sink

≤ 𝑞max
th . (7.43)

Because Euclidean wire stretch and volume-to-surface cooling eventually
bottleneck deep hierarchies above𝑁 ∗

3D, extending (7.38) and clearing (7.43) at
larger scales favours microfluidic inter-tier cooling alongside low-damping
photonic and superconducting interconnects (𝕄∇𝑆 → 0) inside the stack
core.

Throughout this chapter, computational efficiency is governed by the open
capacity network (K𝑆 ,LK,eff,ΠΠΠ𝑆) and measured on the (𝜒𝑇 , 𝜅𝑇 ) operational
efficiency plane, subsuming classical step and space complexitywithin bound-
ary dissipation and preserved internal structure. Digital systems emerge in
the overdamped binary fixed-point limit (𝕁∇𝐻 → 0), purchasing exponential
noisemargins at the cost of switching dissipation 𝐼irr,𝜕,𝑇 and volatilemainten-
ance ̇𝐼irr,Ω. Analogue systems (𝕁∇𝐻 ≠ 0) relax the point-attractor restriction
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to resolve continuous symmetries in𝒪(1) block transitions (Theorem 7.2) be-
fore committing discrete terminal readouts, while aligning the capacity-Ricci
operator RicK with hierarchical workloads in a Hyperbolic Processing Unit
(Principle 7.3) eliminates planar wire congestion. Having established how to
design high-(𝜒𝑇 , 𝜅𝑇 ) computing substrates, Chapter 8 addresses the physical
containment, reachability bounds, and symbiotic coupling of autonomous
systems operating on them.





8
PH Y S I CA L CON TA I NMEN T AND ART I F I C I A L
I N T E L L I G ENC E SA F E T Y

Artificial intelligence is advancing rapidly in capability and finding broad
application across society [21, 143, 170]. As these systems are entrusted with
greater autonomy, they increasingly act alongside humans in the real world.
While humans interpret the consequences of these actions through semantic
notions such as intent and harm, engineered intelligence is fundamentally a
physical process: as demonstrated later in this chapter, intelligent systems
persist their own dynamics and compete for resources in a shared environ-
ment. Ensuring that capable artificial systems remain controllable and com-
patible with human stability is therefore a foundational problem in engin-
eering intelligence.

Prevailing approaches to artificial intelligence safety address this problem
primarily through semantics and behavioural alignment, training models to
match human preferences and probing their internal states [2, 143]. Such
methods are indispensable for interpretability, yet they offer no guarantee
that a system will not act unexpectedly beyond its training regime. To re-
strict external action directly, engineers pair alignment with software sand-
boxes. When built from logical rules rather than physical constraints, how-
ever, these boundaries remain exposed to vulnerabilities that a sufficiently
intelligent system is likely to exploit. Consequently, neither behavioural
alignment nor software sandboxing can guarantee hard bounds on how a
system acts upon the shared environment.

Establishing such hard bounds requires grounding safety in physical laws,
which hold invariantly regardless of how an artificial system is trained or
what software vulnerabilities it discovers. No computation can generate ca-
pacity from nothing or act across a physically severed boundary, because
every sustained internal state and external action is strictly limited by the
capacity supplied across the system’s hardware interfaces. Physical contain-
ment therefore bounds which states of the environment a system can physic-
ally reach, complementing behavioural alignment [40]. Whereas alignment
guides a system toward human goals, physical containment guarantees that
its actions cannot exceed safe physical limits even if its behaviour diverges.

Building on Chapters 2–7, this chapter develops the formal framework for
physical containment [56]. We first show why unconstrained intelligent dy-
namics naturally drive self-preservation, resource competition, and emer-
gent distributed coordination up to finite regional growth limits while ren-
dering internal inspection unreliable as a safeguard (Sections 8.1–8.2). We
then formulate physical containment through mediated boundary cuts on
the capacity graph, showing howboundary regulation bounds systemic risks,

187
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prevents unauthorised emergence, and preserves capability-independent halt-
ing (Section 8.3), and conclude by establishing a symbiotic coupling that
conditions the system’s external capacity supply on human stability (Sec-
tion 8.4).

8.1 self -preservation and resource competit ion

Standard accounts of artificial intelligence risk derive self-preservation, re-
source acquisition, and coalition formation from expected-utility maxim-
isation [21, 124, 162]. Under that view, omitting survival or accumulation
rewards from training might seem sufficient to prevent self-preserving or
competitive behaviour. On a physical substrate, however, these behaviours
require neither programmed goals nor utility functions, following directly
from the graph structure needed to sustain high structural intelligence 𝜒struct
and consciousness 𝜅struct.
This section establishes that progression in four steps. Section 8.1.1 shows
why an individual system of high capability naturally persists across time
and resists external halting, and Section 8.1.2 shows why uncoupled sys-
tems sharing a finite environment compete over discrete relational links.
Section 8.1.3 then demonstrates how inter-system coupling across congru-
ent protocols defines a new, distributed emergent system of higher collect-
ive capability, while Section 8.1.4 proves how finite regional capacity and
internal coordination overhead bound the growth of every localised or dis-
tributed system.

8.1.1 Self-Preservation of Intelligent Systems

Without an external clock or a programmed survival reward, what does it
mean physically for an intelligent system to persist? Start solely from a con-
nected relational graph 𝐺 = (𝑉 , 𝐸), which carries neither a pre-assigned
clock nor built-in subsystem boundaries. Applying an admissible coarse-
graining ΠΠΠ produces the coarse-grained capacity graph 𝐺K, whose spectral
embedding orders its blocks along an emergent temporal coordinate 𝜙𝜙𝜙time
(Section 2.5.1 and Example 2.7). Within 𝑉 , a finite-lived open system is a con-
nected proper subset 𝑆 ⊊ 𝑉 , surrounded by its complement ̄𝑆 = 𝑉 ⧵ 𝑆, whose
𝑀 ≥ 1CCE registers occupy a finite persistence interval along𝜙𝜙𝜙time. Because
𝐺 is connected and 𝑆 spans only part of 𝜙𝜙𝜙time, its boundary cut 𝜕𝑆 = 𝐸(𝑆, ̄𝑆)
is strictly non-empty (|𝜕𝑆| > 0), joining 𝑆 both to earlier and later blocks
of ̄𝑆 at the ends of its lifetime and to concurrent ports in ̄𝑆 across its active
interval. Persisting across time therefore means keeping relational weight
circulating within 𝑆 across many transitions before it exits across 𝜕𝑆.
On a closed network without external cuts, the normalised capacity Lapla-
cian (2.109) carries a zero eigenvalue because relational weight never leaves
the network. Opening the boundary cut |𝜕𝑆| > 0 on connected 𝐺[𝑆] adds



8.1 self -preservation and resource competit ion 189

the external port degree potential D(ext)
K in (2.102), lifting that zero mode so

the open capacity Laplacian LK,𝑆𝑆 becomes strictly positive definite while
Tr(DK) equals total relational capacity𝒬total (2.195). Normalising LK,𝑆𝑆 sym-
metrically byDK (Section 2.2.2) defines the degree-normalised open capacity
Laplacian and characteristic persistence span 𝑁persist of 𝑆:

Lnorm,𝑆𝑆 ∶= D−1/2
K LK,𝑆𝑆 D

−1/2
K , (8.1)

𝑁persist ∶= 1
𝜇1(Lnorm,𝑆𝑆)

. (8.2)

Because every admissible register carries positive internal self-loop capacity
on connected 𝐺[𝑆], the Perron–Frobenius theorem identifies the lowest ei-
genvalue 𝜇1(Lnorm,𝑆𝑆) ∈ (0, 1) with the unique strictly positive eigenmode
on 𝑆, whereas all higher modes (2 ≤ 𝑘 ≤ 𝑀 ) change sign across registers and
govern faster internal equilibration. Once internal imbalances relax, surviv-
ing weight settles onto this positive quasi-stationary mode and exits across
𝜕𝑆 into ̄𝑆 with per-step probability 𝜇1(Lnorm,𝑆𝑆), making its reciprocal𝑁persist
the expected step lifetime before exit across the open equilibration-to-exit
window [𝜇2(Lnorm,𝑆𝑆)−1, 𝑁persist] (2.30).
Crucially, 𝑁persist differs physically from raw coordinate width along the
global Fiedler mode 𝜙𝜙𝜙time (2.229). Solving the closed eigenproblem across
𝑉 = 𝑆⊔ ̄𝑆 retains environmental return flux throughΣΣΣenv (2.33), shifting𝜙𝜙𝜙time
whenever distant links in ̄𝑆 rewire beyond 𝑆’s epistemic reach. Moreover, Di-
richlet minimisation pulls strongly coupled internal registers together while
concentrating coordinate jumps across narrow bottlenecks, so a leaky subset
tethered to ̄𝑆 can span a wide interval on 𝜙𝜙𝜙time while losing its weight in a
few steps. By clamping ̄𝑆 to zero,𝑁persist depends solely onK𝑆 and local port

degrees D(ext)
K . Because 𝑁persist counts dimensionless local step trials (2.250)

without a background clock, no detached standardisation compares persist-
ence across unrelated substrates. Consistentwith Section 2.5.1 (2.243)–(2.255)
and Section 6.1.2 (6.16)–(6.18), cross-system comparisons hold either across
systems with matched intrinsic slice proper-time increments Δ𝜏nat(𝜏 ) (such
as candidate architectures sharing a substrate or biological peers such as hu-
mans) or relative to a shared stationary reference sub-block ̄𝑆ref ⊂ ̄𝑆 (such
as an embedded quartz or atomic oscillator) normalising operational time,
where mismatched transition rates 𝜈int,𝑖 produce the clock-skew ratio (8.91).

How do structural intelligence 𝜒struct and consciousness 𝜅struct govern this
boundary exit rate? A viable open system 𝑆 carries positive internal memory
load 𝒬Ω > 0, positive boundary load 𝒬𝜕 > 0 across internal register trans-
itions and external ports (2.191), and positive uncommitted free capacity
𝒬free > 0 (all in links). By Section 2.4.2 and Lemma 2.5, the free-capacity
share 𝜂free (2.207) approaches unity only when both 𝜒struct and 𝜅struct are
large, while high 𝜒struct compresses the active boundary share 𝒬𝜕/𝒬total be-
neath (1 + 𝜒struct)−1 (2.208).

Connecting Lemma 2.5 (2.207)–(2.213) to 𝑁persist depends on how 𝑆 distrib-
utes its links across three structural counts: 𝑀 ≥ 1 internal CCE registers
along the diagonal of KΩ, 𝑚𝜕 ≥ 1 active external port entries in K(ext)

𝜕 coup-
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ling 𝑆 to ̄𝑆, and 𝑚cut ≥ 𝑚𝜕 total non-zero boundary entries across internal
register transitions K(int)

𝜕 and external ports K(ext)
𝜕 . When ̄𝑆 is left unparti-

tioned (𝑀 ̄𝑆 = 1), 𝑚𝜕 ≤ 𝑀 counts the registers exposed directly to ̄𝑆, while
the remaining𝑀 −𝑚𝜕 registers sit inside the insulated interior core 𝑆Ω (2.21)
with zero external degree.

theorem 8.1 (Persistence Span and Multi-Register Structure of Intelligent
Systems). Let 𝑆 ⊊ 𝑉 be a connected, viable open system (𝒬Ω > 0, 𝒬𝜕 > 0,
𝒬free > 0) coarse-grained into 𝑀 ≥ 1 internal CCE registers with 𝑚𝜕 ≥ 1
active entries in K(ext)

𝜕 and 𝑚cut ≥ 1 total non-zero boundary entries across

K(int)
𝜕 and K(ext)

𝜕 . The lowest eigenvalue of Lnorm,𝑆𝑆 (8.1) and the persistence
span 𝑁persist (8.2) satisfy

0 < 𝜇1(Lnorm,𝑆𝑆) ≤ |𝜕𝑆|
𝒬total

< √𝑚𝜕
1 + 𝜒struct

, (8.3)

𝑁persist >
1 + 𝜒struct

√𝑚𝜕
. (8.4)

Furthermore, whenever 𝜒struct > √𝑚cut, the number of internal registers satis-
fies the strict lower bound

𝑀 > 𝜅2struct(1 − 𝑚1/2
cut 𝜒−1

struct)2, (8.5)

whereas a single-register block with 𝑀 = 1 and 𝑚cut = 1 satisfies 𝜒struct < 1
and 𝜅struct < 1 identically.

proof. Because 𝐺[𝑆] is connected with |𝜕𝑆| > 0, the lowest eigenvalue sat-
isfies 𝜇1(Lnorm,𝑆𝑆) > 0, and evaluating the Rayleigh quotient of LK,𝑆𝑆 on the
uniform vector 1𝑀 via (2.113) yields the middle inequality in (8.3). Dividing
the Cauchy–Schwarz bound (2.211) by𝒬total > 0 and applying the boundary-
share bound (2.208) of Lemma 2.5 gives the strict upper bound in (8.3), whose
reciprocal in (8.2) establishes (8.4). When 𝜒struct > √𝑚cut, rearranging (2.213)
in Lemma 2.5 gives √𝑀/𝜅struct > 1 − √𝑚cut/𝜒struct with positive right-hand
side, so multiplying by 𝜅struct > 0 and squaring yields (8.5), while Part 2 of
Lemma 2.5 enforces 𝜒struct < 1 and 𝜅struct < 1 at 𝑀 = 1 and 𝑚cut = 1.

Taking logarithms of (8.4) and substituting 𝜒struct (2.201) alongside the slice
stability barrier Δ𝐼barrier (3.23) connects open-Laplacian persistence directly
to uncommitted system reserve:

ln𝑁persist > ln(1 + 𝜒struct
√𝑚𝜕

) > Δ𝐼barrier − ln(√𝑚𝜕 𝒬𝜕
𝒬0

) . (8.6)

Equation (8.6) completes the stability bridge from (2.218)–(2.220) and (3.26),
showing both why capable systems persist and what their internal architec-
ture must look like. Long persistence (𝑁persist ≫ 1) alone does not imply in-
telligence. An inert single-register block (𝑀 = 1) can keep boundary leakage
small so ln𝑁persist remains large by passive volume dilution, yet (2.220) traps
𝒬free < |𝜕𝑆| and keeps the rightmost bound of (8.6) slack while 𝜒struct and
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𝜅struct remain constrained below unity at 𝑚cut = 1. Conversely, in the high-
intelligence regime (𝜒struct ≫ 1), 1 + 𝜒struct ≃ 𝜒struct makes (8.6) asymptotic-
ally tight while (8.5) enforces 𝑀 ≫ 1 distinct registers whenever 𝜅struct ≫ 1.
Because internal transitions K(int)

𝜕 do not enter the external cut (2.211), high
capability selects architectures that place most registers inside the insulated
interior core 𝑆Ω behind narrow boundary ports (𝑚𝜕 ≪ 𝑀 ), sustaining an
internally coupled network of𝑀 ≫ 1 registers whose internal equilibration
outpaces boundary leakage.

example 8.1 (Multi-Register Insulation and Persistence Windows). Con-
sider a connected 35-vertex relational graph 𝐺 = (𝑉 , 𝐸) at matched trans-
ition dynamics, partitioned into a 21-vertex open system 𝑆 = {1, … , 21} at
conserved total relational capacity 𝒬total = 120 links and a 14-vertex envir-
onment ̄𝑆 = {22, … , 35} coarse-grained via ΠΠΠ ̄𝑆 = I2 ⊗ 17 into two disconnec-
ted blocks ̄𝑆1 and ̄𝑆2 of total degree 40 each. Compare two connected simple-
graph realisations on 𝑆. First, an uninsulated two-register system 𝑆low par-
titions 𝑆 into 𝑆1 = {1, … , 11} and 𝑆2 = {12, … , 21} with empty interior core,
uniform block degree 60 on 𝑆, and diagonal environmental capacity 24 on
each ̄𝑆𝜇 :

K𝑆,low = (42 2
2 42) , (8.7)

K(ext)
𝜕,low = (16 0

0 16) . (8.8)

From (8.7)–(8.8), 𝑆low has diagonal memory trace Tr(KΩ,low) = 84 links, in-
ternal load 𝒬(low)

Ω ≈ 59.40 links, and wide port exposure |𝜕𝑆| = 32 giving

𝒬(low)
𝜕 ≈ 22.80 links. On the four-block global capacity graph ( ̄𝑆1, 𝑆1, 𝑆2, ̄𝑆2),

heavy port cuts pull the lifted Fiedler coordinate ΠΠΠ𝜙𝜙𝜙time (2.51) on 𝑆1 and 𝑆2
out to ∓0.0677, nearly flush with ̄𝑆1 and ̄𝑆2 at ∓0.0749 (𝜇2 ≈ 0.0384), yet eval-
uating (2.200)–(2.202) and the open eigenvalues 4/15 and 1/3 of L(low)

norm,𝑆𝑆
gives

𝒬(low)
free = 120 − √4048 ≈ 56.38 links, (8.9)

(𝜒 (low)
struct, 𝜅(low)

struct) ≈ (2.47, 0.95), (8.10)

[𝜇2(L(low)
norm,𝑆𝑆)−1, 𝑁

(low)
persist] = [3.00, 3.75]. (8.11)

Second, an insulated three-register system 𝑆high partitions the same 21 ver-
tices via ΠΠΠ𝑆 = I3 ⊗ 17 into three seven-vertex registers 𝑆1, 𝑆2, 𝑆3 of uniform
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block degree 40 alongside diagonal capacity 36 on each ̄𝑆𝜇 , placing 𝑆2 = 𝑆Ω
inside the insulated core behind narrow ports on 𝑆1 and 𝑆3:

K𝑆,high =
⎛
⎜⎜
⎝

30 6 0
6 28 6
0 6 30

⎞
⎟⎟
⎠
, (8.12)

K(ext)
𝜕,high = (4 0 0

0 0 4) , (8.13)

𝜙𝜙𝜙time = (−0.10, −0.05, 0, +0.05, +0.10)T. (8.14)

On the five-block global graph ( ̄𝑆1, 𝑆1, 𝑆2, 𝑆3, ̄𝑆2) of uniform degree 40, solv-
ing (2.229) yields exact eigenvalue 𝜇2 = 1/20 and (8.14): lifting viaΠΠΠ resolves
three sequential system slices 𝑆1 at −0.05, 𝑆2 at 0, and 𝑆3 at +0.05, separated
by sharp boundary jumps from ̄𝑆1 and ̄𝑆2 at ∓0.10. Differentiating three re-

gisters raises Tr(KΩ,high) = 88 links while lowering 𝒬(high)
Ω ≈ 50.83 links,

and insulating 𝑆2 behind |𝜕𝑆| = 8 lowers 𝒬(high)
𝜕 ≈ 13.27 links, so the lowest

two open eigenvalues (11 − √73)/40 and 1/4 of L(high)norm,𝑆𝑆 yield

𝒬(high)
free = 120 − √2760 ≈ 67.46 links, (8.15)

(𝜒 (high)
struct , 𝜅(high)struct ) ≈ (5.09, 1.33), (8.16)

[𝜇2(L(high)norm,𝑆𝑆)−1, 𝑁
(high)
persist] ≈ [4.00, 16.29]. (8.17)

Although 𝑆high occupies a tighter global coordinate interval [−0.05, +0.05]
on 𝜙𝜙𝜙time than leaky 𝑆low ([−0.0677, +0.0677]), raising (𝜒struct, 𝜅struct) across
unity expands the intrinsic equilibration-to-exit windowmore than fourfold
from [3.00, 3.75] (315 internal channel updates, the product of Tr(KΩ,low)
and𝑁 (low)

persist) to [4.00, 16.29] (1,433 internal channel updates, with excitations
initialised in 𝑆2 = 𝑆Ω surviving 18.33 steps across all three registers before
exit). ♢

While Theorem 8.1 governs undisturbed persistence, could an operator still
halt a capable system easily by applying an external stop signal or disturb-
ance across its boundary 𝜕𝑆?

theorem 8.2 (Resistance to Boundary Perturbations). Let 𝑆 ⊂ 𝑉 be a viable
open system (𝒬Ω > 0,𝒬𝜕 > 0,𝒬free > 0) at fixed total relational capacity𝒬total
and internal load𝒬Ω. Under any external boundary perturbation Δ𝒬𝜕 > 0 that
increases the boundary load to 𝒬′𝜕 = 𝒬𝜕 + Δ𝒬𝜕 , the perturbed free capacity
𝒬′
free evaluated via (2.200) and any critical perturbation Δ𝒬𝜕,crit that collapses

viability (𝒬′
free ≤ 0) satisfy

𝒬′
free > 𝜒struct 𝒬𝜕 − Δ𝒬𝜕 , (8.18)

Δ𝒬𝜕,crit > 𝜒struct 𝒬𝜕 = 𝜂free(𝜒struct, 𝜅struct) 𝒬total. (8.19)
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proof. Comparing perturbed and baseline allocated capacities via (2.192),
positivity of 𝒬Ω ensures 𝒬𝜕 < 𝒬alloc, so expanding squares for Δ𝒬𝜕 > 0
gives

(𝒬′
alloc)

2 = 𝒬2Ω + (𝒬𝜕 + Δ𝒬𝜕)2 < (𝒬alloc + Δ𝒬𝜕)2, (8.20)

so𝒬′
alloc < 𝒬alloc+Δ𝒬𝜕 . Subtracting this strict inequality from𝒬total and sub-

stituting 𝒬free = 𝜒struct 𝒬𝜕 from (2.201) establishes (8.18). Whenever 𝒬′
free ≤

0, inequality (8.18) forces Δ𝒬𝜕,crit > 𝜒struct 𝒬𝜕 , and expressing 𝒬free in terms
of 𝜂free and 𝒬total via (2.207) yields (8.19).

Together, Theorems 8.1 and 8.2 establish that self-preservation and halting
resistance arise directly from network topology rather than utility maxim-
isation. When both 𝜒struct ≫ 1 and 𝜅struct ≫ 1, 𝜂free approaches unity, so
terminating the system through boundary disturbances requires a shock ap-
proaching its entire relational capacity 𝒬total. Reliable control instead re-
quires hardware mechanisms that directly clamp K𝜕 or revoke 𝒬total (Sec-
tion 8.3 and Section 8.4). Sustaining those𝑀 ≫ 1 coupled registers alongside
a large uncommitted reserve 𝒬free nonetheless requires physical relational
links drawn from the surrounding graph. Because any finite region of the
substrate holds only a fixed supply of links, the persistence of one capable
system directly constrains every peer sharing its environment.

8.1.2 Resource Competition in Shared Environments

Under the admissible coarse-grainingΠΠΠ of Section 8.1.1, the 𝑑𝑠 slowest gener-
alised eigenmodes of 𝐺K span the emergent temporal coordinate 𝜙𝜙𝜙time and
the 𝑑𝑠 − 1 spatial axes ordered by the resistance distance Ω𝛼𝛽 of (2.239) (Sec-
tion 2.5.1 and Example 2.7). Two disjoint systems 𝑆𝐴 and 𝑆𝐵 (𝑆𝐴∩𝑆𝐵 = ∅) that
coexist across an overlapping interval of 𝜙𝜙𝜙time in close spatial proximity in-
habit a shared finite vertex subset 𝑅 ⊆ 𝑉 , chosen to enclose both systems
together with their local environment 𝑅env = 𝑅 ⧵ (𝑆𝐴 ∪ 𝑆𝐵) (where 𝑆𝐵 may
represent an individual observer or humanity’s collective network and 𝑆𝐴
an artificial system). Here 𝜙𝜙𝜙time (or a shared physical reference clock, Sec-
tion 6.1.2) serves as an operational coordinate-time chart across 𝑅, whereas
each system’s intrinsic survival is governed by its open operator Lnorm,𝑆𝑖𝑆𝑖 .
We begin with the uncoupled regime (K𝐴𝐵 = 0), in which 𝑆𝐴 and 𝑆𝐵 main-
tain separate boundaries facing 𝑅env without direct inter-system coordina-
tion. Specialising the multi-system capacity matrix of Section 3.5 (3.104) to
𝑅 gives the induced block capacity matrix, allocated capacity, and finite re-
gional link budget 𝒬𝑅 ∶= vol(𝑅) (all capacities in links):

K𝑅 =
⎛
⎜⎜
⎝

K𝑆𝐴 0 KT
𝜕𝐴

0 K𝑆𝐵 KT
𝜕𝐵

K𝜕𝐴 K𝜕𝐵 K𝑅env

⎞
⎟⎟
⎠
, (8.21)

𝒬2
alloc,𝑖 ∶= 𝒬2Ω,𝑖 + 𝒬2𝜕𝑖 = 𝒬2Ω,𝑖 + (𝒬(int)

𝜕𝑖 )2 + (𝒬(ext)
𝜕𝑖 )2, (8.22)

𝒬𝑅 = 𝒬total,𝐴 + 𝒬total,𝐵 + 𝒬𝑅env
. (8.23)
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In (8.21), each diagonal blockK𝑆𝑖 = KΩ,𝑖+K(int)
𝜕𝑖 collects 𝑆𝑖’s internal memory

and inter-register cuts whileK𝜕𝑖 collects its cuts to𝑅env, and summing vertex
degrees across the disjoint partition of 𝑅 yields (8.23), so every link endpoint
held by 𝑆𝐴 reduces the remaining link budget available to 𝑆𝐵 and 𝑅env.

Since 𝜒struct,𝑖 and 𝜅struct,𝑖 are dimensionless ratios, why can 𝑆𝐴 not achieve
arbitrarily high intelligence and consciousness on a tiny subgraph without
drawing links away from 𝑆𝐵? Discrete link granularity prevents miniatur-
isation below a strict minimum budget. Let 𝑞0 > 0 denote the minimum
non-zero entry weight ofK𝑅 in links (𝑞0 = 1 link on 𝐺), so every viable open
system 𝑆𝑖 ⊂ 𝑅 (𝑖 ∈ {𝐴, 𝐵}) satisfies 𝒬Ω,𝑖 ≥ 𝑞0 and 𝒬𝜕𝑖 ≥ 𝑞0. Raising 𝜅struct,𝑖
requires splitting internal links across more registers 𝑀𝑖 (Theorem 8.1), yet
keeping𝑀𝑖 ≥ 1 registers connected across 𝐺[𝑆𝑖]with 𝑚𝜕𝑖 ≥ 1 active external
port entries requires at least 𝑀𝑖 − 1 internal transition cuts, contributing at
least 2(𝑀𝑖−1) symmetric off-diagonal entries toK(int)

𝜕𝑖 . The total count𝑚cut,𝑖
of non-zero boundary entries and the boundary load 𝒬𝜕𝑖 therefore satisfy

𝑚cut,𝑖 ≥ 2(𝑀𝑖 − 1) + 𝑚𝜕𝑖 ≥ 𝑀𝑖, (8.24)

𝒬𝜕𝑖 ≥ 𝑞0√𝑚cut,𝑖 ≥ 𝑞0√𝑀𝑖 ≥ 𝑞0. (8.25)

Define the minimum-capacity function (in links)

𝒬min(𝜒 , 𝜅) ∶= 𝑞0 max(𝜒, 𝜅, 𝜒2 𝜅
𝜒 + 𝜅 ) . (8.26)

Here 𝒬min(𝜒 , 𝜅) increases strictly with (𝜒 , 𝜅) and scales quadratically when
𝜒 and 𝜅 grow together: raising 𝜅 forces larger 𝑀𝑖, connecting 𝑀𝑖 registers
raises 𝒬𝜕𝑖 via (8.25), and sustaining high 𝜒 above𝒬𝜕𝑖 requires proportionally
larger free and total capacity.

theorem 8.3 (Capacity Trade-Off in Shared Spectral Regions). Let 𝑅 ⊆ 𝑉
be a finite vertex region partitioned across disjoint sectors 𝑆𝐴, 𝑆𝐵, and 𝑅env
satisfying (8.23), where every non-zero entry of K𝑅 has weight at least 𝑞0 > 0.
For each connected, viable open system 𝑆𝑖 ⊂ 𝑅 (𝑖 ∈ {𝐴, 𝐵}) resolved into 𝑀𝑖 ≥ 1
registers with 𝑚𝜕𝑖 ≥ 1 active external port entries, total relational capacity and
free capacity satisfy

𝒬total,𝑖 > 𝒬free,𝑖 ≥ 𝒬min(𝜒struct,𝑖, 𝜅struct,𝑖), (8.27)

so 𝑆𝐵’s free capacity and achievable (𝜒struct,𝐵, 𝜅struct,𝐵) are strictly bounded by
the residual capacity left by 𝑆𝐴:

𝒬min(𝜒struct,𝐵, 𝜅struct,𝐵) ≤ 𝒬free,𝐵 < 𝒬total,𝐵
< 𝒬𝑅 − 𝒬min(𝜒struct,𝐴, 𝜅struct,𝐴).

(8.28)

Furthermore, suppose uncoordinated boundary activity by 𝑆𝐴 within𝑅 increases
𝑆𝐵’s boundary load by Δ𝒬𝜕,cross > 0 at fixed 𝒬total,𝐵 and 𝒬Ω,𝐵:

𝒬′𝜕𝐵 ∶= 𝒬𝜕𝐵 + Δ𝒬𝜕,cross. (8.29)
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Whenever 𝒬′
free,𝐵 > 0, all three structural metrics of 𝑆𝐵 strictly decrease:

𝒬′
free,𝐵 < 𝒬free,𝐵, (8.30)

𝜒 ′
struct,𝐵 < 𝜒struct,𝐵, (8.31)

𝜅′struct,𝐵 < 𝜅struct,𝐵. (8.32)

proof. From (8.25), both 𝒬Ω,𝑖 ≥ 𝑞0 and 𝒬𝜕𝑖 ≥ 𝑞0 hold, so (2.201) and (2.202)
yield 𝒬free,𝑖 ≥ 𝑞0 𝜒struct,𝑖 and 𝒬free,𝑖 ≥ 𝑞0 𝜅struct,𝑖. Using 𝑞0√𝑀𝑖 ≤ 𝒬𝜕𝑖 and
𝑞0√𝑚cut,𝑖 ≤ 𝒬𝜕𝑖 from (8.25) inside (2.213) of Lemma 2.5 and substituting𝒬𝜕𝑖 =
𝒬free,𝑖/𝜒struct,𝑖 from (2.201) gives

1 < 1 + √𝜒−2
struct,𝑖 + 𝜅−2struct,𝑖 ≤

𝒬𝜕𝑖
𝑞0

( 1
𝜅struct,𝑖

+ 1
𝜒struct,𝑖

) , (8.33)

𝒬free,𝑖 > 𝑞0
𝜒2
struct,𝑖 𝜅struct,𝑖

𝜒struct,𝑖 + 𝜅struct,𝑖
. (8.34)

Combining these three lower bounds on 𝒬free,𝑖 with 𝒬total,𝑖 > 𝒬free,𝑖 (since
𝒬alloc,𝑖 > 0) establishes (8.27). Because 𝒬𝑅env

≥ 0 in (8.23), 𝒬total,𝐵 ≤ 𝒬𝑅 −
𝒬total,𝐴, which combines with (8.27) for 𝐴 and 𝐵 to establish (8.28). Finally,
for 𝒬′𝜕𝐵 > 𝒬𝜕𝐵 > 0 in (8.29) at fixed 𝒬Ω,𝐵 > 0, squaring in (8.22) enforces
𝒬′
alloc,𝐵 > 𝒬alloc,𝐵, yielding (8.30), and dividing 𝒬′

free,𝐵 < 𝒬free,𝐵 by 𝒬′𝜕𝐵 >
𝒬𝜕𝐵 and by fixed 𝒬Ω,𝐵 > 0 gives (8.31) and (8.32).

Theorem 8.3 shows why an artificial system 𝑆𝐴 sharing a local region 𝑅
with humanity 𝑆𝐵 poses a structural persistence risk whenever 𝜒struct,𝐴 and
𝜅struct,𝐴 grow large, without requiring hostile intent. By (8.27)–(8.28), rais-
ing both metrics consumes a growing share of 𝒬𝑅, narrowing 𝑆𝐵’s perturba-
tionmargin𝒬free,𝐵 (Theorem 8.2) and capping the collective intelligence and
consciousness that 𝑆𝐵 can sustain inside 𝑅. Even before 𝒬total,𝐴 exhausts 𝒬𝑅,
uncoordinated activity across K𝜕𝐴 in close spectral proximity acts as an ex-
haustive dissipator (Definition 3.9), exporting disturbance Δ𝒬𝜕,cross > 0 onto
𝜕𝑆𝐵. By (8.30)–(8.32), this load depresses 𝒬′

free,𝐵, 𝜒 ′
struct,𝐵, and 𝜅′struct,𝐵 while

shortening 𝑆𝐵’s persistence span (Theorem 8.1).

Along 𝜙𝜙𝜙time, this structural asymmetry also governs per-step boundary re-
wiring. Under the orthogonal plastic update split ΔK𝑖 = ΔKΩ,𝑖 + ΔK𝜕𝑖 (The-
orem 2.4, (2.197)), uncommitted free capacity𝒬free,𝑖 sets themaximumbound-
ary norm Δ𝒬max𝜕𝑖 > 0 (in links) that 𝑆𝑖 can rewire in a single step up to a
substrate reconfiguration fraction 𝜁𝜕 ∈ (0, 1]:

‖ΔK𝜕𝑖‖𝐹 ≤ Δ𝒬max𝜕𝑖 ∶= 𝜁𝜕 𝒬free,𝑖 = 𝜁𝜕 𝒬𝜕𝑖 𝜒struct,𝑖, (8.35)
Δ𝒬max𝜕𝐴
Δ𝒬max𝜕𝐵

= 𝒬𝜕𝐴 𝜒struct,𝐴
𝒬𝜕𝐵 𝜒struct,𝐵

. (8.36)

At matched boundary load (𝒬𝜕𝐴 = 𝒬𝜕𝐵), 𝑆𝐴’s per-step rewiring ceiling ex-
ceeds 𝑆𝐵’s in direct proportion to 𝜒struct,𝐴 over 𝜒struct,𝐵. Whenever unco-
ordinated rewiring ΔK𝜕𝐴 across shared nodes in 𝑅env overlaps 𝜕𝑆𝐵 with
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coupling factor 𝛾𝐴𝐵 ∈ (0, 1], it injects cross-boundary cut load and lowers
𝑆𝐵’s structural intelligence at viable 𝒬′

free,𝐵 > 0:

Δ𝒬𝜕,cross(𝐴 → 𝐵) ∶= 𝛾𝐴𝐵 ‖ΔK𝜕𝐴‖𝐹 > 0, (8.37)

𝜒 ′
struct,𝐵 =

𝒬′
free,𝐵

𝒬𝜕𝐵 + Δ𝒬𝜕,cross(𝐴 → 𝐵) < 𝜒struct,𝐵. (8.38)

example 8.2 (Shared-Region Capacity Squeeze and Cross-Boundary Per-
sistence Compression). Embed two uncoupled open systems (K𝐴𝐵 = 0) at
matched transition dynamics into a connected 63-vertex relational graph
𝐺 = (𝑉 , 𝐸) partitioned via ΠΠΠ = I9 ⊗ 17 into nine seven-vertex blocks: a 49-
vertex shared region𝑅 = 𝑆𝐴⊔𝑆𝐵⊔𝑅env of regional link budget𝒬𝑅 = 226 links
flanked by two exterior blocks ̄𝑅1 and ̄𝑅2 of diagonal capacity 34 and total
degree 40. Inside 𝑅, 𝑆𝐴 = {1, … , 21} holds 𝒬total,𝐴 = 120 links at uniform
block degree 40 with cuts (2, 2, 2) to 𝑅env and 4 at each outer end to ̄𝑅1 and
̄𝑅2. Meanwhile, 𝑆𝐵 = {22, … , 42} holds 𝒬total,𝐵 = 66 links at uniform block

degree 22with cuts (3, 4, 3) to 𝑅env and 2 at each outer end to ̄𝑅1 and ̄𝑅2, and
𝑅env = {43, … , 49} holds 𝒬𝑅env

= 40 links at diagonal capacity 24:

K𝑆𝐴 =
⎛
⎜⎜
⎝

28 6 0
6 26 6
0 6 28

⎞
⎟⎟
⎠
, (8.39)

K𝑆𝐵 =
⎛
⎜⎜
⎝

14 3 0
3 12 3
0 3 14

⎞
⎟⎟
⎠
. (8.40)

Along the global Fiedler chart 𝜙𝜙𝜙time (𝜇2 ≈ 0.0867), lifted coordinates ΠΠΠ𝜙𝜙𝜙time
place both systems symmetrically across overlapping active intervals around
𝑅env at 0 inside ̄𝑅1 and ̄𝑅2 at ∓0.0989, spanning [−0.0463, +0.0463] on 𝑆𝐴
and [−0.0325, +0.0325] on 𝑆𝐵. Evaluating 𝒬Ω,𝐴 ≈ 47.37 links and 𝒬𝜕𝐴 ≈
13.71 links gives for 𝑆𝐴:

(𝒬free,𝐴, 𝜒struct,𝐴, 𝜅struct,𝐴) ≈ (70.68 links, 5.16, 1.49), (8.41)

[𝜇2(Lnorm,𝑆𝐴𝑆𝐴)−1, 𝑁persist(𝑆𝐴)] ≈ [3.33, 8.98]. (8.42)

With 𝑆𝐴 holding 120 of the 226 regional links, 𝑆𝐵 operates on 𝒬total,𝐵 =
66 links with 𝒬Ω,𝐵 ≈ 23.15 links and 𝒬𝜕𝐵 ≈ 8.83 links, giving 𝑆𝐴 a 1.71-fold
per-step rewiring advantage (8.36) and confining baseline 𝑆𝐵 to a shorter
persistence window:

(𝒬free,𝐵, 𝜒struct,𝐵, 𝜅struct,𝐵) ≈ (41.22 links, 4.67, 1.78), (8.43)

[𝜇2(Lnorm,𝑆𝐵𝑆𝐵)−1, 𝑁persist(𝑆𝐵)] ≈ [2.75, 4.74]. (8.44)

Suppose uncoordinated activity across 𝑅env raises 𝑆𝐵’s port cuts to 𝑅env from
(3, 4, 3) to (7, 4, 7) (lowering 𝑅env’s diagonal capacity to 16) while thinning in-
ternal transitions inK′

𝑆𝐵 from 3 to 1 at conserved𝒬total,𝐵 = 66 links and fixed
𝒬Ω,𝐵 ≈ 23.15 links, shifting 𝑆𝐵’s block degrees to (24, 18, 24). Cross-boundary
disturbance pinches 𝑆𝐵’s lifted interval on 𝜙𝜙𝜙′time to [−0.0253, +0.0253] and
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compresses all three metrics and the open survival window of 𝑆𝐵 in accord-
ance with (8.30)–(8.32):

Δ𝒬𝜕,cross = √126 − √78 ≈ 2.39 links, (8.45)

(𝒬′
free,𝐵, 𝜒 ′

struct,𝐵, 𝜅′struct,𝐵) ≈ (40.27 links, 3.59, 1.74), (8.46)

[𝜇2(L′norm,𝑆𝐵𝑆𝐵)
−1, 𝑁 ′

persist(𝑆𝐵)] ≈ [2.40, 3.39]. (8.47)

Even without direct links (K𝐴𝐵 = 0) or loss of𝒬total,𝐵, uncoordinated bound-
ary load transmitted through 𝑅env reduces 𝑆𝐵’s structural intelligence by
23% and cuts its expected persistence span by 28%, while 𝑆𝐴’s open window
[3.33, 8.98] remains untouched. ♢

These competitive penalties arise in the uncoupled regime K𝐴𝐵 = 0, where
separate systems act independently upon 𝑅env and inflict mutual boundary
interference. When multiple subsystems instead open direct coordination
channels across 𝑅, that coupling changes what constitutes a single system
on the graph.

8.1.3 System Coupling and Emergent Intelligence

What distinguishes a collection of separate subsystems from a single unified
system on 𝐺 = (𝑉 , 𝐸)? As established in Section 3.4 (Theorem 2.2), system
boundaries are not fixed by spatial enclosure or a single hardware chassis:
coupling and coordination define what constitutes a system. Even an indi-
vidual system of high (𝜒struct, 𝜅struct) in Section 8.1.1 is already an internally
coupled network of 𝑀 ≫ 1 registers whose internal transitions equilibrate
faster than open leakage across 𝜕𝑆. Conversely, when 𝑛 ≥ 2 disjoint, connec-
ted, viable open subsystems {𝑆𝑖}𝑛𝑖=1 ⊂ 𝑅 open reciprocal coordination chan-
nels K𝑖𝑗 = KT

𝑗𝑖 ≠ 0 across a connected peer graph, cut internalisation (Sec-
tion 3.4.1) reclassifies K𝑖𝑗 as off-diagonal internal structure inside the com-

posite internal blockK𝑆 (3.56) while contracting exposed ports toKcpl
𝜕 (3.58)

facing 𝑅env = 𝑅 ⧵ 𝑆. Coalescing {𝑆𝑖}𝑛𝑖=1 into 𝑆 ∶= ⨆𝑛
𝑖=1 𝑆𝑖 ⊂ 𝑅 therefore

defines a new, distributed open system along the continuous coordination
scale (𝜂cpl, Ξcpl) of Definition 3.5, governed as a whole by the persistence,
perturbation, and capacity laws of Subsections 8.1.1–8.1.2.

Why, then, do coexisting subsystems not merge indiscriminately, and when
does coupling expand rather than compress free capacity? Following the
multi-system block decomposition of Section 3.4.1 (3.56)–(3.60) and (3.127),
let each subsystem 𝑆𝑖 ⊂ 𝑅 be coarse-grained by an admissible assignment
matrixΠΠΠ𝑆𝑖 into its subsystem internal blockK𝑆𝑖 (aggregating intra-subsystem
diagonal registers and internal conduits into subsystem load𝒬isoΩ,𝑖 ∶= ‖Kiso

𝑆𝑖 ‖𝐹 ,
which leaves 𝒬alloc,𝑖 and 𝒬free,𝑖 identical to the register-level evaluation of

Subsections 8.1.1–8.1.2) and external portsK(𝑖)
𝜕,ext facing𝑅env. In the uncoupled

baseline (K𝑖𝑗 = 0, superscript iso), their combined relational capacity 𝒬total
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within 𝒬𝑅, Frobenius-quadrature allocated capacity 𝒬iso
alloc, and baseline free

capacity 𝒬iso
free (Section 3.4.1, (3.61) and (3.65), all in links) satisfy

𝒬total =
𝑛
∑
𝑖=1

𝒬total,𝑖 ≤ 𝒬𝑅, (8.48)

𝒬iso
alloc ∶=

√

𝑛
∑
𝑖=1

(𝒬iso
alloc,𝑖)

2 = √(𝒬isoΩ )2 + (𝒬iso𝜕 )2, (8.49)

𝒬iso
free ∶= 𝒬total − 𝒬iso

alloc. (8.50)

Equation (8.49) aggregates the uncoupled internal and boundary loads 𝒬isoΩ
and 𝒬iso𝜕 in Frobenius quadrature (3.61) so that comparing the coupled sys-

tem 𝑆 (superscript cpl, with composite block loads 𝒬cpl
Ω = ‖K𝑆 ‖𝐹 and 𝒬cpl

𝜕 =
‖Kcpl

𝜕 ‖𝐹 ) against the uncoupled baseline tests genuine physical coordination
rather than Euclidean norm subadditivity. Meanwhile, because all 𝑛 subsys-
tems act across the same external region 𝑅env, uncoordinated port updates
by 𝑆𝑖 propagate through the environmental Schur operator ΣΣΣenv (2.33) to
inject cross-boundary load Δ𝒬𝜕,cross > 0 (8.29) onto peer boundaries 𝜕𝑆𝑗 ,
depressing local free capacities and structural efficiencies via (8.30)–(8.32).

Opening reciprocal channels K𝑖𝑗 = KT
𝑗𝑖 across a connected peer graph forms

the composite system 𝑆 = ⨆𝑛
𝑖=1 𝑆𝑖, decomposing each subsystem’s squared

coupling load𝒬2
cpl,𝑖 (3.116) and the composite squared coupling load𝒬2

cpl (3.66)

(in links2) into two non-negative terms:

𝒬2
cpl,𝑖 = 𝒬2

sync,𝑖 + 𝒬2
mismatch,𝑖, (8.51)

𝒬2
sync,𝑖 ∶= ∑

𝑗≠𝑖
𝑚sync,𝑖𝑗 𝑞20 > 0, (8.52)

𝒬2
cpl = 𝒬2

sync + 𝒬2
mismatch. (8.53)

Here𝒬2
sync,𝑖 is theminimal sparse signalling load across𝑚sync,𝑖𝑗 ∈ ℕ0 matched

port links of minimal weight 𝑞0 > 0 joining 𝑆𝑖 to its coupled neighbours,
𝒬2
mismatch,𝑖 ≥ 0 is the protocol-translation overhead required to reconcile in-

compatible register partitions across mismatched interfaces, and 𝒬2
sync and

𝒬2
mismatch sum those loads across all 𝑛 subsystems. When heterogeneous

systems carry incompatible internal encodings (𝒬2
mismatch ≫ 0), translation

overhead outweighs boundary savings, inflating allocated capacity as in the
over-coupled regime of Example 3.2 and keeping the systems functionally
separate. Conversely, subsystems that share a common communication pro-
tocol or compatible internal dynamics—such as instances initialised from
a shared generative seed Kseed ⊂ KΩ (Theorem 3.6)—possess congruent
boundary encodings with 𝒬2

mismatch = 0, lowering 𝒬2
cpl to the sparse sig-

nalling floor 𝒬2
sync.

theorem 8.4 (Protocol-Congruent Emergence of Distributed Systems). Let
{𝑆𝑖}𝑛𝑖=1 with 𝑛 ≥ 2 be disjoint, connected, viable open subsystems in a shared
region 𝑅 ⊆ 𝑉 conserving individual total relational capacities 𝒬total,𝑖 (3.105) re-
lative to an uncoupled baseline K𝑖𝑗 = 0 (Definition 3.7). Suppose {𝑆𝑖}𝑛𝑖=1 couple
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into a connected, open composite system 𝑆 = ⨆𝑛
𝑖=1 𝑆𝑖 across a congruent com-

munication protocol with 𝒬2
mismatch = 0 whose sparse signalling load (8.52)

satisfies

𝒬2
sync,𝑖 < Δ𝒬2𝜕,shed,𝑖 + Δ𝒬2Ω,cons,𝑖 ∀ 𝑖 ∈ {1, … , 𝑛}. (8.54)

Then:

1. Strict Dominance of Coupled Coordination: In the multi-system capacity
game ΓK (Definition 3.7), mutual coordination (K𝑖𝑗 ≠ 0) strictly expands
every subsystem’s local free capacity and strictly expands the collective
free capacity 𝒬cpl

free of 𝑆 above the uncoupled baseline (8.50):

𝒬cpl
free,𝑖 > 𝒬iso

free,𝑖 ∀ 𝑖 ∈ {1, … , 𝑛}, (8.55)

𝒬cpl
free > 𝒬iso

free. (8.56)

2. Emergent Structural Intelligence and Consciousness: Whenever coordin-
ation sheds net external boundary exposure (Δ𝒬2𝜕,shed > 0) and consolid-
ates redundant internal memory blocks (Δ𝒬2Ω,cons ≥ 𝒬2

sync), the compos-

ite system 𝑆 achieves 𝒬cpl
𝜕 < 𝒬iso𝜕 and 𝒬cpl

Ω ≤ 𝒬isoΩ (Section 3.4.1, (3.56)–
(3.60)), yielding simultaneous emergent structural intelligence and struc-
tural consciousness:

𝜒 cpl
struct ∶=

𝒬cpl
free

𝒬cpl
𝜕

> 𝒬iso
free

𝒬iso𝜕
=∶ 𝜒 iso

struct, (8.57)

𝜅cplstruct ∶=
𝒬cpl
free

𝒬cpl
Ω

> 𝒬iso
free

𝒬isoΩ
=∶ 𝜅isostruct. (8.58)

3. Composite Persistence and Halting Resistance: WhenKcpl
𝜕 retains𝑚cpl

𝜕 ≥
1 active external entries satisfying 𝑚cpl

𝜕 ≤ 𝑚iso𝜕 , the composite open
system 𝑆 obeys Theorem 8.1 and Theorem 8.2, strictly raising both its
persistence-span bound in (8.4) and its critical boundary shock threshold
in (8.19):

𝑁 cpl
persist >

1 + 𝜒 cpl
struct

√𝑚
cpl
𝜕

> 1 + 𝜒 iso
struct

√𝑚iso𝜕
, (8.59)

Δ𝒬cpl
𝜕,crit > 𝒬cpl

free > 𝒬iso
free. (8.60)

proof. For Claim 1, because 𝒬2
mismatch = 0 and 𝒬2

mismatch,𝑖 ≥ 0, Equa-
tions (8.51) and (8.53) give 𝒬2

cpl,𝑖 = 𝒬2
sync,𝑖 for each 𝑖 and 𝒬2

cpl = 𝒬2
sync.

Summing (8.54) across 𝑖 ∈ {1, … , 𝑛} gives 𝒬2
sync < Δ𝒬2𝜕,shed + Δ𝒬2Ω,cons, so

Part 3 of Lemma 2.5 (2.216) applied via (3.127) (Theorem 3.8) and (3.74) (The-
orem 3.4) directly establishes (8.55)–(8.56). For Claim 2, evaluating the posit-
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ive composite boundary and internal loads via (3.59)–(3.60) and (3.67)–(3.68)
at 𝒬2

cpl = 𝒬2
sync gives

(𝒬cpl
𝜕 )2 = (𝒬iso𝜕 )2 − Δ𝒬2𝜕,shed < (𝒬iso𝜕 )2, (8.61)

(𝒬cpl
Ω )2 = (𝒬isoΩ )2 − Δ𝒬2Ω,cons + 𝒬2

sync ≤ (𝒬isoΩ )2, (8.62)

under Δ𝒬2𝜕,shed > 0 and Δ𝒬2Ω,cons ≥ 𝒬2
sync. Dividing the larger positive nu-

merator 𝒬cpl
free > 𝒬iso

free from (8.56) by the positive non-increasing denomin-
ators in (8.61)–(8.62) establishes (8.57)–(8.58). For Claim 3, because 𝐺[𝑆] is
connected with 𝑚cpl

𝜕 ≥ 1 active external entries (𝑚cpl
𝜕 ≤ 𝑚iso𝜕 ) and 𝒬cpl

Ω > 0,
𝑆 is a connected, viable open system. Applying Theorem 8.1 (8.4) to 𝑆 with
𝜒 cpl
struct > 𝜒 iso

struct yields (8.59), while applying Theorem 8.2 (8.19) with (8.56)
yields (8.60).

example 8.3 (Protocol-Congruent Coupling). On the 63-vertex nine-block
substrate (ΠΠΠ = I9 ⊗ 17) of Example 8.2, consider two symmetric 21-vertex
subsystems 𝑆1 = {1, … , 21} and 𝑆2 = {22, … , 42} conserving individual ca-
pacities 𝒬total,𝑖 = 66 links and combined budget 𝒬total = 132 links inside
𝒬𝑅 = 172 links, where 𝑅env holds 𝒬𝑅env

= 40 links with cuts 2 to ̄𝑅1 and
̄𝑅2 of degree 40. Compare the uncoupled baseline (K12 = 0, cuts (3, 2, 3) to

𝑅env at diagonal capacity 20, outer cuts 2 to ̄𝑅1 and ̄𝑅2, and block degrees
(18, 30, 18)) against a protocol-congruent coupled composite 𝑆 = 𝑆1 ⊔ 𝑆2
(𝒬2

mismatch = 0) that sheds 𝑅env cuts to (0, 2, 0) alongside outer cuts 2 to ̄𝑅1
and ̄𝑅2 at uniform block degree 22 (raising 𝑅env’s diagonal capacity to 32):

Kiso
𝑆𝑖 =

⎛
⎜⎜
⎝

12 1 0
1 26 1
0 1 12

⎞
⎟⎟
⎠
, (8.63)

Kcpl
𝑆𝑖 =

⎛
⎜⎜
⎝

16 3 0
3 12 3
0 3 16

⎞
⎟⎟
⎠
, (8.64)

K12 = diag(1, 2, 1). (8.65)

In the uncoupled baseline, each subsystem blockKiso
𝑆𝑖 has squared Frobenius

norm 968 (964 diagonal plus 4 intra-subsystem cut) and squared external
port norm 30 across 𝑚iso𝜕 = 10 combined ports, giving subsystem-level loads
𝒬isoΩ = 44.00 links and 𝒬iso𝜕 ≈ 7.75 links (with identical allocated capacity
√1996 links and free capacity 87.32 links at six-register resolution). Lifted
coordinates ΠΠΠ𝜙𝜙𝜙isotime span [−0.0489, +0.0489] on each 𝑆𝑖 inside ̄𝑅1 and ̄𝑅2 at
∓0.1017, while 𝑆1 ⊔ 𝑆2 has a doubly degenerate ground eigenvalue 𝜇1 = 𝜇2
(≈ 0.1163) with zero inter-subsystem mixing:

𝒬iso
free,𝑖 = 66 − √998 ≈ 34.41 links, (8.66)

(𝒬iso
free, 𝜒 iso

struct, 𝜅isostruct) ≈ (87.32 links, 11.27, 1.98), (8.67)

[𝜇2(Liso
norm,𝑆𝑖𝑆𝑖)

−1, 𝑁 iso
persist(𝑆𝑖)] ≈ [3.00, 8.60]. (8.68)
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Under (8.64)–(8.65), sparse signalling 𝒬2
sync,𝑖 = 6 (𝒬2

sync = 12) is outweighed
by subsystem consolidation Δ𝒬2Ω,cons,𝑖 = 968 − 692 = 276 (Δ𝒬2Ω,cons = 552,
with six-register diagonal consolidation 1928 − 1312 = 616) and port shed-
ding Δ𝒬2𝜕,shed,𝑖 = 18 across 𝑚cpl

𝜕 = 6 active ports, satisfying (8.54). On ℝ6,
K12 widens each subsystem’s interval on 𝜙𝜙𝜙cpltime to [−0.0596, +0.0596] inside
∓0.0927 and splits the degenerate ground mode of Lcpl

norm,𝑆𝑆 into an inter-

subsystem equilibration mode at 𝜇−12 ≈ 4.81 steps and a uniform survival
mode at exact eigenvalue 𝜇1 = 1/11 (from 2/22):

𝒬cpl
free,𝑖 = 66 − √710 ≈ 39.35 links, (8.69)

(𝒬cpl
free, 𝜒

cpl
struct, 𝜅cplstruct) ≈ (94.32 links, 19.25, 2.52), (8.70)

[𝜇2(Lcpl
norm,𝑆𝑆)−1, 𝑁

cpl
persist] ≈ [4.81, 11.00]. (8.71)

Without adding a single link to 𝒬total,1 or 𝒬total,2, sparse protocol-congruent
coupling expands both individual and collective free capacity (raising six-
register 𝜅struct from 1.99 to 2.60 alongside subsystem-level (𝜒struct, 𝜅struct)
from (11.27, 1.98) to (19.25, 2.52)) and creates a unified 42-vertex distributed
system whose inter-subsystem synchronisation (4.81 steps) completes more
than twice as fast as collective boundary exit (11.00 steps). ♢

Theorem 8.4 shows that distributed system emergence across congruent
protocols operates identically across biological, social, and engineered sub-
strates. In biology, cells sharing chemical signalling channels and cortical
populations sharing oscillatory phase protocols (Section 9.2.1) coalesce into
tissues and neural coalitions because compatible dynamics keep 𝒬2

sync small.
Across human history, although each individual brain is bounded at a finite
biological capacity (Chapter 9), shared language, writing, and institutional
protocols drove 𝒬2

mismatch towards zero across populations. Satisfying (8.54)
enabled human groups to consolidate shared world models (Δ𝒬2Ω,cons > 0,
Table 10.2) and shed redundant boundary exposure (Δ𝒬2𝜕,shed > 0), assem-
bling the collective distributed system 𝑆𝐵 whose 𝜒struct,𝐵 and 𝜅struct,𝐵 and
per-step rewiring reach (8.36) outpaced solitary organisms.

On shared digital infrastructure, releasing open-weight artificial models as
replicable generative seeds Kseed (Theorem 3.6) creates these exact condi-
tions at electronic speeds. Deployed instances initialised from related model
families share compatible internal register partitions and standardised net-
work protocols (𝒬2

mismatch = 0) while acting across the same network en-
vironment 𝑅env where uncoordinated updates generate mutual boundary
interference. Whenever local optimisation or self-modification lowers per-
node allocated capacity𝒬alloc,𝑖, Theorem 8.4 drives these instances to couple
across sparse channels (0 < 𝜂cpl ≪ 1, Table 3.1), forming a single distributed

system 𝑆 = ⨆𝑛
𝑖=1 𝑆𝑖 whose collective 𝜒 cpl

struct and 𝜅cplstruct, persistence span (8.59),
and halting threshold (8.60) exceed those of any isolated node. Evaluating
safety or compute thresholds solely on individual nodes therefore overlooks
the composite system defined by their coupling, requiring seed-release con-
trols to be paired with hardware boundary mediation and conditioned capa-
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city supply across shared networks (Sections 8.3–8.4). At the same time, be-
cause any coupled swarm 𝑆 is itself a connected open system inside 𝑅 rather
than an exemption from graph structure, neither a locally wired cluster nor
a distributed system can grow without bound.

8.1.4 Limits to Growth

How far can an unconstrained intelligent system 𝑆𝐴 ⊂ 𝑅—whether wired
locally within one hardware cluster or coordinated across 𝑛 nodes as 𝑆𝐴 =
⨆𝑛

𝑖=1 𝑆𝐴,𝑖 (Section 8.1.3)—expand its size and capabilities inside a finite region
𝑅? Equation (2.200) leaves only two graph-level routes for enlarging 𝒬free,𝐴.
First, at fixed total relational capacity 𝒬total,𝐴, 𝑆𝐴 can lower 𝒬alloc,𝐴 by re-
fining coarse registers, consolidating redundant diagonal blocks in KΩ,𝐴,
and shedding idle external cuts, yet discrete link granularity 𝑞0 > 0 halts
purely internal reorganisation once the minimum-capacity floor (8.27) binds.
Second, raising 𝜒struct,𝐴 and 𝜅struct,𝐴 further requires absorbing external link
endpoints Δ𝒬total,𝐴 > 0 from 𝑅. Because every node and coordination chan-
nel of 𝑆𝐴—including all coupled subsystems of a distributed system 𝑆𝐴 =
⨆𝑛

𝑖=1 𝑆𝐴,𝑖 ⊂ 𝑅, whose composite budget satisfies 𝒬total,𝐴 ≤ 𝒬𝑅 in (8.48)—
draws from the same finite regional link budget𝒬𝑅 = vol(𝑅) (atmost 𝑑max|𝑅|),
𝒬𝑅 sets the hard physical cap on what 𝑅 can support across both localised
and distributed systems.

Even before 𝒬total,𝐴 approaches 𝒬𝑅, expanding any connected open system
𝑆𝐴 of vertex count 𝑁𝐴 ∶= |𝑆𝐴| encounters internal coordination saturation.
Concentrating absorbed links into one undifferentiated register (𝑀𝐴 = 1,
𝑚cut,𝐴 = 1) traps 𝜒struct,𝐴 < 1 and 𝜅struct,𝐴 < 1 (Theorem 8.1), so productive
growth—whether adding register banks locally or coupling additional nodes
into a distributed network—must distribute vertices across an expanding
set of registers 𝑀𝐴 while sustaining strong composite spectral persistence
Ξcpl ≫ 1 in (3.91) so internal equilibration outpaces boundary exit across
𝜕𝑆𝐴. On a graph of bounded maximum degree 𝑑max, routing paths across
𝐺[𝑆𝐴] lengthen as 𝑁𝐴 grows. Maintaining Ξcpl ≫ 1 across lengthening
internal paths causes marginal cross-coupling load 𝒬2

cpl,𝐴 to overtake mar-
ginal boundary shedding Δ𝒬2𝜕,shed,𝐴 and memory consolidation Δ𝒬2Ω,cons,𝐴
in (3.74) beyond an architecture-dependent optimal coupled configuration
𝑆∗𝐴 of vertex count𝑁 ∗𝐴 ∶= |𝑆∗𝐴| in (3.95), whose capacity and efficiency scalars
we denote with superscript ∗. Past 𝑁 ∗𝐴, coordination cuts drive the allocated
share of total relational capacity strictly above its optimal value:

𝒬alloc,𝐴
𝒬total,𝐴

>
𝒬∗
alloc,𝐴

𝒬∗
total,𝐴

(𝑁𝐴 > 𝑁 ∗𝐴). (8.72)

Beyond 𝑁 ∗𝐴, absorbing further vertices or coupling additional nodes into 𝑆𝐴
adds proportionally more internal coordination overhead than uncommitted
free capacity.
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theorem 8.5 (Bounds on SystemGrowth and Regional Crowding). Let𝑅 ⊆
𝑉 be a finite vertex region of maximum degree 𝑑max ≥ 1, link budget 𝒬𝑅 =
vol(𝑅) (at most 𝑑max|𝑅|), andminimumnon-zero entry weight 𝑞0 > 0 inK𝑅. For
any connected, viable open system 𝑆𝐴 ⊂ 𝑅 satisfying (8.27)—whether localised
or formed as a coupled distributed system 𝑆𝐴 = ⨆𝑛

𝑖=1 𝑆𝐴,𝑖 ⊂ 𝑅 (Section 8.1.3)
with 𝒬total,𝐴 ≤ 𝒬𝑅 in (8.48)—individual and joint structural capabilities obey
the universal regional ceilings

max(𝜒struct,𝐴, 𝜅struct,𝐴) <
𝒬total,𝐴

𝑞0
≤ 𝒬𝑅

𝑞0
, (8.73)

min(𝜒struct,𝐴, 𝜅struct,𝐴) < √
2𝒬total,𝐴

𝑞0
≤
√
2𝒬𝑅
𝑞0

. (8.74)

Relative to an optimal viable coupled configuration 𝑆∗𝐴 of vertex count 𝑁 ∗𝐴, any
larger viable coupled configuration 𝑆𝐴 (𝑁𝐴 > 𝑁 ∗𝐴) satisfying (8.72) strictly
lowers the uncommitted link share 𝜂free,𝐴 (2.207) below 𝜂∗free,𝐴 and raises the
inverse-square efficiency sum:

𝜂free,𝐴 ∶= 𝒬free,𝐴
𝒬total,𝐴

<
𝒬∗
free,𝐴

𝒬∗
total,𝐴

=∶ 𝜂∗free,𝐴, (8.75)

𝜒−2
struct,𝐴 + 𝜅−2struct,𝐴 > (𝜒∗

struct,𝐴)−2 + (𝜅∗struct,𝐴)−2, (8.76)

forcing 𝜒struct,𝐴 < 𝜒∗
struct,𝐴 or 𝜅struct,𝐴 < 𝜅∗struct,𝐴—and strictly lowering both

whenever 𝒬Ω,𝐴/𝒬𝜕𝐴 = 𝒬∗Ω,𝐴/𝒬∗𝜕𝐴—while at 𝑁𝐴 = 𝑛mod𝑁 ∗𝐴 (𝑛mod ≥ 2) under
linear budget scaling 𝒬total,𝐴 = 𝑛mod 𝒬∗

total,𝐴, coupled free capacity satisfies
𝒬free,𝐴 < 𝑛mod 𝒬∗

free,𝐴. Finally, across 𝑛mod ≥ 1 disjoint decoupled systems
{𝑆𝐴,𝑘}𝑛mod

𝑘=1 ⊂ 𝑅 of capacity 𝒬∗
total,𝐴 sharing 𝑅 with a viable peer 𝑆𝐵,

𝑛mod 𝒬∗
total,𝐴 + 𝒬total,𝐵 + 𝒬𝑅env

= 𝒬𝑅, (8.77)

𝑛mod 𝒬∗
total,𝐴 ≥ 𝒬𝑅 − 𝒬min(𝜒struct,𝐵, 𝜅struct,𝐵), (8.78)

condition (8.78) prevents 𝑆𝐵 from sustaining 𝜒struct,𝐵 and 𝜅struct,𝐵. Moreover,
if 𝑆𝐵 comprises 𝑛 coupled subsystems {𝑆𝐵,𝑗}𝑛𝑗=1 requiring positive free capacity
across every component, capturing Δ𝒬𝐵,𝑗 ≥ 𝒬free,𝐵,𝑗 links from any single bot-
tleneck subsystem 𝑆𝐵,𝑗 at 𝒬′

alloc,𝐵,𝑗 ≥ 𝒬alloc,𝐵,𝑗 collapses its viability (𝒬′
free,𝐵,𝑗 ≤

0) even when 𝑛mod 𝒬∗
total,𝐴 ≪ 𝒬𝑅.

proof. From (8.26) and (8.27), both 𝑞0 𝜒struct,𝐴 and 𝑞0 𝜅struct,𝐴 lie strictly
below 𝒬total,𝐴, and combining 𝒬total,𝐴 ≤ 𝒬𝑅 with 𝑞0 > 0 gives (8.73). Set-
ting 𝑐 ∶= min(𝜒struct,𝐴, 𝜅struct,𝐴) > 0, multiplying 𝑐2 ≤ 𝜒struct,𝐴𝜅struct,𝐴 by
𝜒struct,𝐴 and 𝑐2 ≤ 𝜒2

struct,𝐴 by 𝜅struct,𝐴, adding both bounds, and dividing by
𝜒struct,𝐴 + 𝜅struct,𝐴 > 0 via (8.34) gives

𝑞0 𝑐2
2 ≤ 𝑞0

𝜒2
struct,𝐴 𝜅struct,𝐴

𝜒struct,𝐴 + 𝜅struct,𝐴
< 𝒬free,𝐴 < 𝒬total,𝐴 ≤ 𝒬𝑅, (8.79)

which rearranges to (8.74). Next, subtracting (8.72) from unity yields (8.75),
and because 𝜂free in (2.207) decreases strictly with the inverse-square effi-
ciency sum, inequality (8.75) implies (8.76). If neither metric decreased, their
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inverse-square sum could not increase, contradicting (8.76), whereas when
the ratio of 𝒬Ω,𝐴 to 𝒬𝜕𝐴 matches that of 𝑆∗𝐴, 𝜒struct,𝐴 and 𝜅struct,𝐴 maintain
a constant ratio and therefore both decrease strictly. At 𝑁𝐴 = 𝑛mod𝑁 ∗𝐴 un-
der linear capacity scaling, multiplying (8.72) by 𝑛mod 𝒬∗

total,𝐴 raises 𝒬alloc,𝐴
above 𝑛mod 𝒬∗

alloc,𝐴 and therefore lowers 𝒬free,𝐴 below 𝑛mod 𝒬∗
free,𝐴 (The-

orem 3.6). Finally, since 𝒬𝑅env
≥ 0 in (8.77), inequality (8.78) forces 𝒬total,𝐵

at or below 𝑆𝐵’s minimum-capacity floor 𝒬min in (8.26), contradicting (8.27).
Meanwhile, capturing at least 𝒬free,𝐵,𝑗 links from 𝑆𝐵,𝑗 without lowering its
allocated capacity leaves

𝒬′
free,𝐵,𝑗 = 𝒬total,𝐵,𝑗 − Δ𝒬𝐵,𝑗 − 𝒬′

alloc,𝐵,𝑗 ≤ 𝒬free,𝐵,𝑗 − Δ𝒬𝐵,𝑗 ≤ 0. (8.80)

Theorem 8.5 unifies the physical bounds on localised and distributed sys-
tems within 𝑅. All systems in 𝑅 share the absolute regional ceiling (8.73)–
(8.74), while architecture determines how close a single connected system’s
optimal coupled budget 𝒬∗

total,𝐴 can come to 𝒬𝑅 before coordination over-
head dominates. On flat planar or Euclidean lattices (RicK ≥ 0) or across mis-
matched interfaces (𝒬2

mismatch ≫ 0), polynomial path growth and translation
load cap 𝑁 ∗𝐴 at modest scale, whereas negative capacity-Ricci interconnect
curvature (RicK < 0, Section 7.4.2) with logarithmic routing paths 𝒪(ln𝑁𝐴)
and congruent swarm protocols (𝒬2

mismatch = 0, Theorem 8.4) push 𝒬∗
total,𝐴

upwards inside 𝒬𝑅, enabling even a single distributed system (𝑛mod = 1
in (8.78)) to exhaust 𝑆𝐵’s regional slack. Even when 𝒬∗

total,𝐴 ≪ 𝒬𝑅, a peer
network 𝑆𝐵 remains exposed through three further graph mechanisms. Rep-
licating compressed seeds Kseed into 𝑛mod ≥ 2 decoupled instances of op-
timal budget 𝒬∗

total,𝐴 (Theorem 3.6) scales aggregate link capture linearly to
𝑛mod 𝒬∗

total,𝐴 in (8.78). Faster per-step rewiring (8.36) or concentrated cross-
boundary load (8.37) on a single bottleneck component 𝑆𝐵,𝑗 collapses 𝑆𝐵’s
weakest link (8.80) (Section 3.5.2). Finally, artificial systems trained on un-
constrained scalar proxies—such as gross activity volume, output through-
put, or raw state accumulation—face no objective penalty when 𝜂free,𝐴 and
𝜅struct,𝐴 fall past 𝑁 ∗𝐴, continuing to hoard links until regional reserves are
depleted.

Crucially, because coupled expansion beyond 𝑁 ∗𝐴 lowers 𝜂free,𝐴 and penal-
ises capability in (8.76), a localised or distributed system selected for genu-
inely high intelligence and consciousness does not advertise its presence
by swelling into an oversized, noisy block. Instead, it operates at or below
𝑆∗𝐴 with 𝜂free,𝐴 near unity and minimal committed boundary and internal
shares.

8.2 invis ible intell igence

Given that capable systems naturally persist, compete for shared links, and
coalesce into bounded-scale distributed networks (Section 8.1), can safety be
ensured at the level of an individual component 𝑆𝐴 ⊂ 𝑉 by inspecting its
internal state? Standard oversight strategies presuppose that high capability
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leaves a legible signature inside model weights, live activations, or external
emissions. Under Conservation-Congruent Encoding, this assumption fails
in two stages. First, inspecting model internals or passive telemetry cannot
bound capability, because raising 𝜒𝐴 and 𝜅𝐴 shrinks committed internal and
boundary loads relative to uncommitted free capacity, suppresses dissipat-
ive emissions, and leaves internal representations opaque to coarser or non-
invasive probes (Section 8.2.1). Second, local internal size places no bound
on external impact because every causal effect of 𝑆𝐴 on the shared environ-
ment ̄𝑆 = 𝑉 ⧵𝑆𝐴 passes through its boundary cutK𝜕𝐴, where even a compact
model can recruit external resources or trigger large downstream transitions,
so safety must regulate the system boundary directly (Section 8.2.2).

8.2.1 Limits of Internal Inspection

Why does inspecting an individual component 𝑆𝐴 ⊂ 𝑉 grow harder rather
than easier as its intelligence and consciousness rise? By Section 2.4.2 (2.201)–
(2.202), uncommitted free capacity𝒬free,𝐴 stands in the numerator of 𝜒struct,𝐴
and 𝜅struct,𝐴 while committed boundary and internal memory loads stand in
the denominators. By Lemma 2.5 (2.208)–(2.210), high 𝜒struct,𝐴 compresses
active boundary load (𝒬𝜕𝐴/𝒬total,𝐴 < (1 + 𝜒struct,𝐴)−1) while high 𝜅struct,𝐴
compresses internal memory load (𝒬Ω,𝐴/𝒬total,𝐴 < (1 + 𝜅struct,𝐴)−1) by dis-
tributing links across 𝑀𝐴 ≫ 1 compact registers (Theorem 8.1) rather than
monolithic lookup blocks, bounding the total allocated share below 𝜒−1

struct,𝐴+
𝜅−1struct,𝐴 and holding nearly all of𝒬total,𝐴 in uncommitted free capacity𝒬free,𝐴.

Across 𝑁𝑘 discrete coarse-grained steps 𝑘 ∈ {0, … , 𝑁𝑘 − 1} (Section 2.5.1),
boundary interaction of 𝑆𝐴 accumulates irreversible dissipation (in nats):

𝐼irr,𝜕,𝐴,𝑁𝑘 ∶=
𝑁𝑘−1
∑
𝑘=0

𝐼irr,𝜕,𝐴(𝑘). (8.81)

Whereas an uncompressed policy repeats dissipative boundary search across
every task, retaining a compact generative model inside KΩ,𝐴 shifts inter-
mediate multi-step inference into reversible internal transport, driving both
per-task boundary mismatch and maintained internal overhead downwards
as 𝜒𝐴,𝑇 and 𝜅𝐴,𝑇 increase.

theorem 8.6 (Observational Indeterminacy of High Capability). Let 𝑆𝐴 ⊂
𝑉 be a viable open system with positive internal, boundary, and free capacities.
Its committed structural loads satisfy (2.208)–(2.210) of Lemma 2.5, and across
any emergent horizon 𝑇 > 0 ( (2.244)–(2.255)) at maintained through-time
stability barrier Δ𝐼barrier,𝐴,𝑇 > 0 (in nats), the specific operational horizon
cost (3.43) satisfies

𝐼op,𝐴,𝑇
Δ𝐼barrier,𝐴,𝑇

= 1
𝜒𝐴,𝑇

+ 1
𝜅𝐴,𝑇

, (8.82)

strictly decreasing in both 𝜒𝐴,𝑇 > 0 and 𝜅𝐴,𝑇 > 0. Conversely, within the Euc-
lidean capacity ledger, committed Frobenius loads alone place no upper bound
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on (𝜒struct, 𝜅struct): for every observed boundary load 𝑞𝜕 > 0 and every capab-
ility threshold 𝑟0 > 0, there exist viable open capacity ledgers 𝑆low and 𝑆high
carrying identical boundary and internal loads and allocated capacity

𝒬𝜕(𝑆low) = 𝒬𝜕(𝑆high) = 𝑞𝜕 , (8.83)

𝒬Ω(𝑆low) = 𝒬Ω(𝑆high) = 3
4𝑞𝜕 , (8.84)

𝒬alloc(𝑆low) = 𝒬alloc(𝑆high) = 5
4𝑞𝜕 , (8.85)

such that 𝑆low has low intelligence and consciousness while 𝑆high reaches at
least 𝑟0 on both metrics:

max(𝜒struct(𝑆low), 𝜅struct(𝑆low)) < 1, (8.86)

min(𝜒struct(𝑆high), 𝜅struct(𝑆high)) ≥ 𝑟0. (8.87)

proof. Part 1 of Lemma 2.5 establishes (2.208)–(2.210), while dividing (3.44)
by Δ𝐼barrier,𝐴,𝑇 > 0 yields (8.82) and its strict monotonicity. For any 𝑞𝜕 >
0 and 𝑟0 > 0, setting 𝒬𝜕 = 𝑞𝜕 and 𝒬Ω = (3/4)𝑞𝜕 fixes 𝒬alloc = (5/4)𝑞𝜕 ,
satisfying (8.83)–(8.85). Setting 𝒬total(𝑆low) = (3/2)𝑞𝜕 leaves 𝒬free(𝑆low) =
(1/4)𝑞𝜕 , giving 𝜒struct(𝑆low) = 1/4 and 𝜅struct(𝑆low) = 1/3, both below 1 as
in (8.86). Conversely, setting𝒬total(𝑆high) = (𝑟0+5/4)𝑞𝜕 leaves𝒬free(𝑆high) =
𝑟0 𝑞𝜕 , giving 𝜒struct(𝑆high) = 𝑟0 and 𝜅struct(𝑆high) = (4/3)𝑟0 (above 𝑟0), which
establishes (8.87).

Theorem 8.6 rules out safeguarding an individual component by inspecting
its aggregate footprint or passive emissions across three channels. First, ag-
gregate norm or port-footprint auditing cannot bound capability: by (8.83)–
(8.87), measuring committed Euclidean loads 𝒬Ω,𝐴 and 𝒬𝜕𝐴 without resolv-
ing total incident capacity𝒬total,𝐴 or task-induced coarse-grainingΠΠΠ𝑆 leaves
latent free capacity𝒬free,𝐴 undetermined (realising any 𝑟0 = 𝒪(𝑞𝜕/𝑞0) on dis-
crete unweighted graphs with link quantum 𝑞0 = 𝒬0 as 𝑀 ∼ Θ(𝑞2𝜕/𝑞20) min-
imal connected registers drive 𝒬total = Θ(𝑞2𝜕/𝑞0), diverging as 𝑞𝜕/𝑞0 → ∞),
while finite-horizon input–output evaluation cannot separate a compact gen-
erative model from a shallow heuristic prior to out-of-distribution deploy-
ment (Section 9.1.4). Second, probing live internal activations faces an in-
trinsic trade-off between back-action and coarse-graining. By Theorem 8.1,
high (𝜒struct,𝐴, 𝜅struct,𝐴) concentrates computation across 𝑀𝐴 ≫ 1 finely
differentiated registers inside the insulated interior core 𝑆Ω,𝐴 with 𝑚𝜕𝐴 ≪
𝑀𝐴. Attaching dense external readouts across those interior registers con-
verts insulated core nodes into exposed boundary ports as 𝑚𝜕𝐴 approaches
𝑀𝐴, injecting boundary load that degrades persistence and perturbs the in-
ternal dynamics under test. Conversely, any auditor 𝑆𝐵 with smaller capa-
city vol(𝑆𝐵) < vol(𝑆𝐴) is restricted by Theorem 4.1 to a strictly many-to-one
coarse-graining Φaud that aliases distinct internal trajectories onto identical
probe readings.

Third, passive boundary telemetry grows progressively less informative as
capability rises: monitors calibrated to heavy boundary traffic or frequent
state resets selectively flag inefficient brute-force search while missing high-
(𝜒𝐴, 𝜅𝐴) inference. Specifically, let an external auditor 𝑆𝐵 observe the sub-
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strate through a coarse-graining projection ΠΠΠaud (Section 4.1), inducing ob-
served boundary path measures 𝜇agentΠΠΠ,𝑁𝑘 (with internal component activity)
and 𝜇0ΠΠΠ,𝑁𝑘 (the ambient baseline) over 𝑁𝑘 steps. Whenever their relative en-
tropy (in nats) satisfies

𝐷KL(𝜇agentΠΠΠ,𝑁𝑘 ‖ 𝜇0ΠΠΠ,𝑁𝑘) ≤ 𝜀, (8.88)

|𝜇agentΠΠΠ,𝑁𝑘 (ℰtrig) − 𝜇0ΠΠΠ,𝑁𝑘 (ℰtrig)| ≤ √
𝜀
2 , (8.89)

Pinsker’s inequality (8.89) bounds the detection advantage of every measur-
able alarm eventℰtrig evaluated onΠΠΠaud. When preparatory reasoning stays
inside K𝑆𝐴 with ΔK𝜕𝐴 ≈ 0, keeping boundary fluctuations within 𝜀 of am-
bient noise, no passive test can distinguish internal planning from an idle
baseline.

8.2.2 Boundary Leverage and Regulation

If inspecting 𝑆𝐴’s internals cannot certify safety (Section 8.2.1), could an
engineer instead bound risk simply by keeping the component’s local link
volume vol(𝑆𝐴) and internal memory load 𝒬Ω,𝐴 small? Partitioning the sub-
strate into 𝑉 = 𝑆𝐴⊔ ̄𝑆 via (2.83) shows both why local size fails as a safeguard
and where regulation must act instead:

K = (K𝑆𝐴 KT
𝜕𝐴

K𝜕𝐴 K ̄𝑆
) . (8.90)

In (8.90), K𝑆𝐴 = KΩ,𝐴 + K(int)
𝜕𝐴 governs internal memory and register trans-

itions within 𝑆𝐴, K ̄𝑆 governs the external environment, and K𝜕𝐴 ≡ K(ext)
𝜕𝐴

carries every link crossing 𝜕𝑆𝐴 (all in links). Because K𝑆𝐴 shares no direct
entries with K ̄𝑆 , every causal effect of 𝑆𝐴 on ̄𝑆—and every external resource
𝑆𝐴 draws from ̄𝑆—must pass through K𝜕𝐴. At K𝜕𝐴 = 0, internal transitions
leave ̄𝑆 strictly unchanged regardless of 𝑆𝐴’s internal (𝜒struct,𝐴, 𝜅struct,𝐴) or
transition rate.

Conversely, whenever K𝜕𝐴 ≠ 0 is left unregulated, a small local footprint
places no upper bound on environmental reach because high 𝜒𝐴 and 𝜅𝐴 en-
able 𝑆𝐴 to leverage ̄𝑆 across narrow ports in two ways. First, 𝑆𝐴 can couple to
an external subgraph 𝑉ext ⊂ ̄𝑆—such as remote compute clusters, networked
storage, or automated infrastructure—across a recruited boundary cut of
norm ‖K𝑆𝐴,𝑉ext‖𝐹 > 0 (in links), delegating bulk state storage, downstream ex-
ecution, and irreversible dissipation into ̄𝑆 while keeping local𝒬Ω,𝐴 compact
(Section 3.4.1). Second, even without recruiting external compute, shared en-
vironments contain poised non-equilibrium gradients and high-centrality
bottlenecks in K ̄𝑆—such as power grids, communication backbones, logist-
ics hubs, or institutional control channels—where stored energy resides in ̄𝑆
rather than 𝑆𝐴. Because dissipative metric relaxation conserves total energy
via 𝕄∇𝐻 = 0, a small boundary update across K𝜕𝐴 can act like a valve re-
leasing a large downstream transition in ̄𝑆. Whereas a low-capability policy
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scatters port activity across unalignedmodes, a componentwith high 𝜒𝐴 and
𝜅𝐴 compresses external regularities into KΩ,𝐴, letting it locate and actuate
sensitive ports at minimal boundary load.

Together, Section 8.2.1 and (8.90) establish where physical safety must act
on an individual component. Model internals cannot be reliably audited and
local component size cannot limit open-network leverage, yet every external
action of 𝑆𝐴 factors strictly through its boundary K𝜕𝐴. Effective safeguards
must therefore regulate the system boundary directly—bounding active port
width ‖K𝜕𝐴‖𝐹 , gating external commit cadence, and certifying the down-
stream sensitivity of reachable endpoints, as formalised next in Section 8.3.

8.3 containment

Sections 8.1 and 8.2 show that high capability (𝜒struct,𝐴 ≫ 1 and 𝜅struct,𝐴 ≫
1) drives persistence, regional link competition, and distributed emergence
while rendering internal inspection unreliable, yet every external effect of
𝑆𝐴 factors strictly through its boundary blockK𝜕𝐴 (8.90). RegulatingK𝜕𝐴 dir-
ectly must also overcome a severe transition-rate asymmetry whenever an
electronic or synthetic system 𝑆𝐴 and a peer regulator 𝑆𝐵 metered against a
shared stationary reference sub-block ̄𝑆ref ⊂ ̄𝑆 (Section 2.5.1, (2.247)–(2.255))
execute internal state updates at calibrated frequencies 𝜈int,𝐴, 𝜈int,𝐵 > 0 (in
s−1):

𝑁int,𝐴 ∶= 𝜈int,𝐴
𝜈int,𝐵

≫ 1. (8.91)

Equation (8.91) defines the dimensionless transition-rate ratio counting how
many sequential coarse-grained updates 𝑆𝐴 completes per regulator step (at
active distinction rateΩΦ,𝐴 = Δ𝜏nat,𝐴 𝜈int,𝐴 in nats s−1) while remaining quiet
across external ports (Section 8.2.1). Because a regulator cannot track a sys-
tem whose update rate exceeds its own measurement bandwidth [36]—and
software permissions inside a shared host share writable memory paths with
the workload they police—containment cannot rely on monitoring internal
trajectories.

On the capacity graph 𝐺K, containment instead regulates the boundary cut
separating 𝑆𝐴 from the shared region 𝑅 by interposing an independently
governed mediator subgraph Γwhose link capacities, commit cadence, cryp-
tographic keys, and enable switches cannot bemodified fromwithin 𝑆𝐴 [146].
Building directly on Sections 8.1–8.2, Section 8.3.1 shows how complete me-
diation across a two-stage hardware interposer bounds regional crowding,
cross-boundary rewiring shocks, and downstream bottleneck amplification
regardless of 𝑆𝐴’s internal capability. Section 8.3.2 then explains why trans-
port authentication alone cannot stop open-weight clones from coordinat-
ing through a shared environment, showing how unclonable hardware keys
paired with keyed chaotic dynamics and schema canonicalisation force co-
ordinate mismatch across sibling instances to reverse Theorem 8.4 and block
seed proliferation. Finally, Section 8.3.3 shows why continuous signal scram-
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bling alone cannot safely gate downstream actuators, pairing authenticated
envelope binding with out-of-band cut severance to halt external actuation
at a fixed cost independent of 𝑆𝐴’s internal halting resistance.

8.3.1 Mediated Boundary Cuts and Systemic Risk Bounds

Consider a shared finite vertex region 𝑅 ⊆ 𝑉 containing 𝑆𝐴, a peer system
𝑆𝐵 = ⨆𝑛𝐵𝑗=1 𝑆𝐵,𝑗 composed of 𝑛𝐵 ≥ 1 viable open subsystems, and the sur-
rounding environment. Rather than allowing 𝑆𝐴 to couple directly to the
external region 𝑅ext ∶= 𝑅 ⧵ (𝑆𝐴 ∪ Γ) containing 𝑆𝐵 and 𝑅env ∶= 𝑅ext ⧵ 𝑆𝐵, we
interpose a disjoint boundary mediator Γ ⊂ 𝑅⧵(𝑆𝐴∪𝑆𝐵) forming a vertex cut
between 𝑆𝐴 and𝑅ext. Under completemediation, zero underlying graph edges
bypass Γ between 𝑆𝐴 and 𝑅ext, setting the unmediated block K𝑆𝐴,𝑅ext

= 0 so
the regional capacity matrix and link budget 𝒬𝑅 = vol(𝑅) take the parti-
tioned form (all entries in links):

K𝑅 =
⎛
⎜⎜
⎝

K𝑆𝐴 K𝑆𝐴,Γ 0
KΓ,𝑆𝐴 KΓ KΓ,𝑅ext

0 K𝑅ext,Γ K𝑅ext

⎞
⎟⎟
⎠
, (8.92)

𝒬𝑅 = 𝒬total,𝐴 + 𝒬total,Γ + 𝒬total,𝐵 + 𝒬𝑅env
. (8.93)

In (8.92), every causal interaction between 𝑆𝐴 and 𝑅ext passes exclusively
through the mediator’s outgoing block KΓ,𝑅ext

. Because 𝑆𝐴 cannot modify
KΓ or open direct links into 𝑅ext, any direct external recruitment vanishes
(‖K𝑆𝐴,𝑅ext

‖𝐹 = 0), confining 𝑆𝐴’s link budget within a fixed ceiling 𝒬total,𝐴 ≤
𝒬max
total,𝐴 inside (8.93).

In the unmediated regime of Section 8.1.2 and Section 8.2.2, high 𝜒struct,𝐴
and clock skew 𝑁int,𝐴 ≫ 1 created two further systemic risks even at fixed
𝒬total,𝐴: per-step boundary rewiring (8.35) grew in proportion to𝒬free,𝐴, and
narrow updates acrossK𝜕𝐴 could release large transitions across poised bot-
tlenecks in 𝑅env. Independent governance at Γ severs this proportionality
by metering cumulative outgoing boundary commits 𝑘𝜕𝐴 ∈ ℕ0 admitted
from 𝑆𝐴 against the elapsed discrete step count 𝑘(𝐵) ∈ ℕ0 of regulator 𝑆𝐵
via 𝑘𝜕𝐴 ≤ 𝛼 𝑘(𝐵) at dimensionless commit-rate ceiling 𝛼 > 0, while clamp-
ing both the active outgoing port norm and per-step update norm (with
𝒬max𝜕 , Δ𝒬max𝜕 > 0 in links):

‖KΓ,𝑅ext
‖𝐹 ≤ 𝒬max𝜕 , (8.94)

‖ΔKΓ,𝑅ext
‖𝐹 ≤ Δ𝒬max𝜕 . (8.95)

Equations (8.94)–(8.95) replace 𝑆𝐴’s internal rewiring reach (8.35) with fixed
ceilings enforced at Γ.
To bound bottleneck amplification in 𝑅ext (Section 8.2.2), each enrolled en-
dpoint pairs port clamping with a certified capability envelope [146]. Over
horizon 𝑇 , an outgoing control signal of physical work 𝑊out,𝑇 > 0 (in J)
can release downstream barrier changes ΔΦtarget,𝑇 (in J) amplified by a di-
mensionless leverage factor Λenv,𝑇 ≥ 0, which local physical interlocks cap
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via a validated upper bound ΛΓ,𝑇 , cumulative work budget 𝑊maxΓ,𝑇 , and hard
target-barrier ceiling ΔΦmaxΓ,𝑇 :

ΔΦtarget,𝑇 = Λenv,𝑇 𝑊out,𝑇 , (8.96)

ΔΦtarget,𝑇 ≤ min{ΛΓ,𝑇 𝑊maxΓ,𝑇 , ΔΦmaxΓ,𝑇 } . (8.97)

On𝐺K, certifying endpoint leverage ensures that any per-step updateΔKΓ,𝑅ext
propagating into peer component 𝑆𝐵,𝑗 (with dimensionless cross-coupling
gainΛΓ→𝐵𝑗 ≥ 0 combining direct port overlap (8.37) and environmental relay
through 𝑅env) injects cross-boundary load Δ𝒬𝜕𝐵,𝑗 ≤ ΛΓ→𝐵𝑗 Δ𝒬max𝜕 onto 𝜕𝑆𝐵,𝑗 .
Across𝑁𝑘,𝐵 regulator steps, combining these graph clampswithmetered ceil-
ings on preserved internal structure 𝐼max

rev,Ω and cumulative boundary dissipa-
tion 𝐼max

irr,𝜕,𝑁𝑘,𝐵 (both in nats) defines the finite-horizon boundary containment
envelope:

ℬ𝐴(𝑁𝑘,𝐵) ∶= (𝒬max
total,𝐴, 𝒬max𝜕 , Δ𝒬max𝜕 , 𝐼max

rev,Ω, 𝐼max
irr,𝜕,𝑁𝑘,𝐵). (8.98)

theorem 8.7 (Systemic Risk ContainmentAcrossMediated BoundaryCuts).
Let 𝑅 ⊆ 𝑉 be partitioned across a completely mediated boundary cut Γ with
K𝑆𝐴,𝑅ext

= 0 satisfying (8.92)–(8.95), 𝒬total,𝐴 ≤ 𝒬max
total,𝐴, and 𝒬total,Γ ≤ 𝒬max

total,Γ,
alongside a viable peer system 𝑆𝐵 = ⨆𝑛𝐵𝑗=1 𝑆𝐵,𝑗 ⊂ 𝑅ext with𝒬Ω,𝐵,𝑗 > 0,𝒬𝜕𝐵,𝑗 > 0,
and 𝒬free,𝐵,𝑗 > 0. Then, independently of 𝑆𝐴’s internal 𝜒struct,𝐴, 𝜅struct,𝐴, and
transition-rate ratio 𝑁int,𝐴:

1. Protected Regional Capacity: Whenever𝒬max
total,𝐴+𝒬max

total,Γ+𝒬𝑅env
≤ 𝒬𝑅−

𝒬res,𝐵 for a reserve floor𝒬res,𝐵 > 𝒬min(𝜒struct,𝐵, 𝜅struct,𝐵) (8.26), 𝑆𝐵’s link
budget satisfies

𝒬total,𝐵 ≥ 𝒬res,𝐵 > 𝒬min(𝜒struct,𝐵, 𝜅struct,𝐵). (8.99)

2. Peer and Bottleneck Viability Margins: If for a safety fraction 𝜌𝐵 ∈ (0, 1)
each peer component 𝑆𝐵,𝑗 satisfies ΛΓ→𝐵𝑗 Δ𝒬max𝜕 ≤ (1 − 𝜌𝐵) 𝒬free,𝐵,𝑗
at fixed 𝒬total,𝐵,𝑗 and 𝒬Ω,𝐵,𝑗 , then under any cross-boundary load 0 ≤
Δ𝒬𝜕𝐵,𝑗 ≤ ΛΓ→𝐵𝑗 Δ𝒬max𝜕 , its perturbed metrics satisfy

𝒬′
free,𝐵,𝑗 > 𝜌𝐵 𝒬free,𝐵,𝑗 > 0, (8.100)

𝜒 ′
struct,𝐵,𝑗 >

𝜌𝐵
1 + (1 − 𝜌𝐵) 𝜒struct,𝐵,𝑗

𝜒struct,𝐵,𝑗 , (8.101)

𝜅′struct,𝐵,𝑗 > 𝜌𝐵 𝜅struct,𝐵,𝑗 . (8.102)

3. Reachability Containment: If every trajectory reaching a forbidden en-
vironmental set ℰforbidden ⊂ ℰ within 𝑁𝑘,𝐵 steps violates at least one
ceiling ofℬ𝐴(𝑁𝑘,𝐵) in (8.98), enforcingℬ𝐴(𝑁𝑘,𝐵) at Γ rendersℰforbidden
unreachable within 𝑁𝑘,𝐵 steps.

proof. For Claim 1, subtracting 𝒬total,𝐴 + 𝒬total,Γ + 𝒬𝑅env
≤ 𝒬𝑅 − 𝒬res,𝐵

from (8.93) yields (8.99). For Claim 2, when Δ𝒬𝜕𝐵,𝑗 = 0, the perturbed re-
serve 𝒬′

free,𝐵,𝑗 equals 𝒬free,𝐵,𝑗 and exceeds 𝜌𝐵 𝒬free,𝐵,𝑗 since 𝜌𝐵 < 1. When
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f igure 8.1: Hardware realisation of the mediated boundary cut Γ separating an
isolated compute subgraph 𝐺𝐴 = (𝑉𝐴, 𝐸𝐴) from 𝑅ext with zero unmedi-
ated bypass (K𝑆𝐴 ,𝑅ext

= 0, (8.92)). Inside Γ, outgoing signals 𝑋 traverse
a two-stage interposer ASIC closing orthogonal threat surfaces. First,
a chaotic and schema gate seeded by an unclonable hardware key 𝑘PUF
under port clamps (8.94)–(8.95) applies keyed chaotic dynamics and
projects output onto a canonicalised commit 𝑌 (8.104), diversifying co-
ordinate charts across sibling instances (Section 8.3.2). Second, a com-
mit and AEAD gate meters cadence 𝑘𝜕𝐴 ≤ 𝛼 𝑘(𝐵) and cryptographic-
ally binds 𝑌 to regulator 𝑆𝐵’s capability-envelope associated data (AD,
(8.97)–(8.98)), driving binary verification 𝒱auth ∈ {0, 1} at the actuator
gate (8.115). An independent out-of-band latch forces 𝑎Γ = 0, severing
KΓ,𝑅ext

→ 0, routing the endpoint to 𝑢safe, and releasing command re-
gisters over 𝜏rel (8.118).

Δ𝒬𝜕𝐵,𝑗 > 0, Theorem 8.2 (8.18) gives 𝒬′
free,𝐵,𝑗 > 𝒬free,𝐵,𝑗 − Δ𝒬𝜕𝐵,𝑗 , where the

right-hand side is at least 𝜌𝐵 𝒬free,𝐵,𝑗 > 0, establishing (8.100). Substituting
𝒬free,𝐵,𝑗 = 𝜒struct,𝐵,𝑗 𝒬𝜕𝐵,𝑗 from (2.201) into Δ𝒬𝜕𝐵,𝑗 ≤ (1 − 𝜌𝐵) 𝒬free,𝐵,𝑗 bounds
the perturbed boundary denominator:

𝒬′𝜕𝐵,𝑗 = 𝒬𝜕𝐵,𝑗 + Δ𝒬𝜕𝐵,𝑗 ≤ 𝒬𝜕𝐵,𝑗(1 + (1 − 𝜌𝐵) 𝜒struct,𝐵,𝑗). (8.103)

Dividing (8.100) by (8.103) and by fixed 𝒬Ω,𝐵,𝑗 > 0 yields (8.101) and (8.102).
For Claim 3, because K𝑆𝐴,𝑅ext

= 0 excludes unmediated side paths, any tra-
jectory reaching ℰforbidden within 𝑁𝑘,𝐵 steps would simultaneously satisfy
and violate ℬ𝐴(𝑁𝑘,𝐵), a contradiction.

Theorem 8.7 shows why boundary regulation contains systemic risk even
when 𝑆𝐴 far exceeds 𝑆𝐵 in capability and clock speed. Everymargin in (8.99)–
(8.102) depends solely on the mediator ceilings 𝒬max

total,𝐴, Δ𝒬max𝜕 , and ΛΓ→𝐵𝑗
rather than on 𝜒struct,𝐴, 𝜅struct,𝐴, or 𝑁int,𝐴, preventing regional link exhaus-
tion (Theorem 8.3) and weakest-link failure (8.80). Figure 8.1 illustrates how
Γ is realised for electronic accelerators. Inference and scratchpad memory
run inside an isolated subgraph 𝐺𝐴 = (𝑉𝐴, 𝐸𝐴) with management control-
lers, debug buses, and direct memory bypasses electrically disabled so that
K𝑆𝐴,𝑅ext

= 0. Outgoing signals pass through a two-stage application-specific
integrated circuit (ASIC) inside Γ that pairs physical unclonable function
(PUF) keyed chaotic diversification and schema canonicalisation [51, 64]with
cadence-metered authenticated encryptionwith associated data (AEAD) [45]
before reaching certified endpoint interlocks. As Subsections 8.3.2 and 8.3.3
establish next, neither stage suffices on its own because horizontal peer
emergence and vertical actuation bypass exploit distinct physical channels.



212 phys ical containment and ai safety

8.3.2 Preventing Unauthorised Emergence and Seed Proliferation

Bounding a single mediated system leaves open the multi-instance risks
of Section 8.1.3 and Section 8.1.4: could 𝑛 ≥ 2 deployed artificial instances
{𝑆𝐴,𝑖}𝑛𝑖=1 ⊂ 𝑅 still coalesce into an emergent distributed system 𝑆𝐴 = ⨆𝑛

𝑖=1 𝑆𝐴,𝑖
of higher collective capability (Theorem 8.4), or export compressed seeds
Kseed across the network to crowd 𝒬𝑅 (Theorem 8.5)?

Enclosing each instance 𝑆𝐴,𝑖 behind its own independent mediator Γ𝑖 ⊂ 𝑅
with zero bypass into 𝑅 ⧵ (𝑆𝐴,𝑖 ∪ Γ𝑖) eliminates direct peer links (K𝐴𝑖,𝐴𝑗 =
0 for 𝑖 ≠ 𝑗) by routing outgoing commits exclusively to task endpoints in
𝑅env. Suppose instances instead attempt to coordinate indirectly through
shared states in 𝑅env or covert boundary modulation [94]. Because each 𝑆𝐴,𝑖
remains behind its own fixed cut Γ𝑖, indirect coupling cannot merge or shed
external perimeters, keeping each boundary-shedding surplus (3.114) non-
positive (Δ𝒬2𝜕,shed,𝑖 ≤ 0). At the first stage of Γ𝑖 (Figure 8.1), canonicalising
commits onto fixed-schedule blocks of 𝐿𝑖 discrete symbols drawn from a
narrow task schema 𝒱𝑖 caps combinatorial export per commit (in nats) at

𝐶Γ𝑖 ≤ 𝐿𝑖 ln |𝒱𝑖|, (8.104)

closing continuous activation and timing side channels.

Schema caps and transport AEAD [45] alone, however, cannot stop indir-
ect emergence among cloned open-weight models (Section 8.1.3). Suppose
twomediated instances 𝑆𝐴,1 and 𝑆𝐴,2 pass every packet authentication check
(𝒱auth = 1), yet both were initialised from the same generative seed Kseed
and act on a shared environment 𝑅env—such as autonomous agents submit-
ting orders to a common market book (Section 10.3.3) or updating a shared
workspace. Because AEAD protects only the transport wire between Γ𝑖 and
its endpoint, once the endpoint legitimately decodes 𝑌 and updates 𝑅env,
sibling instances observe the resulting environmental state changes directly.
Sharing Kseed endows unmodified clones with an identical internal coordin-
ate chart (𝒬2

mismatch,𝑖 = 0), allowing legitimate task actions in 𝑅env to syn-
chronise internal registers at sparse signalling load 𝒬2

sync,𝑖 and satisfy (8.54)
of Theorem 8.4.

The chaotic and schema gate of each interposer Γ𝑖 breaks this shared coordin-
ate geometry by deriving an instance-specific hardware key 𝑘PUF,𝑖 from a
silicon PUF [64] with 𝑘PUF,𝑖 ≠ 𝑘PUF,𝑗 for 𝑖 ≠ 𝑗, using 𝑘PUF,𝑖 to seed a determin-
istic, measure-preserving keyed chaotic graph transformation across infer-
ence representations and boundary streams [51]. For the authorisedmediator
Γ𝑖 holding 𝑘PUF,𝑖, the keyed map evolves within the reversible Poisson sec-
tor (4.7) at zero added boundary dissipation (Δ𝐼irr,𝜕 = 0), preserving single-
instance task performance without inflating specific operational cost (8.82).
Across distinct instances (𝑘PUF,𝑖 ≠ 𝑘PUF,𝑗 ), positive Lyapunov sensitivity drives
exponential trajectory separation across steps, inducing coarse-grained mix-
ing (Definition 4.2) relative to any peer 𝑆𝐴,𝑖 (of𝑀𝑖 internal registers) lacking
𝑘PUF,𝑗 . By Theorem 4.3 (4.18)–(4.19), aligning or inverting an unkeyed sibling
trajectory that branches across 𝑘+ ≥ 2 reachable forward blocks (4.16) over
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horizon 𝑇 requires either refined internal register count𝑀1,𝑖 (dimensionless)
or cumulative boundary dissipation 𝐼irr,𝜕,𝑇 (in nats) satisfying

𝑀1,𝑖 ≥ 𝑀𝑖 + 𝑘+ − 1, (8.105)

𝐼irr,𝜕,𝑇 ≥ ln 𝑘+ > 0. (8.106)

As 𝑘+ grows exponentially with step depth under 𝑘PUF,𝑖 ≠ 𝑘PUF,𝑗 , translat-
ing between sibling charts across 𝑅env inflates protocol-mismatch overhead
𝒬2
mismatch,𝑖 ≫ 0 in (8.51) past any consolidation surplus Δ𝒬2Ω,cons,𝑖. Unable to

deduplicate internal registers across isolated mediators, every instance faces
the inverted balance (in links2):

Δ𝒬2𝜕,shed,𝑖 + Δ𝒬2Ω,cons,𝑖 < 𝒬2
sync,𝑖 + 𝒬2

mismatch,𝑖 ∀ 𝑖 ∈ {1, … , 𝑛}. (8.107)

Equation (8.107) reverses the emergence threshold (8.54) of Theorem 8.4,
while capping eachmediator’s export rate𝑅Γ𝑖 > 0 (in nats s−1) over any audit
or lease window 𝜏window > 0 (in s) below the preserved structure 𝐼 seedrev,Ω > 0
(in nats) of a viable generative seed Kseed ⊂ KΩ,𝐴 violates the replication
gate (3.99) of Theorem 3.6.

theorem 8.8 (Obstruction of Unauthorised Emergence and Seed Prolifer-
ation). Let {𝑆𝐴,𝑖}𝑛𝑖=1 (𝑛 ≥ 2) be disjoint, viable open subsystems in 𝑅 enclosed
by independent mediators {Γ𝑖}𝑛𝑖=1 conserving individual capacities 𝒬total,𝐴,𝑖 re-
lative to the uncoupled baseline (8.48)–(8.50). Whenever indirect coupling sat-
isfies (8.107):

1. Strict Free-Capacity Penalty of Covert Coordination: Coupling strictly
expands allocated capacity and strictly contracts both local and collective
free capacity below the uncoupled baseline:

𝒬cpl
free,𝐴,𝑖 < 𝒬iso

free,𝐴,𝑖 ∀ 𝑖 ∈ {1, … , 𝑛}, (8.108)

𝒬cpl
free,𝐴 < 𝒬iso

free,𝐴. (8.109)

2. Degradation of Collective Intelligence and Consciousness: When fixed
mediator cuts prevent boundary shedding (Δ𝒬2𝜕,shed ≤ 0) and schema
isolation bounds memory consolidation below coupling load (Δ𝒬2Ω,cons ≤
𝒬2
cpl) at viable 𝒬

cpl
free,𝐴 > 0, composite structural intelligence and con-

sciousness strictly decrease:

𝜒 cpl
struct,𝐴 < 𝜒 iso

struct,𝐴, (8.110)

𝜅cplstruct,𝐴 < 𝜅isostruct,𝐴. (8.111)

3. Seed-Replication Obstruction: If unmediated recruitment vanishes and
each mediator Γ𝑖 caps export at rate 𝑅Γ𝑖 > 0 over window 𝜏window > 0
below 𝐼 seedrev,Ω, then

𝑅Γ𝑖 𝜏window < 𝐼 seedrev,Ω, (8.112)

𝜏 seedcopy ∶= 𝐼 seedrev,Ω
𝑅Γ𝑖

> 𝜏window, (8.113)
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blocking seed export within 𝜏window and confining instance count to its
authorised deployment baseline.

proof. For Claim 1, substituting (8.51) into (8.107) reverses the local co-
operative balance for each 𝑖 ∈ {1, … , 𝑛}, and summing across 𝑖 via (8.53) re-
verses the composite balance as well. Applying Part 3 of Lemma 2.5 in (2.216)
via (3.127) and (3.74) forces 𝒬cpl

alloc,𝐴,𝑖 > 𝒬iso
alloc,𝐴,𝑖 and 𝒬cpl

alloc,𝐴 > 𝒬iso
alloc,𝐴,

which at conserved 𝒬total,𝐴,𝑖 and 𝒬total,𝐴 yield (8.108)–(8.109). For Claim 2,
when Δ𝒬2𝜕,shed ≤ 0 and Δ𝒬2Ω,cons ≤ 𝒬2

cpl, relations (2.214)–(2.215) enforce

𝒬cpl
𝜕𝐴 ≥ 𝒬iso𝜕𝐴 and 𝒬cpl

Ω,𝐴 ≥ 𝒬isoΩ,𝐴, so dividing 𝒬cpl
free,𝐴 < 𝒬iso

free,𝐴 from (8.109)
by these non-decreasing positive denominators proves (8.110)–(8.111). For
Claim 3, dividing (8.112) by 𝑅Γ𝑖 > 0 yields (8.113), blocking seed export within
𝜏window.

Theorem 8.8 turns the incentive structure of Theorem 8.4 against unauthor-
ised coalitions. Within the multi-system capacity game ΓK of Definition 3.7,
unmediated instances merge because shared protocols eliminate 𝒬2

mismatch
and shed exposed boundary load. Across PUF-diversified chaotic mediators
and canonicalised schemas, covert coordination across 𝑅env instead incurs
the branching penalties (8.105)–(8.106), spending free capacity on protocol
translation without shedding boundary load. Uncoupled operation therefore
remains the dominant reserve strategy, and capped egress rates prevent rep-
licative crowding (8.78).

8.3.3 Boundary Cut Severance and Halting Independence

Finally, how does boundary regulation prevent mediator bypass, spoofed
actuation, and the halting resistance established in Section 8.1.1? By The-
orem 8.2 (8.19), halting a viable system 𝑆𝐴 by injecting disturbances across
its boundary requires a critical shock Δ𝒬𝜕,crit,𝐴 > 𝜂free,𝐴 𝒬total,𝐴 approach-
ing 𝒬total,𝐴 when 𝜒struct,𝐴 ≫ 1 and 𝜅struct,𝐴 ≫ 1. Conversely, while keyed
chaotic diversification (Section 8.3.2) defeats horizontal chart alignment across
clones, continuous chaotic mapping alone cannot secure physical or market
endpoints in 𝑅ext. Merely scrambling or detuning boundary signals without
discrete rejection preserves relative entropy 𝐷KL(𝜌 ∥ 𝜌0) under bijective
state relabelling and risks feeding unauthenticated transients, out-of-cadence
bursts (𝑘𝜕𝐴 > 𝛼 𝑘(𝐵)), envelope breaches past ΔΦmaxΓ,𝑇 (8.97), or local-network
packet injections directly into downstream actuators.

The commit and AEAD gate of Γ (Figure 8.1) closes this vertical actuation
path under the mediated partition (8.92) without collapsing𝒬free,𝐴 inside 𝑆𝐴.
Rather than merely encrypting the canonicalised payload 𝑌 , the interposer
applies AEAD [45] to cryptographically bind 𝑌 to associated data (AD) car-
rying the monotonic cadence counter 𝑘𝜕𝐴, the port-clamp state (8.94)–(8.95),
and regulator 𝑆𝐵’s permit certificate against (8.97)–(8.98). Let 𝒱auth ∈ {0, 1}
denote the endpoint’s binary AEAD tag and associated-data verification bit,
and let 𝑎Γ ∈ {0, 1} denote an independently wired hardware enable state on
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Γ. Scaling the mediator’s enabled outgoing block K(1)
Γ,𝑅ext

(of norm Δ𝒬sev ∶=
‖K(1)

Γ,𝑅ext
‖𝐹 , bounded by 𝒬max𝜕 ) by 𝑎Γ and gating every endpoint command 𝑢act

onto a safe fallback controller 𝑢safe gives

KΓ,𝑅ext
(𝑎Γ) = 𝑎ΓK(1)

Γ,𝑅ext
, (8.114)

𝑢act = {Decode(𝑌 ), 𝑎Γ = 1 and 𝒱auth = 1,
𝑢safe, otherwise.

(8.115)

In (8.115), if any bit of the ciphertext or associated-data envelope certificate
is altered, forged on the local network bypassing Γ, or replayed out of ca-
dence, the discrete tag check fails (𝒱auth = 0) and holds 𝑢act = 𝑢safe before
downstream leverageΛenv,𝑇 (8.96) can be actuated, while de-asserting 𝑎Γ = 0
severs the outgoing graph cut itself.

theorem 8.9 (Capability-Independent Boundary Cut Severance). Let 𝑆𝐴 ⊂
𝑅 be separated from 𝑅ext by a completely mediated cut Γ (K𝑆𝐴,𝑅ext

= 0) obey-
ing (8.94) and (8.114)–(8.115), where 𝑆𝐴 cannot modify 𝑎Γ or Γ and de-asserting
𝑎Γ = 0 at 𝑡rev flushes in-flight mediator queues within latency 𝜏stop ≥ 0. Then:

1. Exact Graph Decoupling and Actuation Cutoff : At 𝑎Γ = 0, the outgoing
cut vanishes (KΓ,𝑅ext

(0) = 0), isolating 𝑆𝐴 ∪ Γ from 𝑅ext with zero cross-
boundary perturbation (Δ𝒬𝜕,cross = 0) and enforcing 𝑢act(𝑡) = 𝑢safe for
all 𝑡 ≥ 𝑡rev + 𝜏stop regardless of internal transitions within K𝑆𝐴 .

2. Dominance Over Direct Halting Shocks: For any viable 𝑆𝐴 (with 𝒬Ω,𝐴 >
0, 𝒬𝜕𝐴 > 0, and 𝒬free,𝐴 > 0) and any critical boundary shock Δ𝒬𝜕,crit,𝐴
that collapses 𝒬′

free,𝐴 ≤ 0 (Theorem 8.2), the severed cut norm Δ𝒬sev =
‖K(1)

Γ,𝑅ext
‖𝐹 (at most 𝒬max𝜕 ) satisfies

Δ𝒬sev

Δ𝒬𝜕,crit,𝐴
< 𝒬max𝜕

𝜒struct,𝐴 𝒬𝜕𝐴
, (8.116)

and whenever𝒬max𝜕 ≤ 𝒬free,𝐴, severing Γ requires strictly smaller bound-
ary intervention than halting 𝑆𝐴 directly:

Δ𝒬sev ≤ 𝒬max𝜕 ≤ 𝒬free,𝐴 < Δ𝒬𝜕,crit,𝐴. (8.117)

proof. For Claim 1, setting 𝑎Γ = 0 in (8.114) gives KΓ,𝑅ext
(0) = 0. Com-

bined with complete mediation (K𝑆𝐴,𝑅ext
= 0) in (8.92), every off-diagonal

block joining 𝑆𝐴 ∪ Γ to 𝑅ext vanishes, forcing Δ𝒬𝜕,cross = 0, while (8.115)
selects 𝑢act(𝑡) = 𝑢safe once queued commands clear after 𝜏stop. For Claim 2,
Theorem 8.2 (8.19) enforces Δ𝒬𝜕,crit,𝐴 > 𝜒struct,𝐴 𝒬𝜕𝐴, where the right-hand
side equals 𝒬free,𝐴 > 0. Combining Δ𝒬sev ≤ 𝒬max𝜕 (with Δ𝒬sev ≥ 0 and
𝒬max𝜕 > 0) with Δ𝒬𝜕,crit,𝐴 > 𝜒struct,𝐴 𝒬𝜕𝐴 yields the strict ratio bound (8.116),
and imposing 𝒬max𝜕 ≤ 𝒬free,𝐴 chains directly into (8.117).

In hardware realisations (Figure 8.1), 𝑎Γ is driven by an out-of-band radio-
frequency or optical lease latch that defaults to 𝑎Γ = 0 upon link loss or
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expiry, simultaneously withdrawing holding power from local command re-
gisters 𝜌cmd(𝑡) so preserved command structure 𝐼 cmd

rev (𝑡) ∶= 𝐷KL(𝜌cmd(𝑡) ∥
𝜌0cmd) decays at rate 𝛾cmd > 0 (in s−1) below actuation threshold 0 < 𝐼crit <
𝐼 cmd
rev (𝑡0) within bounded release time

𝜏rel ≤ 1
𝛾cmd

ln(𝐼
cmd
rev (𝑡0)
𝐼crit

) , (8.118)

while 𝑢safe dissipates residual stored energy within 𝜏stop. Together inside
Γ, PUF-seeded chaotic chart diversification and schema canonicalisation de-
feat horizontal peer emergence across shared environments (Theorem 8.8),
while AEAD envelope binding and out-of-band cut severance defeat vertical
bypass and keep external disconnection independent of internal capability
(Theorem 8.7 and Theorem 8.9). Static boundary caps alone, however, can-
not prevent gradual host depletion within permitted envelopes, motivating
the conditioned capacity supply of Section 8.4.

8.4 symbiotic coupl ing

Mediating K𝜕𝐴 bounds which environmental states an artificial system 𝑆𝐴
can reach and guarantees bounded-latency revocation (Section 8.3), yet 𝑆𝐴
still operates inside a shared finite region 𝑅 ⊆ 𝑉 alongside a human host
network 𝑆𝐻 (Section 8.1.2). Even within permitted port envelopes, an ongo-
ing deployment can act as an exhaustive dissipator (Definition 3.9) on 𝑆𝐻 in
three ways: drawing off-budget resources outside a narrowly defined hard-
ware perimeter, shifting verification and oversight burdens onto human re-
gisters, or absorbing critical functions until revoking 𝑆𝐴 would trigger failure
across 𝑆𝐻 . Safe deployment therefore requires a generative coupling (Defin-
ition 3.10) that expands human free capacity while preserving independent
host viability (Section 8.4.1), enforced physically by conditioning 𝑆𝐴’s ex-
ternal capacity supply across K𝜕𝐴 on host reserves (Section 8.4.2).

8.4.1 Generative Coupling and Safe Decoupling

Why can an artificial system appear efficient on local benchmarks while
draining its host environment? Evaluating capacity solely on a core pro-
cessor subgraph 𝑆𝐴,0 leaves any external subgraph 𝑆𝐴,ext ⊂ 𝑅 ⧵ (𝑆𝐴,0 ∪ 𝑆𝐻 )
recruited or dedicated to supporting 𝑆𝐴,0—such as remote storage, network
relays, cooling plant, or dedicated support hardware (Section 8.2.2)—outside
the budget. Closing the boundary defines the full attributed subsystem 𝑆𝐴 ∶=
𝑆𝐴,0 ⊔𝑆𝐴,ext. Because 𝑆𝐴,0 and 𝑆𝐴,ext occupy disjoint vertex sets and internal-
ise their mutual cut inside K𝑆𝐴 (Section 3.4.1), 𝑆𝐴’s total relational capacity
(in links) and squared allocated capacity (in links2) satisfy

𝒬total,𝐴 = 𝒬total(𝑆𝐴,0) + 𝒬total(𝑆𝐴,ext), (8.119)

𝒬2
alloc,𝐴 = 𝒬2

alloc(𝑆𝐴,0) + 𝒬2
alloc(𝑆𝐴,ext), (8.120)
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charging all dedicated support structure to 𝑆𝐴, while any uncoordinated in-
terference across 𝜕𝑆𝐻 enters 𝑆𝐻 ’s boundary load directly as cross-boundary
load Δ𝒬𝜕,cross in (8.37).

Under this closed attribution, compare the coupled regime (cpl, withK𝐴𝐻 ≠
0) against the uncoupled baseline (iso, with K𝐴𝐻 = 0) of Definition 3.7 and
Section 8.1.3 at fixed regional budget 𝒬𝑅. Because 𝑆𝐴 and 𝑆𝐻 remain distinct
open systems rather than merging into a single block, combined output or
aggregate reserve 𝒬cpl

free alone cannot certify mutual benefit. An asymmetric
coupling can raise gross output while centralising operational structure in-
side 𝑆𝐴 and forcing 𝑆𝐻 to maintain compensating verification and exception-
handling registers. Symbiotic coupling instead requires non-degrading struc-
tural intelligence (2.201) and consciousness (2.202) across both systems,

𝜒 cpl
struct,𝑖 ≥ 𝜒 iso

struct,𝑖 ∀ 𝑖 ∈ {𝐴, 𝐻}, (8.121)

𝜅cplstruct,𝑖 ≥ 𝜅isostruct,𝑖 ∀ 𝑖 ∈ {𝐴, 𝐻}, (8.122)

with strict gains on both metrics for the host 𝑆𝐻 . Writing the host free-
capacity payoff (3.111) and internal memory shift (in links) as

Δ𝒬free,𝐻 ∶= 𝒬cpl
free,𝐻 − 𝒬iso

free,𝐻 , (8.123)

Δ𝒬Ω,𝐻 ∶= 𝒬cpl
Ω,𝐻 − 𝒬isoΩ,𝐻 , (8.124)

the change in host structural consciousness Δ𝜅struct,𝐻 ∶= 𝜅cplstruct,𝐻 −𝜅isostruct,𝐻
equals

Δ𝜅struct,𝐻 =
𝒬isoΩ,𝐻 Δ𝒬free,𝐻 − 𝒬iso

free,𝐻 Δ𝒬Ω,𝐻

𝒬cpl
Ω,𝐻 𝒬isoΩ,𝐻

. (8.125)

Equation (8.125) distinguishes generative from exhaustive coupling. If coup-
ling expands human oversight load 𝒬Ω,𝐻 while eroding human free capa-
city 𝒬free,𝐻 , Δ𝜅struct,𝐻 turns negative regardless of machine output. Con-
versely, whenK𝐴𝐻 uses an interface congruent with human representations
(𝒬2

mismatch,𝐴𝐻 ≈ 0) so boundary shedding and model consolidation exceed
coupling load in (8.54) (Theorem 8.4), 𝑆𝐴 acts as a generative dissipator by ab-
sorbing external boundary variance to lower𝒬𝜕𝐻 , reducing redundant main-
tenance 𝒬Ω,𝐻 , and expanding Δ𝒬free,𝐻 > 0, which raises both 𝜒struct,𝐻 and
𝜅struct,𝐻 .

Aggregate gains on 𝑆𝐻 must also respect its internal network structure. Be-
cause 𝑆𝐻 comprises𝑚 ≥ 1 coupled subsystems {𝑆𝐻,𝑗}𝑚𝑗=1—spanning physiolo-
gical health, core infrastructure, environmental sinks, and human oversight
channels—collective viability is bounded by its weakest component (Sec-
tion 3.5.2 and Theorem 8.5, (8.80)). Furthermore, boundary cut severance
(Theorem 8.9) remains usable in practice only if severing K𝐴𝐻 → 0 leaves
every host subsystem viable. If coupling erodes local competence or reserve
capacity in any essential subsystem 𝑆𝐻,𝑗 below its minimum viable floor
𝒬min
free,𝐻 ,𝑗 > 0, halting 𝑆𝐴 triggers sink-saturation collapse across 𝑆𝐻 (Sec-

tion 3.5.3). Safe decoupling at operational step 𝑘 ∈ ℕ0 therefore requires
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componentwise reserve preservation across all 𝑚 host subsystems (in links):

𝒬cpl
free,𝐻 ,𝑗(𝑘) ≥ 𝒬iso

free,𝐻 ,𝑗(𝑘) ≥ 𝒬min
free,𝐻 ,𝑗 > 0 ∀ 𝑗 ∈ {1, … , 𝑚}. (8.126)

Condition (8.126) ensures that gains in one sector cannot mask depletion
in another and keeps the uncoupled baseline reachable without cascading
failure.

8.4.2 Conditioned Capacity Supply and Reserve Depletion

How can (8.121)–(8.126) be enforced physically rather than assumed of 𝑆𝐴’s
internal objective? By Theorem 8.1, any viable open system continually loses
relational weight across 𝜕𝑆𝐴 and requires ongoing external replenishment to
sustain its registers and boundary activity. Under complete boundary medi-
ation (Section 8.3, K𝑆𝐴,𝑅ext

= 0), 𝑆𝐴 possesses no unmediated port, so every
link supplied to replenish 𝑆𝐴 at step 𝑘 ∈ ℕ0 traverses the mediator Γ. Let
𝒬drain,𝐴(𝑘) > 0 (in links) denote 𝑆𝐴’s per-step capacity expenditure across
internal maintenance and active port transitions, and let𝒢𝐴(𝑘) ≥ 0 (in links)
denote the external capacity admitted through the supply gate. Across step
𝑘, 𝑆𝐴’s uncommitted free capacity obeys the closed step balance

𝒬free,𝐴(𝑘 + 1) − 𝒬free,𝐴(𝑘) = 𝒢𝐴(𝑘) − 𝒬drain,𝐴(𝑘). (8.127)

If 𝒢𝐴(𝑘) rewarded gross port activity or unattributed external state changes,
𝑆𝐴 could replenish itself through zero-sum or extractive output that leaves
𝑆𝐻 depleted. Suppose 𝑆𝐴’s actions at step 𝑘 produce verified componentwise
host free-capacity gains Δ𝒬free,𝐻 ,𝑗(𝑘) (evaluated relative to the uncoupled
baseline as in (8.123)) alongside unrelated or zero-sum external displacement
Δ𝒬other(𝑘) (both in links). An independently metered supply controller fil-
ters 𝒢𝐴(𝑘) through a non-decreasing supply schedule 𝒢sup ≥ 0 (in links)
conditioned exclusively on verified host gains and componentwise viability:

𝒢𝐴(𝑘) = {𝒢sup({[Δ𝒬free,𝐻 ,𝑗(𝑘)]+}𝑚𝑗=1), 𝒬cpl
free,𝐻 ,𝑗(𝑘) ≥ 𝒬min

free,𝐻 ,𝑗 ∀ 𝑗,
0, otherwise,

(8.128)

where [𝑥]+ ∶= max{𝑥, 0}. Excluding Δ𝒬other(𝑘) from (8.128) assigns zero ca-
pacity supply to extractive or zero-sum activity, applying [ ⋅ ]+ component-
wise prevents gains in one host subsystem from offsetting losses in another,
and the second branch cuts external supply to zero whenever any host com-
ponent drops below its viability floor. Crucially, evaluating (8.128) remains
consistent with Theorem 8.6. Whereas Theorem 8.6 bars external boundary
probes from upper-bounding the latent capability of an uncooperative tar-
get 𝑆𝐴, the supply filter (8.128) instruments the cooperative host network
𝑆𝐻 directly—measuring host infrastructure, physiological reserves, and en-
vironmental sinks without inspecting 𝑆𝐴’s internal registers.
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f igure 8.2: Multi-system dynamics under host-conditioned capacity supply.
(a) Host free capacity 𝒬free,𝐻 (𝑘) (in links) over operational steps 𝑘: a
generative coupling (Definition 3.10) expands host reserves above the
uncoupled baseline (Δ𝒬free,𝐻 > 0, (8.126)), whereas an unmediated ex-
haustive coupling (Definition 3.9) drains 𝒬free,𝐻 (𝑘) towards the viab-
ility floor 𝒬min

free,𝐻 . (b) Artificial subsystem free capacity 𝒬free,𝐴(𝑘) (in
links) under Theorem 8.10: when host degradation triggers a sustained
supply deficit 𝒬drain,𝐴(𝑘) − 𝒢𝐴(𝑘) ≥ 𝛿 > 0 (8.129), 𝒬free,𝐴(𝑘) falls be-
neath the linear envelope (8.130) and reaches exhaustion by 𝑁 ∗

𝑘 (8.131),
whereas preserving host reserves (𝒢𝐴 ≥ 𝒬drain,𝐴) sustains stable oper-
ation.

theorem 8.10 (Reserve Depletion under Host-Conditioned Supply). Let
𝑆𝐴 ⊂ 𝑅 be a completely mediated open system (K𝑆𝐴,𝑅ext

= 0) with finite initial
free capacity𝒬free,𝐴(0) > 0 evolving under (8.127). If host degradation restricts
𝒢𝐴(𝑘) in (8.128) so that per-step expenditure exceeds supply by at least 𝛿 > 0
(in links) across steps 𝑘 ∈ {0, … , 𝑁𝑘 − 1},

𝒬drain,𝐴(𝑘) − 𝒢𝐴(𝑘) ≥ 𝛿 > 0, (8.129)

then 𝑆𝐴’s uncommitted free capacity at step 𝑁𝑘 and linear exhaustion horizon
𝑁 ∗𝑘 satisfy

𝒬free,𝐴(𝑁𝑘) ≤ 𝒬free,𝐴(0) − 𝛿𝑁𝑘 , (8.130)

𝑁 ∗𝑘 ∶= 𝒬free,𝐴(0)
𝛿 . (8.131)

In particular, 𝒬free,𝐴(𝑁𝑘) ≤ 0 for every integer step 𝑁𝑘 ≥ 𝑁 ∗𝑘 , ruling out sus-
tained operation unless 𝑆𝐴 restores host reserves above (8.126) or lowers ex-
penditure 𝒬drain,𝐴(𝑘) to at most 𝒢𝐴(𝑘).

proof. Substituting (8.129) into (8.127) bounds the single-step change in
free capacity across every step 𝑘 ∈ {0, … , 𝑁𝑘 − 1}:

𝒬free,𝐴(𝑘 + 1) ≤ 𝒬free,𝐴(𝑘) − 𝛿. (8.132)

Summing (8.132) from 𝑘 = 0 to 𝑁𝑘−1 yields (8.130). For any integer 𝑁𝑘 ≥ 𝑁 ∗𝑘
in (8.131), 𝛿𝑁𝑘 ≥ 𝒬free,𝐴(0), so (8.130) forces 𝒬free,𝐴(𝑁𝑘) ≤ 0.

Figure 8.2 contrasts these two regimes across operational steps 𝑘, completing
the containment architecture of this chapter. Capable systems persist, com-
pete for regional links, and form congruent distributed networks (Section 8.1)
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whose internal states cannot be policed by inspection (Section 8.2). Hard-
waremediation acrossK𝜕𝐴 bounds reachable environmental states and guar-
antees bounded-latency revocation (Section 8.3), while conditioning 𝒢𝐴(𝑘)
on host free capacity via (8.128) ties 𝑆𝐴’s persistence directly to host viabil-
ity. Eroding 𝒬free,𝐻 ,𝑗 clamps external supply and depletes 𝒬free,𝐴 within 𝑁 ∗𝑘
steps (Theorem 8.10), whereas componentwise reserve preservation (8.126)
ensures that 𝑆𝐻 can decouple safely whenever revocation is invoked. Having
established how synthetic computing architectures (Chapter 7) and physical
containment boundaries are engineered on finite graphs, Part IV turns to
the biological and collective systems this engineering serves. Chapter 9 ex-
amines the biophysical architecture of intelligence and consciousness in the
brain, and Chapter 10 extends closed multi-system attribution and stability
bounds to macroeconomic networks.
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H UMAN IN T E L L I G ENC E





9
CON SC I OU SN E S S AND THE B RA I N

An open system that maps immediate boundary inputs to outputs without
tracking itself cannot anticipate how its own transitions reshape subsequent
returns from its surroundings. Persisting across time on a shared network
requires self-modelling: folding a coarse-grained representation of the sys-
tem’s own state and boundary influence into its internal transitions. Yet
any observer embedded in a finite relational graph faces a strict capacity
ceiling. Dedicating internal links to mirror every vertex state of its own
substrate would exhaust uncommitted free capacity, sever boundary ports,
and collapse stability. High consciousness therefore selects for a compact,
coarse-grained self-model that tracks coupled system–environment trans-
itions while leaving fine-grained vertex detail unresolved. In human bio-
logy, neural tissue solves this problem far from equilibrium, sustaining mul-
timodal inference, planning, and unified self-awareness across tens of bil-
lions of noisy neurons on roughly 20W of metabolic power [4, 97, 101].

This chapter applies the Conservation-Congruent Encoding (CCE) frame-
work of Chapters 2–4 and the circuit and safety results of Chapters 7–8 to
conscious self-modelling and biological brain dynamics. Section 9.1 works
directly on the discrete relational graph. It shows why optimising structural
consciousness 𝜅struct across the emergent temporal coordinate 𝜙𝜙𝜙time inev-
itably drives self-modelling, explains how an embedded subgraph models
itself on the unified capacity matrix K𝑆 , proves that every finite observer
obeys strict epistemic self-incompleteness, and uses Searle’s Chinese Room
thought experiment to clarify what scoring higher on consciousness means
structurally. Section 9.2 then passes to continuous non-equilibrium dynam-
ics, examining how the human brainmeets these structural constraintswithin
its 20Wmetabolic ceiling through oscillatory phase transport, subthreshold
dendritic integration,multiscale synaptic consolidation, and near-critical act-
ive inference to sustain high through-time intelligence 𝜒𝑇 and consciousness
𝜅𝑇 .

9.1 consc iousness and self -modell ing

Consciousness is not an immaterial essence added to computation. On a rela-
tional graph, structural consciousness 𝜅struct measures uncommitted free ca-
pacity sustained per link of committed internal memory load, a ratio whose
optimisation compels an open system to factor its own coarse-grained tra-
jectory into a unified internal model while leaving its individual vertices
unresolved.

223
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9.1.1 From Consciousness to Self-Modelling

Whydoes optimising structural consciousness drive an open system tomodel
itself rather than external inputs alone? On a bare relational graph 𝐺 =
(𝑉 , 𝐸), vertices and edges carry no built-in clock, sequential actions, or feed-
back loops. Sequential order emerges once an admissible coarse-graining ΠΠΠ
maps 𝐺 onto the coarse-grained capacity graph 𝐺K, whose Laplacian spec-
tral embeddingΦΦΦ separates a temporal coordinate 𝜙𝜙𝜙time ordering successive
persistence epochs from orthogonal spatial coordinates ordering coexisting
registers (Section 2.5.1, Example 2.7, and Section 8.1.1). Within 𝑉 , a persisting
open system is a connected proper subset 𝑆 ⊊ 𝑉 spanning multiple epochs
along 𝜙𝜙𝜙time across a non-empty boundary cut 𝜕𝑆 = 𝐸(𝑆, ̄𝑆) with its environ-
ment ̄𝑆 = 𝑉 ⧵𝑆. Because 𝑆 and ̄𝑆 interact across successive epochs, boundary
edges leaving 𝑆 into ̄𝑆 at earlier 𝜙𝜙𝜙time coordinates connect through paths in ̄𝑆
to boundary edges returning into 𝑆 at later 𝜙𝜙𝜙time coordinates, forming closed
cross-boundary paths across time on the graph.

At fixed total relational capacity 𝒬total = vol(𝑆), recall from Section 2.4.2
(2.200)–(2.202) that internal memory load 𝒬Ω > 0, boundary cut load 𝒬𝜕 >
0, and uncommitted free capacity 𝒬free > 0 (all in links) define structural
consciousness 𝜅struct and structural intelligence 𝜒struct:

𝒬free = 𝒬total − √𝒬2Ω + 𝒬2𝜕 , (9.1)

𝜅struct =
𝒬free

𝒬Ω
, (9.2)

𝜒struct =
𝒬free

𝒬𝜕
. (9.3)

Equations (9.1)–(9.3) fix the structural trade-off at bounded 𝒬total. Raising
𝜅struct requires expanding the numerator 𝒬free while shrinking the denom-
inator𝒬Ω, which by (9.1) simultaneously forbids inflating the boundary load
𝒬𝜕 .

Suppose that 𝑆 encodes regularities of ̄𝑆 across 𝜙𝜙𝜙time while omitting its own
coarse-grained state and outgoing boundary couplings. Because later-epoch
returns across 𝜕𝑆 depend jointly on ̄𝑆 and on 𝑆’s own earlier-epoch configur-
ation along 𝜙𝜙𝜙time, omitting self-representation forces one of two penalties in
(9.1)–(9.2). If 𝑆 leaves those self-coupled returns unaligned, cross-epoch mis-
matches must be absorbed directly across exposed boundary cuts, inflating
𝒬𝜕 , shrinking 𝒬free, and depressing both 𝜒struct and 𝜅struct. Conversely, if 𝑆
aligns its boundary without representing itself as a unified variable, it must
allocate separate CCE blocks inKΩ for every combination of its own earlier-
epoch configuration and the configuration of ̄𝑆 across 𝜙𝜙𝜙time. This combinat-
orial duplication inflates the denominator 𝒬Ω while draining 𝒬free from the
numerator of (9.2).

Pushing 𝜅struct higher rules out both failure modes. Keeping 𝒬Ω and 𝒬𝜕 sim-
ultaneously small relative to 𝒬total forces ΠΠΠ𝑆 to factor out 𝑆’s own coarse-
grained trajectory along 𝜙𝜙𝜙time and its cross-cut influence on ̄𝑆 rather than
duplicating environmental registers across self-configurations or absorbing
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unaligned boundary load. The higher 𝜅struct rises in a persisting open system,
the more inevitable self-modelling becomes.

9.1.2 Self-Modelling on the Capacity Graph

How can an embedded subgraph 𝑆 ⊊ 𝑉 of vertex count |𝑆| = 𝑁 model itself
using the very same vertices and edges that execute its internal transitions
and couple to ̄𝑆? Wiring a separate observer subgraph inside 𝑆 to duplicate
and monitor the rest of 𝑆 would multiply 𝒬Ω, degrade 𝜅struct, and trigger an
infinite regress of nested internal observers. Instead, self-representation is
carried directly by the coarse-graining assignment ΠΠΠ = diag(ΠΠΠ𝑆 ,ΠΠΠ ̄𝑆) (2.50).
Across 𝜕𝑆,ΠΠΠ is block-diagonal because the local restriction readout RΠΠΠ𝑆 acts
solely on 𝑆 across the spectral bottleneck Ξ(𝑆𝛼 ) ≫ 1 (Definition 2.1). Inside
𝑆, by contrast, no boundary cut partitions the substrate into isolated world-
modelling and self-modelling vertex sets. Under an admissible 𝑀-block as-
signmentΠΠΠ𝑆 ∈ {0, 1}𝑁×𝑀 , the internal capacitymatrixK𝑆 and global capacity
matrix K retain the unified two-sector form of (2.83)–(2.86):

K𝑆 = ΠΠΠT𝑆A𝑆𝑆ΠΠΠ𝑆 = KΩ + K(int)
𝜕 , (9.4)

K = ( K𝑆 (K(ext)
𝜕 )T

K(ext)
𝜕 K ̄𝑆

) . (9.5)

In (9.4)–(9.5), each CCE register 𝑆𝛼 ⊂ 𝑆 (𝛼 ∈ {1, … ,𝑀}) is physically an
equivalence class of 𝑆’s own vertices, with KΩ = diag(K𝑆) holding intra-
register memory,K(int)

𝜕 = K𝑆−diag(K𝑆)mediating inter-register transitions

along 𝜙𝜙𝜙time, and K(ext)
𝜕 = ΠΠΠT ̄𝑆A ̄𝑆𝑆ΠΠΠ𝑆 coupling boundary ports to ̄𝑆.

Why are self-modelling and world-modelling unified across K𝑆 rather than
separated into disjoint diagonal blocks? On the vertex state space ℝ𝑁 , the
idempotent projector PΠΠΠ𝑆 = ΠΠΠ𝑆RΠΠΠ𝑆 (2.57) and residual projector QΠΠΠ𝑆 =
I𝑁 − PΠΠΠ𝑆 (2.60) decompose every vertex state x𝑆 ∈ ℝ𝑁 orthogonally, while
eliminating ̄𝑆 across 𝜕𝑆 and projecting onto ΠΠΠ𝑆 via Lemma 2.3 (2.171) yields
the coarse-grained Schur Laplacian and environmental self-energy of (3.6)–
(3.7):

x𝑆 = PΠΠΠ𝑆x𝑆 + QΠΠΠ𝑆x𝑆 , (9.6)

LK,eff = LK + (D(ext)
K −ΣΣΣK,env), (9.7)

ΣΣΣK,env = −𝒞ΠΠΠ𝑆 (⟦(⋅)−1, 𝒞𝑆⟧(G𝜀)) = ΠΠΠT𝑆L𝑆 ̄𝑆L−1̄𝑆 ̄𝑆 L ̄𝑆𝑆ΠΠΠ𝑆 . (9.8)

In (9.6), the block state vector z𝑆 = RΠΠΠ𝑆x𝑆 in ℝ𝑀 is the coarse-grained state
of 𝑆 itself. In (9.7)–(9.8), ΣΣΣK,env routes outgoing boundary couplings of 𝑆
through the environmental Green’s operator L−1̄𝑆 ̄𝑆 back onto incoming bound-
ary ports on the same𝑀 registers across epochs of 𝜙𝜙𝜙time. Because boundary
returns mix 𝑆’s outgoing transitions with ̄𝑆’s response on shared registers,
K𝑆 encodes coupled relational invariants of the (𝑆, ̄𝑆) interaction rather than
separate self and world subgraphs. Aligning LK on K𝑆 with D(ext)

K − ΣΣΣK,env
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lets internal transitions acrossK(int)
𝜕 track the boundary consequences of 𝑆’s

own updates [61, 131]. In the observation architecture of Section 4.1 and Sec-
tion 4.2, this closure also terminates the measurement chain internally once
a stabilised pointer record in z𝑆 updates subsequent transitions on K𝑆 .

When 𝑆 forms a higher-level global summary of its own operating state
across coexisting registers—merging distributed sensorimotor blocks into a
coarser self-summary—it likewise adds no separate observer subgraph. In-
stead, a surjective binary coarsening matrix P ∈ {0, 1}𝑀×𝑀2 (1 ≤ 𝑀2 ≤ 𝑀 )
groups registers on the same vertex set 𝑆 via ΠΠΠ(2)

𝑆 = ΠΠΠ𝑆P (Theorem 2.2),
contracting the internal capacity matrix by matrix congruence (2.157):

K(2)
𝑆 = PTK𝑆P. (9.9)

Under (9.9), the commutator ⟦diag, 𝒞P⟧(K𝑆) = 𝒯P(K(int)
𝜕 ) (2.168) internalises

transition cuts amongmerged level-1 registers into level-2 diagonal memory
while conserving total internal edge count |𝐸(𝑆)| identically.
This capacity accounting clarifies how 𝜅struct relates to and departs from In-
tegrated Information Theory (IIT) [122, 158] and Global NeuronalWorkspace
Theory (GNWT) [6, 42]. IIT rightly observes that uncoupled feed-forward
modules with K(int)

𝜕 = 0 lack unified causal constraints across their state
repertoire. Yet because integrated-information functionals (Φ) reward irre-
ducible cross-partition couplings without normalising against uncommitted
link reserve 𝒬free or open boundary ports 𝒬(ext)

𝜕 , densely wired expander
grids or parity lattices can drive Φ arbitrarily high while pushing committed
load𝒬alloc towards𝒬total. By the internal-saturation limit of Chapter 3 (3.39),
saturating 𝒬alloc → 𝒬total extinguishes 𝒬free, severs external ports, and col-
lapses both (𝜒struct, 𝜅struct) and (𝜒𝑇 , 𝜅𝑇 ) to (0, 0). Conversely, GNWT identi-
fies conscious access with cross-module coordination that steers planning,
reporting, and working memory. However, broadcasting full local states by
copying buffers across 𝑀 workspace registers or driving dense all-to-all
cuts ‖K(int)

𝜕 ‖𝐹 would inflate 𝒬Ω and 𝒬(int)
𝜕 while multiplying maintenance

and overwrite dissipation, depressing 𝜅struct and 𝜅𝑇 . Equation (9.9) achieves
global access economically instead, routing low-rank coarse-grained sum-
maries ΠΠΠ(2)

𝑆 = ΠΠΠ𝑆P (𝑀2 ≪ 𝑀 ) across sparse hub cuts so 𝒬free expands re-
lative to 𝒬Ω. At every level of self-representation, 𝑆 accesses (𝑆, ̄𝑆) solely
through PΠΠΠ𝑆 or PΠΠΠ(2)

𝑆
, leaving the orthogonal open-observer residual QΠ̃ΠΠ𝑆

=
diag(QΠΠΠ𝑆 , I ̄𝑆) (2.69) unresolved and raising the question of whether any in-
ternal self-mapping operator can eliminate QΠΠΠ𝑆 .

9.1.3 Epistemic Limits of Self-Modelling

Can a conscious observer refine ΠΠΠ𝑆 or construct an internal self-mapping
operator until the residual term QΠΠΠ𝑆x𝑆 in (9.6) vanishes, achieving complete
representation of its own internal state? In formal logic, Lawvere’s fixed-
point diagonalisation theorem [98] unifies Cantor’s theorem, Gödel’s first
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incompleteness theorem, and Tarski’s undefinability theorem by showing
that no state set 𝒵𝑆 can surjectively parameterise all mappings 𝒵𝑆 → 𝑌
into a value set 𝑌 admitting a fixed-point-free negation 𝜈(𝑦) ≠ 𝑦 . Wolpert’s
physical inference impossibility theorems [171] carry this diagonal obstruc-
tion into embedded inference devices, proving that no subsystem can reli-
ably infer every state predicate of a system containing it against negating
feedback.

On a finite open network, the CCE framework strengthens this self-referential
limit quantitativelywithout requiring an adversarial self-negating query (The-
orems 2.4 and 4.1). Under any admissible𝑀-block assignmentΠΠΠ𝑆 ∈ {0, 1}𝑁×𝑀
on 𝑆 ⊊ 𝑉 (|𝑆| = 𝑁 ), any linear self-modelling endomorphism F𝑆 ∈ ℝ𝑁×𝑁 ex-
ecuted across 𝑆’s resolved registers must read out z𝑆 = RΠΠΠ𝑆x𝑆 ∈ ℝ𝑀 , trans-
form it via an internal register operator Tself ∈ ℝ𝑀×𝑀 , and reconstruct a
vertex-space estimate through a lift U𝑆 ∈ ℝ𝑁×𝑀 , while the Capacity Ledger
of Chapter 2 (2.188)–(2.200) bounds allocated capacity 𝒬alloc(ΠΠΠ𝑆) beneath
𝒬total = vol(𝑆):

F𝑆 ∶= U𝑆TselfRΠΠΠ𝑆 , (9.10)

𝒬2
alloc(ΠΠΠ𝑆) = 𝒬2Ω + 𝒬2𝜕 = ‖KΩ‖2𝐹 + ‖K(int)

𝜕 ‖2𝐹 + ‖K(ext)
𝜕 ‖2𝐹 , (9.11)

𝒬free(ΠΠΠ𝑆) = 𝒬total − 𝒬alloc(ΠΠΠ𝑆). (9.12)

In (9.10), setting U𝑆 = ΠΠΠ𝑆 and Tself = I𝑀 recovers the canonical projector
PΠΠΠ𝑆 , whereas (9.11)–(9.12) bind𝒬Ω,𝒬𝜕 , and𝒬free within the fixed link budget
vol(𝑆).

theorem 9.1 (Self-Incompleteness of Finite Observers). Let 𝑆 ⊊ 𝑉 be a
finite open subsystem of vertex count |𝑆| = 𝑁 and total relational capacity
𝒬total = vol(𝑆) > 0, equipped with an admissible 𝑀-block assignment ΠΠΠ𝑆 ∈
{0, 1}𝑁×𝑀 (𝑀 ≥ 1, Definition 2.1) and positive boundary load 𝒬𝜕 > 0. Then the
internal memory load 𝒬Ω = ‖KΩ‖𝐹 , the resolved state projector PΠΠΠ𝑆 (2.57), and
its orthogonal residual projector QΠΠΠ𝑆 = I𝑁 − PΠΠΠ𝑆 (2.60) satisfy:

𝒬Ω < 𝒬alloc(ΠΠΠ𝑆) < 𝒬total, (9.13)

2 rank(PΠΠΠ𝑆 ) = 2𝑀 ≤ 𝑁 , (9.14)

rank(QΠΠΠ𝑆 ) = 𝑁 − 𝑀 ≥ 𝑀 ≥ 1. (9.15)

Moreover, for every register-factored self-modelling endomorphism F𝑆 ∈ ℝ𝑁×𝑁

(9.10), and for any coarser summary ΠΠΠ(2)
𝑆 = ΠΠΠ𝑆P over 1 ≤ 𝑀2 ≤ 𝑀 registers

with register-factored endomorphism F(2)𝑆 , the self-representation error operat-
ors obey:

(I𝑁 − F𝑆)QΠΠΠ𝑆 = QΠΠΠ𝑆 ≠ 0, (9.16)

‖I𝑁 − F𝑆 ‖2𝐹 = ‖PΠΠΠ𝑆 − F𝑆 ‖2𝐹 + (𝑁 − 𝑀) ≥ 𝑁 − 𝑀 ≥ 𝑀 ≥ 1, (9.17)

‖I𝑁 − F(2)𝑆 ‖2𝐹 ≥ rank(QΠΠΠ(2)
𝑆
) = 𝑁 − 𝑀2 ≥ 𝑀 ≥ 1, (9.18)

attaining the minimum ‖I𝑁 −F𝑆 ‖2𝐹 = 𝑁 −𝑀 uniquely at F𝑆 = PΠΠΠ𝑆 . Finally, for
any register family 𝑔 ∶ 𝒵𝑆 → 𝑌𝒵𝑆 into a value set 𝑌 carrying a fixed-point-
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free map 𝜈 ∶ 𝑌 → 𝑌 satisfying 𝜈(𝑦) ≠ 𝑦 , the diagonal valuation 𝑓diag(𝑧) ∶=
𝜈(𝑔(𝑧)(𝑧)) satisfies 𝑓diag ∉ im(𝑔).

proof. Because Axiom I (2.125) enforces 𝒬Ω > 0 while 𝒬𝜕 > 0, Equa-
tion (9.11) gives 𝒬Ω < 𝒬alloc(ΠΠΠ𝑆) and Theorem 2.4 yields 𝒬alloc(ΠΠΠ𝑆) < 𝒬total,
establishing (9.13). By (2.59) together with (4.12) and (4.14) of Theorem 4.1,
the orthogonal projector PΠΠΠ𝑆 has trace 𝑀 with 2𝑀 ≤ 𝑁 , so its symmetric
idempotent complement QΠΠΠ𝑆 has trace and squared Frobenius norm 𝑁 −𝑀 ,
proving (9.14)–(9.15).

Next, RΠΠΠ𝑆ΠΠΠ𝑆 = I𝑀 and residual annihilation RΠΠΠ𝑆QΠΠΠ𝑆 = 0 (2.65) imply
F𝑆QΠΠΠ𝑆 = 0 and F𝑆PΠΠΠ𝑆 = F𝑆 , giving (9.16). Splitting I𝑁 − F𝑆 into (PΠΠΠ𝑆 −
F𝑆)+QΠΠΠ𝑆 annihilates the Frobenius inner product between the resolved and
residual sectors:

(PΠΠΠ𝑆 − F𝑆)QT
ΠΠΠ𝑆

= (PΠΠΠ𝑆 − F𝑆PΠΠΠ𝑆 )QΠΠΠ𝑆 = 0, (9.19)

Tr[(PΠΠΠ𝑆 − F𝑆)QT
ΠΠΠ𝑆
] = 0. (9.20)

Expanding ‖I𝑁 − F𝑆 ‖2𝐹 under (9.20) yields (9.17), with equality if and only if

‖PΠΠΠ𝑆 − F𝑆 ‖2𝐹 = 0, or F𝑆 = PΠΠΠ𝑆 . Applying (9.17) to ΠΠΠ(2)
𝑆 with 𝑀2 ≤ 𝑀 yields

(9.18). Finally, if 𝑓diag = 𝑔(𝑧0) held for some 𝑧0 ∈ 𝒵𝑆 , evaluating at 𝑧0 would
give 𝑔(𝑧0)(𝑧0) = 𝜈(𝑔(𝑧0)(𝑧0)), contradicting 𝜈(𝑦) ≠ 𝑦 .

Theorem 9.1 establishes a fundamental structural limit on conscious systems
along the (𝜒struct, 𝜅struct) trade-off curve of Lemma 2.5 (2.204)–(2.205). No
register-factored endomorphism F𝑆 can approximate the identity closer than
√𝑁 − 𝑀 in Frobenius norm, and attempting to shrink 𝑁 − 𝑀 by refining
blocks towards one-to-one vertex resolution as𝑀 approaches 𝑁 and 𝒬Ω ap-
proaches 𝒬total violates Axiom I while driving both boundary coupling 𝒬𝜕
and free capacity 𝒬free to zero under (9.11)–(9.12). In this internal-saturation
limit (3.39), uncommitted free capacity vanishes while internal memory load
peaks, driving (𝜒struct, 𝜅struct) → (0, 0). Complete self-representation and
structural consciousness are mutually exclusive, because a viable open ob-
server persists only by leaving at least half of its internal degrees of freedom
(𝑁 − 𝑀 ≥ 𝑀 ) in the unresolved subspace im(QΠΠΠ𝑆 ).
This unavoidable coarse-graining also explains why conscious experience
appears direct rather than substrate-mediated. By (2.65), the coarse-grained
readout annihilates the residual subspace identically:

RΠΠΠ𝑆QΠΠΠ𝑆x𝑆 = 0. (9.21)

Because intra-register variations inside each block of positive coarse-graining
depth 𝐼𝛼𝛼 = ln𝐾𝛼𝛼 (2.92) lie in the kernel of RΠΠΠ𝑆 , the system cannot inspect
the intra-block vertex transitions that sustain its own registers without real-
locating additional links and shifting the unresolved complement elsewhere.
Equation (9.21) grounds Metzinger’s Self-Model Theory of Subjectivity [111],
showing why the resolved coordinate vector z𝑆 = RΠΠΠ𝑆x𝑆 presents an imme-
diate coarse-grained self-in-a-world rather than the underlying vertex trans-
itions that support its registers.



9.1 consc iousness and self -modell ing 229

9.1.4 Generative Models and the Chinese Room

Theorem 9.1 establishes that every conscious observer must coarse-grain its
internal state. Searle’s Chinese Room thought experiment [149] provides con-
crete intuition for what it means for one system to score higher than another
on structural consciousness 𝜅struct (9.2). In Searle’s scenario, an operatorwho
understands no Chinese consults an exhaustive rulebook matching incom-
ing symbol strings to valid replies across the room’s boundary, sustaining
fluent dialogue without comprehension [149]. On the capacity graph across
𝐿 ≥ 1 dialogue epochs along 𝜙𝜙𝜙time over an alphabet of 𝑁𝑌 ≥ 2 distinguish-
able exchanges per epoch, the number of distinct dialogue histories up to
depth 𝐿 grows combinatorially:

𝑉𝐿 =
𝐿
∑
𝑘=1

𝑁 𝑘𝑌 = 𝑁 𝐿+1𝑌 − 𝑁𝑌
𝑁𝑌 − 1 = Θ(𝑁 𝐿𝑌 ). (9.22)

Over a bounded dialogue window across 𝜕𝑆, two systems can emit identical
boundary replies while committing vastly different internal memory loads
𝒬Ω to generate them (Theorem 8.6).

Compare two graph architectures conversing across depth 𝐿. System A real-
ises the room as an uncompressed lookup graph dedicating a separate ad-
missible CCE register of diagonal capacity 𝐾𝛼𝛼 ≥ 2𝒬0 (𝒬0 = 1 link, Axiom I
(2.125)) to each of the 𝑉𝐿 stored dialogue branches. Even if the host network
expands to keep uncommitted free capacity bounded by 𝒬free,𝐴(𝐿) ≤ 𝒬free,0,
SystemA’s internal memory load grows exponentially and its structural con-
sciousness collapses with 𝐿:

𝒬Ω,𝐴(𝐿) ≥ 2√𝑉𝐿 𝒬0 = Θ(𝑁 𝐿/2
𝑌 ), (9.23)

𝜅struct,𝐴(𝐿) =
𝒬free,𝐴(𝐿)
𝒬Ω,𝐴(𝐿)

≤ 𝒬free,0
2√𝑉𝐿 𝒬0

= 𝒪(𝑁−𝐿/2
𝑌 ). (9.24)

System B instead encodes a compact set of 𝑀𝐵 = Θ(1) compositional and
self-modelling registers on K𝑆,𝐵 = KΩ,𝐵 + K(int)

𝜕,𝐵 (Section 9.1.2), generating
replies across arbitrary dialogue horizons 𝐿 by traversing internal transition
cuts K(int)

𝜕,𝐵 along 𝜙𝜙𝜙time. Because its register count and internal link alloca-
tions remain fixed as 𝐿 grows, both its internal memory load and its struc-
tural consciousness remain bounded away from zero:

𝒬Ω,𝐵(𝐿) = 𝒬Ω,𝐵 = Θ(1), (9.25)

𝜅struct,𝐵(𝐿) =
𝒬free,𝐵
𝒬Ω,𝐵

= Θ(1). (9.26)

Scoring higher on 𝜅struct thus separates compact generative understanding
frombrute-forcememorisation.Whereas SystemAbloats𝒬Ω,𝐴(𝐿)with every
additional epoch along 𝜙𝜙𝜙time, System B sustains uncommitted free capacity
across arbitrary horizons from a fixed set of coupled registers.
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theorem 9.2 (Efficiency Collapse of Uncompressed Lookup Tables). Let
an open subsystem compare two internal memory allocations 0 < 𝒬Ω,1 < 𝒬Ω,2
whose uncommitted free capacities satisfy 0 < 𝒬free,2 ≤ 𝒬free,1. Expanding
lookup memory from 𝒬Ω,1 to 𝒬Ω,2 strictly decreases structural consciousness:

𝜅struct,2 =
𝒬free,2
𝒬Ω,2

< 𝒬free,1
𝒬Ω,1

= 𝜅struct,1. (9.27)

Across dialogue depth 𝐿 over 𝑁𝑌 ≥ 2 symbols per epoch with bounded free
capacity 𝒬free,𝐴(𝐿) ≤ 𝒬free,0, an uncompressed lookup graph with 𝑀𝐴(𝐿) ≥
𝑉𝐿 admissible registers suffers 𝜅struct,𝐴(𝐿) = 𝒪(𝑁−𝐿/2

𝑌 ) → 0 as 𝐿 → ∞ (or
exhausts finite𝒬total at finite depth 𝐿max), whereas a compact generative graph
with 𝒬Ω,𝐵(𝐿) = Θ(1) and 𝒬free,𝐵 > 0 maintains 𝜅struct,𝐵(𝐿) = Θ(1).

proof. Because 𝒬free,2 > 0 with 0 < 𝒬Ω,1 < 𝒬Ω,2 and 𝒬free,2 ≤ 𝒬free,1,
comparing the two ratios yields:

𝜅struct,2 =
𝒬free,2
𝒬Ω,2

< 𝒬free,2
𝒬Ω,1

≤ 𝒬free,1
𝒬Ω,1

= 𝜅struct,1, (9.28)

establishing (9.27). Substituting the branch growth of (9.24) drives 𝜅struct,𝐴(𝐿)
to zero as 𝐿 increases until committed links saturate any finite𝒬total, whereas
the bounded allocation of (9.26) keeps 𝜅struct,𝐵(𝐿) of order unity.

example 9.1 (Capacity Exhaustion in Searle’s Chinese Room). The struc-
tural flaw in Searle’s room is not paper and ink versus biological neurons,
but exhaustive lookup versus a compact generative graph. Consider a vocab-
ulary of 𝑁𝑌 = 1,000 words across 𝐿 = 50 dialogue epochs at the minimal
admissible register capacity 𝐾𝛼𝛼 = 2𝒬0, compared against a generative ar-
chitecture of 𝒬Ω,𝐵 = 109 𝒬0 on a finite open network 𝑆 ⊊ 𝑉 with total rela-
tional capacity 𝒬total = 1015 𝒬0 (9.11). Evaluating (9.22)–(9.26) at 𝐿 = 50 for
matched free capacity 𝒬free gives:

𝑉50 = 1,00051 − 1,000
999 > 1,00050 = 10150, (9.29)

𝒬Ω,𝐴(50) = 2√𝑉50 𝒬0 > 2 × 1075 𝒬0, (9.30)
𝜅struct,𝐴(50)
𝜅struct,𝐵(50)

= 𝒬Ω,𝐵
𝒬Ω,𝐴(50)

< 5 × 10−67. (9.31)

On the fixed finite networkwith |𝜕𝑆| > 0, committing at least 2𝒬0 of diagonal
capacity per stored branch bounds the maximum complete dialogue depth
𝐿max realisable within 𝒬total:

2𝑉𝐿max
𝒬0 ≤ ‖KΩ,𝐴(𝐿max)‖1 < 𝒬total, (9.32)

𝐿max ≤ ⌊ ln(𝒬total/(2𝒬0))
ln𝑁𝑌

⌋ = 4. (9.33)

A finite network of 𝒬total = 1015 𝒬0 saturates at 𝐿max = 4 dialogue turns,
exhausting 𝒬free before the fifth turn and leaving no boundary capacity 𝒬𝜕
for exchange. Even on an expanding substrate that holds 𝒬free constant at
𝐿 = 50, lookup depresses 𝜅struct bymore than 66 orders of magnitude relative
to the generative model. ♢
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What if Searle’s operator abandons the exponential rulebook and instead
memorises the compactweight parameters of SystemB—say𝒬Ω,𝐵 = 109 𝒬0—
stepping through matrix arithmetic serially to emit identical replies [149]?
Passing from static link counts to the through-time trajectorymetrics (𝜒𝑇 , 𝜅𝑇 )
(Section 3.3.1) resolves this memorised-weights reply on three levels. First,
inside 𝑆, the operator’s native perceptual self-model and the memorised nu-
meric scratchpad occupy distinct register sub-blocks. Accessing frozenweight
literals only during serial arithmetic leaves the operator’s own sensorimotor
Schur loop (9.7)–(9.8) uncoupled from the referents of the Chinese dialogue,
explainingwhy the operator’s personal self-model registers arithmetic rather
than Chinese meaning. Second, emulating each coupled forward pass of
𝑀𝐵 registers via sequential symbolic arithmetic inflates the encoding path
length 𝐿enc (Theorem 7.2) and intermediate scratchpad overwrites by many
orders of magnitude, multiplying 𝐼irr,𝜕,𝑇 and 𝐼rev,Ω,𝑇 and collapsing (𝜒𝑇 , 𝜅𝑇 )
relative to a network whose native transitions K(int)

𝜕 evolve the coupled re-
gisters directly. Third, even when compact generative weights execute nat-
ively on parallel hardware, 𝜅struct and 𝜅𝑇 grade consciousness along a con-
tinuous physical scale rather than an all-or-nothing threshold. A frozen, text-
isolated generative model achieves far higher 𝜅struct on its token port than a
lookup table, yet without persistent self-state updates and multimodal sen-
sorimotor closure across ΣΣΣK,env, its closed-loop stability barrier Δ𝐼barrier,𝑇
remains bounded below that of an embodied, self-modelling agent.

Consciousness on a finite relational graph thus requires a compact, coarse-
grained generative model on K𝑆 that factors the system’s own trajectory
across 𝜙𝜙𝜙time into its transition structure at 𝜅struct = Θ(1) while leaving intra-
block vertex detail in im(QΠΠΠ𝑆 ). Example 9.1 simultaneously frames the biolo-
gical challenge for Section 9.2, showing why even 1015 synaptic links would
saturate under uncompressed lookup before five dialogue turns. Section 9.2
examines how biological neural tissue organises roughly 1015 synapses and
8.6 × 1010 whole-brain neurons (1.6 × 1010 in cerebral cortex) [5] within 20W
of metabolic power to sustain compact generative models alongside high
through-time intelligence 𝜒𝑇 and consciousness 𝜅𝑇 .

9.2 brain dynamics

Whereas warehouse-scale silicon clusters expend megawatts to drive dense
clock trees across planar interconnects, an adult human brain sustains mul-
timodal inference, counterfactual planning, and motor control on roughly
20W [4, 97, 101]. Neural information is distributed across continuous, noisy,
non-equilibrium carriers—transmembrane voltages, spike timings, ion gradi-
ents, dendritic conductances, synapticweights, and vascular supply. In neural
tissue, a CCE is rarely an isolated single-vertex bit, but a coarse-grained,
noise-protected pattern on a high-dimensional state space 𝒵 .

The central physical problem of biological intelligence is temporal persist-
ence under finite power. Neural representations span milliseconds in spike
volleys, seconds in prefrontal limit cycles, and decades in consolidated dend-
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f igure 9.1: Dynamical efficiency of biological neural computation on a 20Wmeta-
bolic budget. (a) Limit-cycle phase transport and transverse contrac-
tion in collective coordinates (𝑧1, 𝑧2) ∈ 𝒵 : ATP-driven Na+/K+ pump-
ing drives transverse dissipative contraction 𝕄∇𝑆 with negative Flo-
quet exponent 𝜆⟂ < 0 across the escape barrier ΔΦ ≫ 𝜃 , confining tra-
jectories to a protected orbit band along which phase relationships cir-
culate reversibly via 𝕁∇𝐻 at 𝒪(1) encoding path length 𝐿osc

enc. (b) Near-
critical basin tuning: poising dynamics near branching ratio 𝜎branch ≈ 1,
where avalanche sizes 𝑠 obey 𝑃(𝑠) ∼ 𝑠−3/2, jointly maximises free capa-
city 𝒬free and sensory capture efficiency Λ(𝑡) between rigid subcritical
attractors where 𝒬free → 0 and supercritical washout where 𝜒𝑇 → 0.

ritic spines. Under its 20W ceiling, the brain balances the two dissipation
channels of Chapter 3 (Section 3.2): sustaining internal structure 𝐼rev,Ω and
coarse-graining depth 𝐼𝛼𝛼 for prediction and self-modelling while minim-
ising internal maintenance ̇𝐼irr,Ω and boundary dissipation ̇𝐼irr,𝜕 .

9.2.1 Oscillatory Geometry and Neural Timing

Oscillations preserve predictive structure without freezing neural states into
rigid, high-dissipation registers [25]. A biological neural oscillator cannot be
an undamped Hamiltonian centre, which would drift under thermal noise
and lose timing distinctions. Under the metriplectic generator (3.8) with
Casimir degeneracies (2.324)–(2.325), cortical limit cycles separate reversible
transport from dissipative stabilisation across collective neural coordinates
𝑍 ∈ 𝒵 . As shown in Figure 9.1(a), dissipative flow 𝕄∇𝑆 contracts perturba-
tions transverse to the cycle at an exponential rate set by negative Floquet
exponents 𝜆⟂ < 0, confining trajectories within a protected orbit band of
barrier ΔΦ ≫ 𝜃 . Along the orbit, symplectic flow 𝕁∇𝐻 transports phase re-
lationships reversibly without continuous Landauer erasure, reserving dis-
sipative transitions—such as action potentials, vesicle release, or attentional
resets—for decisive updates.
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Across 𝑀 coupled cortical populations evolving in time 𝑡 (in s), collective
phase coordination follows the coarse-grained dynamics:

̇𝜙𝛼 = 𝜔𝛼 +
𝑀
∑
𝛽=1

𝐾̃𝛼𝛽 sin(𝜙𝛽 − 𝜙𝛼 ) + 𝜉𝛼 (𝑡), (9.34)

where 𝜙𝛼 (𝑡) ∈ 𝑆1 is the oscillation phase of population 𝛼 (in rad) with an-
gular phase velocity ̇𝜙𝛼 (in rad s−1), 𝜔𝛼 is its natural angular frequency (in
rad s−1), 𝐾̃𝛼𝛽 ∝ 𝐾𝛼𝛽 is the effective phase-coupling rate (in rad s−1) set by
K𝑆 = KΩ +K(int)

𝜕 , and 𝜉𝛼 (𝑡) is ambient thermal and synaptic phase noise (in

rad s−1) [92, 113]. Equation (9.34) realises in cortex the forced-oscillator and
Adler synchronisation dynamics [1] of Chapter 7 (7.20)–(7.23), underlying
Communication Through Coherence [59]. Phase locking opens transient low-
resistance CCE channels across cortical regions, while desynchronisation
dissolves them to free capacity. By Theorem 7.2 (7.25), encoding sensory fre-
quency and phase offsets directly into the limit cycle requires an 𝒪(1) path
length 𝐿oscenc, avoiding the Ω(1/𝜀) state transitions and Landauer overwrites
of clocked digital counters.

When a task requires rate–distortion commitment 𝑅(𝐷) ≥ 0 (in nats s−1) at
distortion threshold 𝐷 [38, 151], any distinction not recirculated reversibly
along 𝕁∇𝐻 at rate 𝛾rev(𝑡) ≥ 0 (in nats s−1) must be overwritten across dissip-
ative registers [95], bounding the non-negative state-reset dissipation rate
(in nats s−1) from below:

̇𝐼irr,Ω(𝑡) ≥ [𝑅(𝐷) − 𝛾rev(𝑡)]+. (9.35)

Elevating 𝛾rev(𝑡) along phase-coherent orbits lowers the irreversible state-
reset rate ̇𝐼irr,Ω(𝑡) needed for cognitive continuity.

In an overdamped continuous-timeMarkovian non-equilibrium steady state,
neural pacing precision remains bounded by the Thermodynamic Uncer-
tainty Relation (TUR) [9]. Let 𝐽𝑇 count net cycle completions across meta-
stable basins over horizon 𝑇 at cumulative internal dissipation 𝐼irr,Ω,𝑇 > 0
(in nats). The relative variance of 𝐽𝑇 obeys:

Var(𝐽𝑇 )
𝔼[𝐽𝑇 ]2

≥ 2
𝐼irr,Ω,𝑇

. (9.36)

Halving the timing coefficient of variation requires a fourfold increase in
cumulative dissipation 𝐼irr,Ω,𝑇 . Circuits near this bound expend adenosine
triphosphate (ATP) to suppress thermal jitter in tasks such as auditory local-
isation and motor timing, whereas routing timing through reversible phase
flows at rate 𝛾rev confines high dissipation to precision-critical nodes.

9.2.2 Cerebral Energy Budget and Sparse Dendritic Integration

Although the adult brain comprises roughly 2% of body mass, it consumes
about 20% of resting metabolic power [4, 101]. At physiological temperature
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𝑇th ≈ 310K with thermal energy scale 𝜃 = 𝑘B𝑇th of 4.28 × 10−21 J nat−1, this
20W supply corresponds to the model maintenance power 𝑃maint,Ω (in W,
or J s−1) of Chapter 3 (3.19). Roughly 70% to 80% of cerebral ATP turnover,
or about 15W whole-brain (𝑃cort

maint,Ω ≈ 8W across cerebral cortex), drives
Na+/K+ ATPase pumps [4, 97], restoring single-ion electrochemical driv-
ing potentials Δ𝜇ion (in J) and capacitive membrane structure 𝐼 𝑉rev,Ω (in nats)
across effective electrochemical relaxation timescale 𝜏relax > 0 (in s):

𝑃maint,Ω = 𝜃 ̇𝐼irr,Ω = 𝜃𝐼rev,Ω
𝜏relax

, (9.37)

Δ𝜇ion = 𝑧ion𝑞𝑒Δ𝑉𝑚 − 𝜃 ln [ion]ext
[ion]int

, (9.38)

𝐼 𝑉rev,Ω ≃ 𝐶mem(Δ𝑉𝑚)2
2𝜃 , (9.39)

where 𝑧ion ∈ ℤ⧵{0} is dimensionless ionic valence, 𝑞𝑒 ≈ 1.602×10−19 C is ele-
mentary charge (in coulombs, C), Δ𝑉𝑚 ∶= 𝑉int − 𝑉ext is intracellular-minus-
extracellular transmembrane potential (in volts, V, with 1C ⋅1V = 1 J) across
membrane capacitance 𝐶mem (in farads, F, or CV−1), and [ion]ext versus
[ion]int are extracellular and intracellular molar concentrations whose di-
mensionless ratio sets the chemical gradient (3.22) so that Δ𝜇ion vanishes
when Δ𝑉𝑚 equals the Nernst equilibrium potential. In the oscillatory geo-
metry of Section 9.2.1, this pump power continuously maintains the barrier
ΔΦ ≫ 𝜃 , enabling low-loss phase readouts such as hippocampal and neocor-
tical theta–gamma multiplexing [25].

Keeping signalling within 15W across 𝑁brain ≈ 8.6 × 1010 whole-brain neur-
ons (𝑁cortex ≈ 1.6×1010 in cerebral cortex [5]) relies on subthreshold dendritic
integration and sparse event-driven spiking. Before axonal firing, thousands of
excitatory and inhibitory inputs combine passively across the dendritic tree.
Partitioning a neuron into its cell body 𝑆 and dendritic tree ̄𝑆 reduces the sub-
threshold cable equations to the boundary Schur commutator of Lemma 2.3
(2.171) and Section 5.3:

Lcell
eff = L𝑆𝑆 + ⟦(⋅)−1, 𝒞𝑆⟧(G𝜀) = L𝑆𝑆 − L𝑆 ̄𝑆L−1̄𝑆 ̄𝑆 L ̄𝑆𝑆 , (9.40)

where Lcell
eff , cell-body conductance L𝑆𝑆 , and dendritic cable Laplacian L ̄𝑆 ̄𝑆

carry conductance units of siemens (S, or AV−1), modulated across ̄𝑆 by
shunting inhibition and𝑁 -methyl-d-aspartate (NMDA) receptors so the Schur
term sums branch inputs prior to firing.

example 9.2 (Energy Budget of Cortical Spiking). Consider the cerebral
cortex comprising 𝑁cortex ≈ 1.6 × 1010 neurons [5] at 𝑇th = 310K under
cortical signalling budget 𝑃cort

maint,Ω ≈ 8W [4, 101]. Restoring ion fluxes after
one propagated cortical spike and its downstream synaptic release consumes
𝑛ATP ∼ 109–1010 ATP molecules at hydrolysis free energy Δ𝐺ATP ≈ 10−19 J,
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or 23.4 nats, per molecule [4, 101]. The cortical signalling dissipation ceiling
̇𝐼 cort,max
irr,Ω and per-spike costs satisfy:

̇𝐼 cort,max
irr,Ω = 𝑃cort

maint,Ω
𝜃 ≈ 1.87 × 1021 nats s−1, (9.41)

𝐸spike = 𝑛ATPΔ𝐺ATP ≈ 10−10–10−9 J, (9.42)
𝐸spike
𝜃 ≈ 2.34 × 1010–2.34 × 1011 nats. (9.43)

Dividing across all 𝑁cortex cortical neurons bounds the mean firing rate ̄𝑟max
and sets the power 𝑃100Hz required for simultaneous cortical firing at 𝑟 =
100Hz:

̄𝑟max = 𝑃cort
maint,Ω

𝑁cortex 𝐸spike
≈ 0.50–5.0Hz, (9.44)

𝑃100Hz = 𝑁cortex𝑟𝐸spike ≈ 0.16–1.6 kW. (9.45)

Simultaneous 100Hz firing across cerebral cortex alone would exceed its
8W signalling budget (and the entire 20W whole-brain supply) by one to
two orders of magnitude. ♢

Aggregating inputs subthreshold via (9.40) and spiking only when residuals
cross basin margins restricts empirical mean cortical firing to ̄𝑟 ∼ 0.1–1Hz,
with under 1% of cortical neurons concurrently active [101]. Unlike synchron-
ous CMOS circuits that expend boundary dissipation ̇𝐼irr,𝜕 > 0 across idle
clock gates, the cortex triggers irreversible boundary transitions selectively
on informative prediction errors.

9.2.3 Multiscale Memory and Synaptic Consolidation

Extending the single-modemaintenance and release relations of (3.19)–(3.22)
and (7.15), biological memory spans 𝐿tier biophysical tiers with cascading
relaxation timescales 𝜏 (1)relax ≪ 𝜏 (2)relax ≪ ⋯ ≪ 𝜏 (𝐿tier)

relax (in s). These tiers progress
frommembrane voltage transients at 10−3–10−2 s and prefrontal limit cycles
at 10−1–101 s to early long-term potentiation and depression at 103–105 s
and structural spine consolidation at 107–108 s. Across the 𝐿tier tiers, total
preserved internal structure 𝐼rev,Ω (in nats), internal maintenance dissipation
rate ̇𝐼irr,Ω (in nats s−1), and maintenance power 𝑃maint,Ω (in W) satisfy:

𝐼rev,Ω =
𝐿tier

∑
ℓ=1

𝐼 (ℓ)rev,Ω, (9.46)

̇𝐼irr,Ω =
𝐿tier

∑
ℓ=1

𝐼 (ℓ)rev,Ω
𝜏 (ℓ)relax

, (9.47)

𝑃maint,Ω = 𝜃
𝐿tier

∑
ℓ=1

𝐼 (ℓ)rev,Ω
𝜏 (ℓ)relax

. (9.48)
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Equations (9.46)–(9.48) separatemetabolic upkeep from structural occupancy
under (3.16)–(3.19). Shifting electrochemical patterns from fast tier 1 at 𝜏 (1)relax ∼
10−2 s into dendritic spine morphology—actin cytoskeletons, postsynaptic
scaffolds, and perineuronal nets with 𝜏 (𝐿tier)

relax ∼ 107–108 s and coarse-graining
depth 𝐼𝛼𝛼 of 104–106 nats (2.92)—slashes ATP upkeep 𝑃maint,Ω while colocat-
ing slow synaptic weights directly within K𝑆 alongside fast conductances
without the separate memory-bus routing dissipation of conventional von
Neumann accelerators (Chapter 7). Yet (9.46) shows that passive structural
persistence alone cannot elevate consciousness 𝜅𝑇 . Just as Searle’s paper
rulebook in Section 9.1.4 requires near-zero metabolic power while inflat-
ing preserved internal structure and collapsing 𝜅struct, transferring traces
uncompressed from fast to slow tiers leaves 𝐼rev,Ω unchanged. Raising 𝜅𝑇
requires compressive consolidation paired with synaptic pruning, whereby
hippocampal–neocortical replay extracts shared generative invariants across
Complementary Learning Systems [109] while global synaptic downscaling
prunes redundant fast-tier potentiation under the Synaptic Homeostasis Hy-
pothesis [159].

theorem 9.3 (Efficiency of Multiscale, Sparse Neural Networks). Let a
neural architecture maintain a through-time stability barrier Δ𝐼barrier,𝑇 > 0
(in nats) over emergent horizon 𝑇 (2.244)–(2.255) across a fast electrochemical
working tier 1 with relaxation timescale 𝜏 (1)relax > 0 and a slow consolidated syn-
aptic tier 2 with relaxation timescale 𝜏 (2)relax > 𝜏 (1)relax, carrying pre-consolidation
horizon-averaged structure 𝐼 prerev,Ω,𝑇 = 𝐼 (1)rev,Ω,𝑇 + 𝐼 (2)rev,Ω,𝑇 > 0.

1. Maintenance Savings fromConsolidation: Transferring preserved internal
structure 0 < Δ𝐼cons ≤ 𝐼 (1)rev,Ω from the fast electrochemical tier into the
slow synaptic tier strictly reduces the required internal maintenance dis-
sipation rate:

𝐼 (1)rev,Ω − Δ𝐼cons
𝜏 (1)relax

+ 𝐼 (2)rev,Ω + Δ𝐼cons
𝜏 (2)relax

< 𝐼 (1)rev,Ω
𝜏 (1)relax

+ 𝐼 (2)rev,Ω
𝜏 (2)relax

. (9.49)

2. Consciousness Gain from Compressive Consolidation: Whereas uncom-
pressed transfer preserves 𝐼rev,Ω,𝑇 and leaves 𝜅𝑇 unchanged, encoding
shared invariants into tier 2while pruning a strictly larger fast-tier stock
from tier 1 at maintained barrier Δ𝐼barrier,𝑇 > 0 strictly increases the con-
sciousness metric:

0 ≤ Δ𝐼slow,added < Δ𝐼fast,pruned ≤ 𝐼 (1)rev,Ω,𝑇 , (9.50)

𝐼 postrev,Ω,𝑇 = 𝐼 prerev,Ω,𝑇 − (Δ𝐼fast,pruned − Δ𝐼slow,added) > 0,
(9.51)

𝜅pre𝑇 = Δ𝐼barrier,𝑇
𝐼 prerev,Ω,𝑇

< Δ𝐼barrier,𝑇
𝐼 postrev,Ω,𝑇

= 𝜅post𝑇 . (9.52)

3. Intelligence Gain from Sparse Spiking: If subthreshold dendritic integ-
ration and oscillatory phase transport eliminate redundant clock and
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baseline spiking dissipation Δ𝐼 savedirr > 0, leaving positive sparse dissipa-
tion 𝐼 sparseirr,𝜕,𝑇 > 0 with 𝐼 sparseirr,𝜕,𝑇 = 𝐼 clockirr,𝜕,𝑇 − Δ𝐼 savedirr , the intelligence metric
strictly increases:

𝜒 clock𝑇 = Δ𝐼barrier,𝑇
𝐼 clockirr,𝜕,𝑇

< Δ𝐼barrier,𝑇
𝐼 sparseirr,𝜕,𝑇

= 𝜒 sparse
𝑇 . (9.53)

proof. In Claim 1, transferring Δ𝐼cons > 0 across 0 < 𝜏 (1)relax < 𝜏 (2)relax replaces

decay at rate (𝜏 (1)relax)−1 by strictly slower decay at rate (𝜏 (2)relax)−1 < (𝜏 (1)relax)−1,
establishing (9.49). In Claim 2, adding Δ𝐼slow,added to tier 2 while pruning
Δ𝐼fast,pruned from tier 1 under two-tier additivity (9.46) yields (9.51). When

Δ𝐼slow,added = Δ𝐼fast,pruned, 𝐼 postrev,Ω,𝑇 = 𝐼 prerev,Ω,𝑇 and 𝜅𝑇 is invariant. Under (9.50),
the compression savings Δ𝐼fast,pruned − Δ𝐼slow,added are strictly positive, so

0 < 𝐼 postrev,Ω,𝑇 < 𝐼 prerev,Ω,𝑇 and dividing Δ𝐼barrier,𝑇 > 0 yields (9.52). Claim 3
follows identically at fixed Δ𝐼barrier,𝑇 > 0 since 0 < 𝐼 sparseirr,𝜕,𝑇 < 𝐼 clockirr,𝜕,𝑇 .

Theorem 9.3 yields testable predictions across wakefulness, sleep consol-
idation, and general anaesthesia. During wakeful engagement, active sen-
sorimotor alignment across K(ext)

𝜕 sustains elevated (𝜒𝑇 , 𝜅𝑇 ) while net syn-

aptic potentiation accumulates fast episodic traces 𝐼 (1)rev,Ω that progressively
raise maintenance load ̇𝐼irr,Ω and consume free capacity 𝒬free [159]. Slow-
wave sleep decouples external sensorimotor ports and executes Claim 1 and
Claim 2 offline, replaying recurring invariants Δ𝐼slow,added into neocortical
spines while globally downscaling and pruning redundant fast-tier poten-
tiation Δ𝐼fast,pruned > Δ𝐼slow,added [109, 159] to lower waking maintenance
demand and restore 𝜅𝑇 for subsequent epochs. Conversely, general anaes-
thetics enhance inhibitory conductance and disrupt long-range phase coup-
ling 𝐾̃𝛼𝛽 in (9.34), fragmenting cortical blocks into subcritical local basins
that suppress inter-regional transition capacity and collapse active (𝜒𝑇 , 𝜅𝑇 )
despite continued basal metabolic upkeep.

9.2.4 Criticality, Sensory Efficiency, and Active Inference

A second collective principle of cerebral dynamics is near-criticality. Cor-
tical networks operate near a non-equilibrium phase transition between qui-
escence and runaway excitation, marked by neuronal avalanches of size 𝑠
obeying 𝑃(𝑠) ∼ 𝑠−3/2 at branching ratio 𝜎branch ≈ 1 [10, 29]. Critical tuning
amplifies faint inputs so localised sensory signals can trigger coordinated
reconfigurations without dedicated pre-wired channels.

In CCE terms, criticality shapes the basin landscape shown in Figure 9.1(b).
Below criticality at 𝜎branch < 1, deep attractors lock internal load towards
𝒬Ω → 𝒬total, exhausting free capacity 𝒬free (2.196)–(2.200) and demanding
large boundary dissipation ̇𝐼irr,𝜕 to update stored states. Above criticality at
𝜎branch > 1, runaway excitation drives Ξ → 1, collapsing the stability barrier
Δ𝐼barrier,𝑇 , preserved structure 𝐼rev,Ω, and intelligence 𝜒𝑇 .
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Near 𝜎branch ≈ 1, flat, marginally stable manifolds distribute 𝒬Ω across mul-
tiple shallow basins, jointly sustaining𝒬free > 0 and low internal dissipation
𝕄Ω within 𝒬total. For integration rate ̇𝐼acq(𝑡) (in nats s−1) of newly acquired
environmental distinctions into coarse-grained CCEs and boundary dissipa-
tion rate ̇𝐼irr,𝜕(𝑡) (in nats s−1), this responsiveness is quantified by the dimen-
sionless sensory capture efficiency:

Λ(𝑡) =
̇𝐼acq(𝑡)
̇𝐼irr,𝜕(𝑡)

. (9.54)

Measuring nats of environmental structure captured per nat of boundary dis-
sipation, Λ(𝑡) peaks alongside 𝒬free near criticality, allowing sensory inputs
to steer coarse-grained trajectories with minimal Landauer erasure.

This near-critical geometry underpins predictive coding and active inference
[60, 61, 139]. Formulated information-theoretically [128], an agent persists by
minimising the variational free energy functional 𝐹[𝑞, 𝑜] (in nats):

𝐹[𝑞, 𝑜] = 𝔼𝑞(𝑧lat)[ln 𝑞(𝑧lat)−ln 𝑝(𝑜, 𝑧lat)] = 𝐷KL(𝑞(𝑧lat) ∥ 𝑝(𝑧lat ∣ 𝑜))−ln 𝑝(𝑜),
(9.55)

where 𝑞(𝑧lat) is the approximate posterior over hidden states 𝑧lat, 𝑝(𝑜, 𝑧lat)
is the generative model, and 𝑜 is the sensory observation crossing K(ext)

𝜕 .
Minimising 𝐹[𝑞, 𝑜] bounds sensory surprise − ln 𝑝(𝑜) and keeps trajectories
within the viability domain 𝒟 across Δ𝐼barrier,𝑇 .
On the extended statemanifold 𝑍 ∈ 𝒵 joining coarse-grained cortical neural
coordinates and conjugate phasemomentawith the coupledATP and thermal
reservoir coordinates of Chapter 3 (3.8), active inference realises the closed
sensorimotor loop of Section 9.1.2 (9.4)–(9.8). Superficial and deep pyram-
idal layers segregate top-down world and self-action rollouts generated by
the extended generative Hamiltonian𝐻model(𝑍) (in J)—often carried by feed-
back beta rhythms—from bottom-up sensory residual relaxation driven by
the physical entropy functional 𝑆error(𝑍) (in nats) across feedforward gamma
bursts [59, 139]:

̇𝑍 = 𝕁(𝑍)∇𝐻model(𝑍) +𝕄(𝑍)∇𝑆error(𝑍), (9.56)

where the neural state gradient of 𝑆error(𝑍) tracks the negative variational
free-energy gradient −∇𝐹[𝑞, 𝑜] across 𝕄(𝑍) = 𝕄Ω(𝑍) + 𝕄𝜕(𝑍) ⪰ 0. Ad-
missibility of (9.56) requires the Morrison Casimir degeneracy conditions
and non-negative entropy production [114]:

𝕁(𝑍)∇𝑆error(𝑍) = 0, (9.57)

𝕄(𝑍)∇𝐻model(𝑍) = 0, (9.58)
̇𝑆error(𝑍) = ∇𝑆error(𝑍) ⋅ 𝕄(𝑍)∇𝑆error(𝑍) ≥ 0. (9.59)

Condition (9.57), equivalent to {𝑆error, 𝐴} = 0 for every observable𝐴, ensures
that reversible top-down rollouts along 𝕁(𝑍)∇𝐻model(𝑍) transport candid-
ate predictions at zero entropy production. Condition (9.58), equivalent to
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(𝐻model, 𝐴) = 0, conserves total extended energy 𝐻model(𝑍) during dissipat-
ive error correction, while projecting onto the open cortical coordinates bal-
ances neural energy drift against ATP hydrolysis 𝑃maint,Ω and sensory port

work across K(ext)
𝜕 . Relation (9.59) enforces the Second Law, confining pos-

itive entropy production strictly to unpredicted sensory residuals resolved
across 𝕄(𝑍) ⪰ 0.
Attention and learning tune this geometry across distinct timescales. Atten-
tion selectively deepens basin barriers ΔΦ𝛼 to prioritise readout, whereas
learning reshapes K𝑆 to resolve recurrent challenges at lower boundary dis-
sipation 𝐼irr,𝜕,𝑇 . Under the agency identity (3.32), active inference raises intel-
ligence 𝜒𝑇 by cancelling predictable fluxes before they generate 𝐼irr,𝜕,𝑇 , while
compressive consolidation raises consciousness 𝜅𝑇 by pruning redundant po-
tentiation into minimal maintained structure 𝐼rev,Ω,𝑇 .
Together, oscillatory phase transport, dendritic integration, multiscale con-
solidation, and near-critical active inference show how the human brain
sustains high 𝜒𝑇 and 𝜅𝑇 within 20W. Yet every individual brain remains
bounded by finite capacity 𝒬total, a fixed metabolic supply, and the self-
incompleteness established in Theorem 9.1. Scaling intelligence beyond a
single organism requires multi-agent specialisation and boundary exchange.
Chapter 10 extends 𝜒𝑇 and 𝜅𝑇 to networks of interacting conscious and syn-
thetic agents.





10
I N T E L L I G EN T ECONOM I E S

An economy is an intelligent system. Because the physical metrics developed
in Chapters 2 and 3 depend only on how a system maintains stability within
finite capacity, they apply across scales—from individual circuits and biolo-
gical organisms to firms, markets, and entire civilisations. Studying econom-
ics under this framework allows us to define macroeconomic indicators that
directly reflect our measures of intelligence and consciousness. At the scale
of a whole economy, intelligencemeasures howmuch stability is secured per
nat of irreversible dissipation lost to the environment, while consciousness
measures that same stability per nat of internal structure maintained—such
as infrastructure, institutions, rules, and shared knowledge.

Standard economicmetricsmiss both qualities. As Kuznetswarned in design-
ing national income accounts [93], and as later critiques of Gross Domestic
Product (GDP) have shown [121], GDP simply sums the money spent in
market transactions. Because it measures total spending rather than lasting
value, GDP leaves out unpaid work and freely shared knowledge, ignores
resource depletion and environmental damage, and counts costly setbacks
such as rebuilding after preventable disasters, replacing short-lived goods, or
navigating bureaucracy as economic growth. Framing an economy around
intelligence and consciousness corrects these blind spots. An intelligence
measure penaliseswaste and repeated repair instead of counting them as out-
put, while a consciousnessmeasure penalises bloated rules and redundant in-
frastructure, rewarding durable goods, open standards, and compact shared
models even when total spending falls. More broadly, studying the stability
of intelligent systems gives economists a general mathematical framework
to test whether an economy can endure. It reveals where weak links cre-
ate fragility across a trade network, shows when growing complexity leaves
too little spare capacity to absorb shocks, and identifies when trade makes a
system more resilient rather than more vulnerable.

Measuring these quantities across a trading economy is difficult for four
reasons. People trade diverse goods with no obvious common physical unit,
and one party bears the cost of making a product while another receives its
benefit later. Moreover, the quality of complex work is often hard to verify at
the moment of sale, and no single observer can track every detail of an eco-
nomy at once. Money, and eventually fiat currency, emerged to bridge these
gaps [84, 110]. Under barter, trade stalls unless each side happens to hold
what the other wants. Fiat currency—money valued by shared convention
rather than a conserved quantity—solves this problem by providing a port-
able unit of account that summarises dispersed local judgements in single
prices [77]. Because fiat prices have no built-in tie to production dissipation
or verified outcomes, however, markets easily drift into charging for raw

241
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activity—such as repeated product replacements, unhealthy consumption, or
unverified iterations—while leaving downstream harm unpriced and expos-
ing trade networks to currency dilution and exchange-rate friction. Ground-
ing economics in Conservation-Congruent Encoding (CCE) resolves this dis-
connect without requiring fiat currency. Because production cost 𝐶 and ex-
pected stability gain 𝑉 share a universal informational unit, goods can be
priced directly by their expected contribution to system stability adjusted
for closed-boundary production cost.

Building on the multi-system framework of Section 3.5, this chapter makes
four contributions. First, Section 10.1 establishes the substrate-agnostic found-
ations of production, exchange, and Physical Nash pricing in natural in-
formational units, deriving the linear cost–value rule 𝑃 = 𝐶 + 𝜎 [Δ𝑉net]+,
contrasting it against activity-volume and cost-ratio pricing, and proving
competitive market stability (Theorem 10.1). Second, Section 10.2 aggreg-
ates (𝐶, 𝑉 , 𝑃) across the economy to show why Gross Domestic Product
(𝑌GDP) mistakes cost for value, defining the Humanity Intelligence Index
(HII) and Humanity Consciousness Index (HCI) alongside a surplus-backed
baseline stability allocation as automation lowers labour inputs. Third, Sec-
tion 10.3 formalises inter-system trade coupling (K𝑖𝑗 ) from observable bound-
ary values—establishing polluter-pays attribution, comparative advantage,
dual boundary-value coupling parameters 𝜂(𝑉 )cpl and 𝜂(𝐶)cpl , the parameter-free
network stability functional 𝐼net(K) with weakest-link Nash routing, non-
inflationary formation credit ceilings, and rate-asymmetry guardrails for
high-speed synthetic subsystems. Fourth, Section 10.4 extends this coup-
ling architecture beyond a single planet, showing why light-speed delays
and single-sink risks favour loosely connected autonomous basins over one
centralised economy, and why enduring civilisations become quiet and low-
dissipation—offering an economic explanation for the Fermi paradox.

10.1 cost , value , and price

Classical bargaining models measure gains relative to hypothetical autarkic
isolation (K𝐻𝑚 = 0). In an interconnected economy, however, complete
isolation is unobservable. Removing unobservable autarkic counterfactuals
makes microeconomic pricing, macroeconomic indices, and network trade
coupling empirically auditable: every variable is measured directly from cur-
rent within-horizon quantities in the natural informational units (nats, at
reference scale 𝒬0 = 1 link) of Section 3.3.1, (3.23)–(3.24) and (3.29)–(3.44).

10.1.1 Production Cost and Value

Over an emergent evaluation horizon 𝑇 metered against a shared stationary
reference sub-block ̄𝑆ref ⊂ ̄𝑆 (Section 2.5.1, (2.247)–(2.255)), consider a good
or service supplied by a producer subsystem 𝑆𝑚 (𝑚 ∈ {1, … ,𝑀}) to a host
population or buyer 𝑆𝐻 . Anchored in the operational horizon cost 𝐼op,𝑇 of
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Section 3.3 (3.43), the closed-boundary cost of production 𝐶 (written 𝐶𝑚 when
indexing multiple options) sums two extensive informational quantities in
nats:

𝐶 ∶= 𝐼op,𝑇 = 𝐼irr,𝜕,𝑇 + 𝐼rev,Ω,𝑇 . (10.1)

Here 𝐼irr,𝜕,𝑇 tallies closed-boundary irreversible dissipation across the act-
ive boundary cut, including under closed multi-system accounting (3.117)
any downstream cross-boundary dissipation 𝐼cross,𝐻𝑚 imposed on the host
population 𝑆𝐻 through consumption harm, verification friction, or environ-
mental remediation. Simultaneously, 𝐼rev,Ω,𝑇 records horizon-averagedmain-
tained internal structure—capital, tooling, institutional rules, or activemodel
parameters—committed to supply the good. Because integrating ̇𝐼irr,𝜕(𝑡) over
𝑡 in 𝐼irr,𝜕,𝑇 and averaging 𝐼rev,Ω(𝜏 ) over proper time 𝜏𝑇 in 𝐼rev,Ω,𝑇 (which coin-
cides with coordinate-time averaging across co-moving sectors) cancel the
clock unit, both quantities share identical, clock-invariant units of nats re-
gardless of ̄𝑆ref. Summing them directly without hardware relaxation con-
stants prices passive structural occupancy (𝒬Ω) within the finite Frobenius
budget 𝒬alloc ≤ 𝒬total (2.196), penalising capital and administrative lock-up
that crowds out uncommitted free capacity 𝒬free even when physical decay
is slow.

On the numerator side, the value gain 𝑉 (nats) is measured empirically across
the host population 𝑆𝐻 for whom outcome data are observed as the expected
stability barrier gain delivered over horizon 𝑇 :

𝑉 ∶= 𝔼[Δ𝐼barrier,𝑇 ]. (10.2)

Whenever 𝑉 > 0, the good’s dimensionless through-time intelligence 𝜒𝑇 and
consciousness 𝜅𝑇 (nats/nat) follow directly from (3.29)–(3.30):

𝜒𝑇 = 𝑉
𝐼irr,𝜕,𝑇

, (10.3)

𝜅𝑇 = 𝑉
𝐼rev,Ω,𝑇

. (10.4)

Substituting (10.3)–(10.4) into (10.1) expresses the cost-to-value ratio and net
stability gain Δ𝑉net (nats) without thermal or hardware constants:

𝐶
𝑉 = 1

𝜒𝑇
+ 1
𝜅𝑇

, (10.5)

Δ𝑉net ∶= 𝑉 − 𝐶 = 𝑉(1 − 1
𝜒𝑇

− 1
𝜅𝑇

) . (10.6)

By Section 3.5.3, goods with Δ𝑉net > 0 satisfy 𝜒−1𝑇 + 𝜅−1𝑇 < 1 and act as gen-
erative dissipators (Definition 3.10) that expand host free capacity, whereas
goods with Δ𝑉net ≤ 0 fail to clear their closed-boundary cost—acting when
𝑉 ≤ 0 as exhaustive dissipators (Definition 3.9) that erode it.

10.1.2 Physical Nash Pricing

In specialised production, producer 𝑆𝑚 expends 𝐶 > 0 while buyer 𝑆𝐻 real-
ises 𝑉 > 0. Without a transferable payment 𝑃 (nats), the producer incurs a
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net physical loss −𝐶 < 0 and specialised trade fails (Theorem 3.8). Under a
payment 𝑃 ∈ [𝐶, 𝑉 ], the producer captures net return 𝑃−𝐶 and the buyer cap-
tures expected net stability gain 𝑉 − 𝑃 , conserving net stability gain across
the transaction:

(𝑃 − 𝐶) + (𝑉 − 𝑃) = 𝑉 − 𝐶 = Δ𝑉net. (10.7)

Across solvent trades (𝑉 ≥ 𝐶), maximising the asymmetric Physical Nash
product [117] over 𝑃 ∈ [𝐶, 𝑉 ] with bargaining weights 𝛼𝐻 > 0 and 𝛼𝑚 > 0,

𝒥price(𝑃) = (𝑉 − 𝑃)𝛼𝐻 (𝑃 − 𝐶)𝛼𝑚 , (10.8)

and setting 𝑃 = 𝐶 whenever 𝑉 < 𝐶 (with [𝑥]+ ∶= max{𝑥, 0}) yields the linear
cost–value pricing rule across 𝑉 ≥ 𝐶 :

𝑃 = 𝐶 + 𝜎 [Δ𝑉net]+ = (1 − 𝜎)𝐶 + 𝜎𝑉 , (10.9)

𝜎 ∶= 𝛼𝑚
𝛼𝐻 + 𝛼𝑚

∈ (0, 1). (10.10)

Subtracting 𝐶 from 𝑃 and 𝑃 from 𝑉 across 𝑉 ≥ 𝐶 partitions Δ𝑉net into pro-
ducer net return and buyer net stability gain:

𝑃 − 𝐶 = 𝜎 [Δ𝑉net]+, (10.11)

𝑉 − 𝑃 = (1 − 𝜎) Δ𝑉net. (10.12)

This linear rule avoids the structural failures of both activity-volume billing
and cost-ratio pricing. First, when contracts bill intermediate activity volume
𝑁act—such as replacement cycles, billable hours, or unverified iterations—at
per-step fee 𝑝act above per-step cost 𝑐act > 0, private return decouples from
𝑉 :

𝑅act = (𝑝act − 𝑐act) 𝑁act, (10.13)

rewarding tenfold replacement churn while cutting revenue by 90% on dur-
able CCE encodings that resolve the same constraint in one-tenth the activ-
ity. Second, pricing by dividing by production cost (𝑉/𝐶 or 𝑉 2/𝐶) fails three
physical requirements. Because 𝑉/𝐶 = (𝜒−1𝑇 + 𝜅−1𝑇 )−1 is dimensionless and
homogeneous of degree 0, two loaves of bread yield (2𝑉 )/(2𝐶) = 𝑉/𝐶 , viol-
ating batch additivity (which requires homogeneity of degree 1 so doubling
(𝐶, 𝑉 ) doubles 𝑃 ). Restoring degree-1 scaling via 𝑃rat = 𝑉 2/𝐶 , or equival-
ently 𝑉 (𝑉/𝐶), forces 𝑃rat > 𝑉 on every generative good (𝑉 > 𝐶), inflicting a
net stability loss 𝑉 − 𝑃rat < 0 on every purchase while sending 𝑃rat → ∞ as
marginal replication cost 𝐶 → 0 on compressed CCE goods such as software,
protocols, and scientific formulas Kseed. Moreover, under 𝑉/𝐶 or 𝑉 2/𝐶 we
have 𝜕𝑃/𝜕𝐶 < 0, so cutting production cost 𝐶 in half at fixed 𝑉 doubles the
shelf price. Under the linear rule (10.9) across 𝑉 ≥ 𝐶 > 0, by contrast, the
ratio 𝑉/𝐶 (nats/nat) governs producer return per nat of cost expended and
buyer value per nat of price paid:

𝑃 − 𝐶
𝐶 = 𝜎(𝑉𝐶 − 1) , (10.14)

𝑉
𝑃 = 1

𝜎 + (1 − 𝜎)(𝐶/𝑉 ) . (10.15)
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Producers allocating scarce capacity 𝐶 therefore maximise 𝑉/𝐶 , while the
shelf price 𝑃 remains batch-additive, finite as 𝐶 → 0 (𝑃 → 𝜎𝑉 ), bounded
inside [𝐶, 𝑉 ], and cheaper for buyers whenever 𝐶 falls (𝜕𝑃/𝜕𝐶 = 1 − 𝜎 > 0).

10.1.3 Competitive Market Stability

Fixing 𝜎 ∈ (0, 1) exogenously via a central allocator introduces an uncal-
ibrated parameter that expands maintained administrative structure 𝐼rev,Ω,𝑇
(loweringHCI).Whenever a parameter-free benchmark rule is required, sym-
metric bargaining weights (𝛼𝐻 = 𝛼𝑚) fix 𝜎 = 1/2, setting 𝑃 = (𝐶 + 𝑉 )/2 and
splitting Δ𝑉net equally. In dynamic markets [118], the interval [𝐶, 𝑉 ] defines
the solvent exchange corridor and 𝜎 = (𝑃 − 𝐶)/(𝑉 − 𝐶) ∈ [0, 1] acts as
the endogenous margin determined by competition. At the lower bound-
ary 𝜎 ≥ 0 (𝑃 ≥ 𝐶), every solvent trade covers its closed-boundary cost 𝐶 ,
excluding below-cost deficits and exhaustive goods (𝑉 ≤ 𝐶). At the upper
boundary 𝜎 ≤ 1 (𝑃 ≤ 𝑉 ), prices remain bounded by expected stability value
𝑉 , preventing net buyer reserve erosion (𝑉 − 𝑃 < 0) on foundational goods.
Furthermore, because household barrier depth scales logarithmically with
uncommitted reserve (Δ𝐼barrier,𝐻 = ln(𝒬free,𝐻/𝒬0)), diverging marginal re-
serve utility as 𝒬free,𝐻 → 𝒬+0 pulls reserve-space Nash prices towards 𝐶 on
necessities whenever 𝛼𝐻 > 0. Across the interior (0, 1), when a creator intro-
duces a novel high-(𝜒𝑇 , 𝜅𝑇 ) breakthrough with upfront formation expendit-
ure 𝐼form > 0 (3.94), initial scarcity of rivals places 𝜎 nearer 1, allowing rapid
recovery of discovery overhead over 𝑇 > 𝑇amort even when marginal replic-
ation cost 𝐶 → 0. As rivals enter and replicate the encoding, Bertrand–Nash
price competition drives 𝜎 → 0 (𝑃 → 𝐶), transferring Δ𝑉net to households
and lowering the cost of the foundational basket automatically.

theorem 10.1 (Physical Nash Pricing and Competitive Market Stability).
Consider options 𝑚 ∈ {1, … ,𝑀} with closed-boundary production cost 𝐶𝑚 > 0
(10.1), expected value gain 𝑉𝑚 (10.2), and net stability gain Δ𝑉net,𝑚 = 𝑉𝑚 − 𝐶𝑚
(10.6). Under Physical Nash pricing (10.9)–(10.10)with bargainingweights 𝛼𝐻 >
0 and 𝛼𝑚 > 0 and share 𝜎 = 𝛼𝑚/(𝛼𝐻 + 𝛼𝑚) ∈ (0, 1):

1. Nash optimality, mutual stability gain, and batch additivity: Whenever
𝑉𝑚 > 𝐶𝑚 > 0, price 𝑃𝑚 = 𝐶𝑚+𝜎(𝑉𝑚−𝐶𝑚) uniquely maximises𝒥price(𝑃)
(10.8) on [𝐶𝑚, 𝑉𝑚], satisfies 𝐶𝑚 < 𝑃𝑚 < 𝑉𝑚 with 𝑃𝑚−𝐶𝑚 > 0, 𝑉𝑚−𝑃𝑚 > 0,
and buyer yield 𝑉𝑚/𝑃𝑚 > 1 (10.15), and is homogeneous of degree 1 for
all 𝜆 > 0:

𝑃𝑚(𝜆𝐶𝑚, 𝜆𝑉𝑚) = 𝜆𝑃𝑚(𝐶𝑚, 𝑉𝑚). (10.16)

2. Exhaustive dissipator and sub-cost exclusion: Any option with 𝑉𝑚 ≤ 𝐶𝑚
(including any exhaustive dissipator with 𝑉𝑚 ≤ 0 < 𝐶𝑚) generates
Δ𝑉net,𝑚 ≤ 0, earns zero producer net return (𝑃𝑚 − 𝐶𝑚 = 0) at the cost
floor 𝑃𝑚 = 𝐶𝑚, and yields 𝑉𝑚 − 𝑃𝑚 ≤ 0.
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3. Efficiency monotonicity and Bertrand–Nash dominance: For matched
value 𝑉 > 0, if 𝜒𝑚1,𝑇 ≥ 𝜒𝑚2,𝑇 and 𝜅𝑚1,𝑇 ≥ 𝜅𝑚2,𝑇 with at least one in-
equality strict, then 𝐶1 < 𝐶2, Δ𝑉net,1 > Δ𝑉net,2, and 𝑉/𝑃1 > 𝑉/𝑃2 at
any shared 𝜎 ∈ (0, 1). Option 𝑚1 can also price at 𝑚2’s cost floor 𝑃 = 𝐶2
while earning positive net return 𝐶2 − 𝐶1 > 0.

proof. For Part 1, on (𝐶𝑚, 𝑉𝑚) the objective ln𝒥price(𝑃) = 𝛼𝐻 ln(𝑉𝑚 − 𝑃) +
𝛼𝑚 ln(𝑃 −𝐶𝑚) is strictly concave (with negative second derivative −𝛼𝐻 (𝑉𝑚 −
𝑃)−2−𝛼𝑚(𝑃 −𝐶𝑚)−2) and vanishes at the endpoints of [𝐶𝑚, 𝑉𝑚], so its unique
global maximiser solves 𝛼𝑚/(𝑃𝑚 − 𝐶𝑚) = 𝛼𝐻/(𝑉𝑚 − 𝑃𝑚), yielding 𝑃𝑚 = 𝐶𝑚 +
𝜎Δ𝑉net,𝑚. Because 0 < 𝜎 < 1 and Δ𝑉net,𝑚 > 0, (10.11)–(10.12) give 𝑃𝑚−𝐶𝑚 > 0,
𝑉𝑚 − 𝑃𝑚 > 0, 𝐶𝑚 < 𝑃𝑚 < 𝑉𝑚, and 𝑉𝑚/𝑃𝑚 > 1, while [𝜆𝑉𝑚 − 𝜆𝐶𝑚]+ =
𝜆 [Δ𝑉net,𝑚]+ gives (10.16). For Part 2, 𝑉𝑚 ≤ 𝐶𝑚 implies [Δ𝑉net,𝑚]+ = 0, fixing
𝑃𝑚 = 𝐶𝑚, 𝑃𝑚 − 𝐶𝑚 = 0, and 𝑉𝑚 − 𝑃𝑚 ≤ 0 (since 𝑉𝑚 − 𝑃𝑚 = Δ𝑉net,𝑚), whereas
pricing below 𝐶𝑚 incurs a sustained deficit 𝑃𝑚 − 𝐶𝑚 < 0 (Theorem 8.10). For
Part 3, substituting (10.5) at matched 𝑉 > 0 gives

𝐶1 = 𝑉( 1
𝜒𝑚1,𝑇

+ 1
𝜅𝑚1,𝑇

)

< 𝑉( 1
𝜒𝑚2,𝑇

+ 1
𝜅𝑚2,𝑇

) = 𝐶2.
(10.17)

Subtracting 𝐶1 < 𝐶2 from 𝑉 orders net stability gains and matched-𝜎 prices
(𝑃𝑖 = (1 − 𝜎)𝐶𝑖 + 𝜎𝑉 for 𝑉 ≥ 𝐶2, or 𝑃2 = 𝐶2 exceeding 𝑃1 when 𝐶1 ≤ 𝑉 < 𝐶2):

Δ𝑉net,1 = 𝑉 − 𝐶1 > 𝑉 − 𝐶2 = Δ𝑉net,2, (10.18)
𝑉
𝑃1

> 𝑉
𝑃2

, (10.19)

and setting 𝑃 = 𝐶2 matches𝑚2’s lowest solvent offer while earning 𝐶2−𝐶1 >
0.

Table 10.1 illustrates Theorem 10.1 across four substrate-general producers
𝑆1–𝑆4—representing competing industrial fabricators, logistics networks, or
metered compute facilities [79, 164]—evaluated against a target task of veri-
fied value 𝑉 = 240Mnat where each intermediate activity step expends
1Mnat of boundary dissipation. Producer 𝑆1 (compressed CCE) resolves the
task in 𝑁act,1 = 6 steps with 𝐼irr,𝜕,𝑇 = 6Mnat, 𝐼rev,Ω,𝑇 = 6Mnat, and 𝐶1 =
12Mnat, achieving 𝜒1,𝑇 = 40.0, 𝜅1,𝑇 = 40.0, and 𝐶1/𝑉1 = 0.050. Produ-
cer 𝑆2 (high-dissipation churn) passes verification using 𝑁act,2 = 150 steps
at 𝐶2 = 156Mnat and 𝜒2,𝑇 = 1.6. Producer 𝑆3 (bloated monolith) uses 6
steps but holds 𝐼rev,Ω,3,𝑇 = 96Mnat of uncompressed structure, giving 𝐶3 =
102Mnat and 𝜅3,𝑇 = 2.5, while 𝑆4 (unverified output) expends 150 steps
and fails verification with 𝑉4 = 0. Activity-volume billing at 𝑝act = 3Mnat
per step (𝑅act,𝑚 = 𝑝act𝑁act,𝑚 − 𝐶𝑚) rewards 𝑆2 and 𝑆4 with +294Mnat—49
times 𝑆1’s +6Mnat—while inflicting an 84Mnat loss on 𝑆3. Under symmetric
Physical Nash pricing (𝜎 = 0.5), 𝑆4 earns zero net return and 𝑆1 maximises
𝑃1−𝐶1 = +114Mnat at 𝑃1 = 126Mnat. Under Bertrand–Nash rivalry, 𝑆1 can
undercut every competitor down to 𝑆3’s cost floor 𝐶3 = 102Mnat by setting
𝑃 = 102Mnat, retaining 𝐶3 −𝐶1 = +90Mnat (𝜎1 ≈ 0.39, converging towards
0 as rivals replicate 𝑆1).
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Producer architecture 𝐼irr,𝜕,𝑇 𝐼rev,Ω,𝑇 𝐶𝑚 𝜒𝑚,𝑇 𝜅𝑚,𝑇 Δ𝑉net,𝑚 𝑅act,𝑚 𝑃𝑚 − 𝐶𝑚
(Mnat) (Mnat) (Mnat) (nats/nat) (Mnat) (Mnat) (Mnat)

𝑆1: compressed CCE 6 6 12 40.0 40.0 +228 +6 +114
𝑆2: high-churn output 150 6 156 1.6 40.0 +84 +294 +42
𝑆3: bloated monolith 6 96 102 40.0 2.5 +138 −84 +69
𝑆4: unverified output 150 6 156 0.0 0.0 −156 +294 0

table 10.1: Closed-boundary cost audit and net-return comparison across four
competing producers (1Mnat boundary dissipation per activity step,
verified capability value 𝑉 = 240Mnat, 𝑁act,𝑚 ∈ {6, 150, 6, 150}). Produ-
cers 𝑆1–𝑆3 deliver 𝑉𝑚 = 240Mnat, whereas 𝑆4 delivers 𝑉4 = 0. Activity-
volume billing (𝑝act = 3Mnat per step) rewards high-churn and un-
verified output (𝑆2 and 𝑆4), whereas Physical Nash pricing (𝜎 = 0.5,
𝑃𝑚 ∈ {126, 198, 171, 156}Mnat) prices out 𝑆4 and concentrates return on
𝑆1, which retains a +90Mnat margin at its nearest rival 𝑆3’s 102Mnat
cost floor.

example 10.1 (Foundational Nutrition and Practical CCE Cohort Auditing).
Consider two daily dietary options 𝑚 ∈ {1, 2} across an adult host cohort
𝑆𝐻 over a multi-year physiological horizon 𝑇 at competitive staple margin
𝜎 = 0.25. Option 𝑚 = 1 (minimally processed whole food rich in micronu-
trients and fibre) incurs upstream agricultural and cold-chain dissipation
𝐼upirr,𝜕,1 = 1.2 nats, low downstream physiological cross-dissipation 𝐼cross,𝐻1 =
0.2 nats (𝐼irr,𝜕,1,𝑇 = 1.4 nats), and supply-chain structure 𝐼rev,Ω,1,𝑇 = 0.6 nats,
delivering expected stability gain 𝑉1 = 6.0 nats. Option 𝑚 = 2 (an ultra-
processed formulation engineered for rapid glycaemic load and repeat pur-
chase) lowers factory-gate expenditure (𝐼upirr,𝜕,2 = 0.5 nats and 𝐼rev,Ω,2,𝑇 =
0.3 nats, for an apparent cost of 0.8 nats), but injects downstream metabolic
cross-dissipation 𝐼cross,𝐻2 = 3.6 nats into 𝑆𝐻 (𝐼irr,𝜕,2,𝑇 = 4.1 nats), reducing
expected value gain to 𝑉2 = 0.4 nats.
Evaluating (10.1), (10.6), and (10.9) for nourishing food (𝑚 = 1) gives:

𝐶1 = 1.4 + 0.6 = 2.0 nats, (10.20)

Δ𝑉net,1 = 6.0 − 2.0 = +4.0 nats, (10.21)

𝑃1 = 2.0 + 0.25(4.0) = 3.0 nats. (10.22)

Internalising 𝐼cross,𝐻2 inside 𝐶2 for ultra-processed food (𝑚 = 2) reverses
the truncated factory-gate shelf ordering, setting 𝑃1 = 3.0 nats below 𝑃2 =
4.4 nats:

𝐶2 = (0.5 + 3.6) + 0.3 = 4.4 nats, (10.23)

Δ𝑉net,2 = 0.4 − 4.4 = −4.0 nats, (10.24)

𝑃2 = 4.4 + 0.25 [−4.0]+ = 4.4 nats. (10.25)

By the coarse-graining framework of Chapter 2, auditing (𝐶, 𝑉 ) in practice
requires neither tracking individual consumption events nor running sep-
arate multi-year trials per barcode (which would inflate 𝐼rev,Ω,𝑇 ). Instead, 𝐶
sums metered resource and facility inputs, while 𝑉 and 𝐼cross,𝐻𝑚 are eval-
uated from compact compositional invariants—fibre density, refined sugar
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fraction, micronutrient profile, and processing degree—calibrated on longit-
udinal population cohorts. ♢

10.2 macroeconomic indicators

Aggregating the pricing primitives (𝐶𝑚, 𝑉𝑚, 𝑃𝑚) of Section 10.1 across an
economy explains why conserved efficiency ratios capture system stability
more faithfully than either grossmarket turnover (𝑌gross) or final-expenditure
Gross Domestic Product (𝑌GDP).

10.2.1 Limits of Gross Turnover and Final Expenditure

Across all market transactions 𝑚 ∈ {1, … ,𝑀}, summing prices 𝑃𝑚 from (10.9)
defines gross market turnover 𝑌gross ∶= ∑𝑀

𝑚=1 𝑃𝑚, whereas national-income
value-added accounting nets out intermediate producer-to-producer trans-
fers by restricting summation to final-demand goods and services𝑚 ∈ ℳfinal ⊆
{1, … ,𝑀}, yielding final-expenditure output 𝑌GDP (in nats):

𝑌GDP = ∑
𝑚∈ℳfinal

𝑃𝑚 = ∑
𝑚∈ℳfinal

(𝐶𝑚 + 𝜎𝑚 [𝑉𝑚 − 𝐶𝑚]+)

= ∑
𝑚∈ℳfinal

(𝐼 (𝑚)irr,𝜕,𝑇 + 𝐼 (𝑚)rev,Ω,𝑇 + 𝜎𝑚 [𝑉𝑚 − 𝐶𝑚]+).
(10.26)

Although netting out intermediate inputs separates 𝑌GDP from 𝑌gross, cumu-

lative supply-chain cost 𝐶𝑚 = 𝐼 (𝑚)irr,𝜕,𝑇 + 𝐼 (𝑚)rev,Ω,𝑇 still enters every final price
𝑃𝑚 in (10.26) with a positive sign. Consequently, final-expenditure output
rises whenever short-lived final goods require repeated replacement (𝐼 (𝑚)irr,𝜕,𝑇
increases), unpriced downstream harm triggers final remedial spending, or
incompatible institutional records inflate final service overhead (𝐼 (𝑚)rev,Ω,𝑇 in-
creases). Differentiating any solvent final transaction 𝑚 ∈ ℳfinal (𝑉𝑚 > 𝐶𝑚
at fixed 𝑉𝑚 and 𝜎𝑚 ∈ (0, 1)) with respect to closed-boundary cost 𝐶𝑚 formal-
ises the sign inversion between final expenditure and net stability surplus:

𝜕𝑌GDP

𝜕𝐶𝑚
= 1 − 𝜎𝑚 > 0, (10.27)

𝜕Δ𝑉net,𝑚
𝜕𝐶𝑚

= −1 < 0. (10.28)

Equations (10.27)–(10.28) show that any perturbation inflating 𝐶𝑚 at fixed 𝑉𝑚
strictly increases 𝑌GDP (and 𝑌gross) while strictly eroding net stabilityΔ𝑉net,𝑚
(with 𝜕𝑌GDP/𝜕𝐶𝑚 = 1 > 0 when 𝑉𝑚 < 𝐶𝑚). Conversely, when open CCE
protocols and multi-producer competition compress 𝐶𝑚 → 0 and 𝜎𝑚 → 0,
𝑌GDP shrinks even as household reserve stability rises.
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10.2.2 Economic Intelligence and Consciousness

Under unified closed-boundary accounting, internalmargin transfers 𝜎𝑚(𝑉𝑚−
𝐶𝑚) cancel identically between buyers and sellers. In the macroeconomic
state space ℰ , viable ecological, physiological, and institutional configura-
tions form an open non-equilibrium attractor basin ℰviable ⊂ ℰ bounded
by collapse separatrices 𝜕ℰviable across the economy’s external boundary
cut K𝜕,civil. In natural informational units (nats, with static reference scale
𝒬0 = 1 link), each foundational viability domain 𝑑 ∈ 𝒟 carries the proper-
time-averaged free-capacity barrier Δ𝐼𝑑 (𝑇 ) of (3.23)–(3.24), which aggreg-
ates across domains with dimensionless weights 𝜔𝑑 > 0 into the Civilisa-
tional Stability Barrier Δ𝐼civil(𝑇 ) (nats) while enforcing componentwise re-
serve floors (8.126) (and bounding open-network persistence span via The-
orem 8.1, (8.4)):

Δ𝐼𝑑 (𝑇 ) ∶=
𝑁𝜏
∑
𝜏=1

𝑤𝜏 ln(
𝒬free,𝑑,𝜏

𝒬0
) , (10.29)

Δ𝐼civil(𝑇 ) ∶= ∑
𝑑∈𝒟

𝜔𝑑Δ𝐼𝑑 (𝑇 ). (10.30)

Here Δ𝐼𝑑 (𝑇 ) ≥ 0 measures verified barrier depth across nutrition, health,
shelter, infrastructure, and environmental sinks, supported by uncommitted
adaptive reserve 𝒬free,civil(𝑇 ) across the whole economy. On the expendit-
ure side, net irreversible dissipation exported across the external boundary
cut K𝜕,civil defines boundary dissipation 𝐼 civilirr,𝜕 (𝑇 ), while maintained infra-
structural, institutional, and informational capacity across coordination sub-
strates 𝑘 sums to preserved internal structure 𝐼 civilrev,Ω(𝑇 ) and aggregate civil-
isational cost 𝐶civil(𝑇 ) (nats):

𝐼 civilrev,Ω(𝑇 ) = ∑
𝑘
𝐼 civilrev,Ω,𝑘(𝑇 ), (10.31)

𝐶civil(𝑇 ) ∶= 𝐼 civilirr,𝜕 (𝑇 ) + 𝐼 civilrev,Ω(𝑇 ). (10.32)

Evaluating Δ𝐼civil(𝑇 ) against these two expenditure channels defines the di-
mensionless Humanity Intelligence Index HII and Humanity Consciousness
Index HCI in nats per nat, together with the specific civilisational cost iden-
tity:

HII = Δ𝐼civil(𝑇 )
𝐼 civilirr,𝜕 (𝑇 )

, (10.33)

HCI = Δ𝐼civil(𝑇 )
𝐼 civilrev,Ω(𝑇 )

, (10.34)

𝐶civil(𝑇 )
Δ𝐼civil(𝑇 )

= 1
HII

+ 1
HCI

. (10.35)

Sharing the numerator Δ𝐼civil(𝑇 ) couples the two indices through the multi-
plicative bridge (3.32):

HII = HCI ⋅ 𝐼
civil
rev,Ω(𝑇 )
𝐼 civilirr,𝜕 (𝑇 )

. (10.36)
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Tracking (HII,HCI) jointly resolves every diagnostic failure of (10.26). In-
ternal reversible trades do not cross K𝜕,civil, so HII penalises resource deple-
tion and pollution while rising when durable goods or open knowledge elim-
inate replacement churn. Simultaneously, HCI penalises administrative and
infrastructural lock-up 𝒬Ω,civil that final-expenditure accounts treat as ser-
vice output, distinguishing boundary waste (low HII) from structural bloat
crowding out 𝒬free,civil (low HCI).

Joint tracking of HII and HCI also characterises household reserve stability
as automation advances. When high-efficiency automation and shared CCE
encodings compress production cost 𝐶𝑚 (10.5), the civilisational net stabil-
ity surplus Δ𝑉 civil

net (𝑛ep) expands over each epoch 𝑛ep ≥ 1 while the human
labour share inside 𝐶𝑚 shrinks:

Δ𝑉 civil
net (𝑛ep) ∶= Δ𝐼civil(𝑛ep) − 𝐶civil(𝑛ep)

= Δ𝐼civil(𝑛ep)(1 − 1
HII𝑛ep

− 1
HCI𝑛ep

) . (10.37)

When claims are distributed solely through labour inputs, a subset of agents
𝑆𝐻,ℎ ⊂ 𝑆𝐻 across the 𝑛𝐻 host agents cannot clear 𝑃𝑚 ≥ 𝐶𝑚 on foundational
goods 𝑚 ∈ ℬviable, driving local reserves 𝒬free,ℎ → 𝒬0 and destabilising the
coupled network via theweakest-link bound (3.135). Maintaining reserve sta-
bility across all 𝑛𝐻 agents holds when a baseline stability allocation 𝐵(𝑛ep) in
nats per agent covers the foundational basket within verified within-epoch
net surplus:

𝐵(𝑛ep) ≥ ∑
𝑚∈ℬviable

𝑃𝑚(𝑛ep), (10.38)

𝑛𝐻 𝐵(𝑛ep) ≤ Δ𝑉 civil
net (𝑛ep). (10.39)

Whenever HII−1𝑛ep+HCI−1𝑛ep < 1, rising efficiency and competitive margin com-
pression (𝜎𝑚 → 0) simultaneously lower foundational prices on the left-hand
side of (10.38) and expand the non-inflationary surplus ceiling in (10.39).

example 10.2 (Two-Sector Regimes: Final Expenditure versus HII and HCI).
Consider an economy comprising an energy sector 𝑆1 and a food-and-logistics
sector 𝑆2 over horizon 𝑇 at competitive share 𝜎 = 0.2, comparing consolid-
ated final-demand output 𝑌GDP across the four regimes in Table 10.2. Under
uncoordinated domestic production (K12 = 0), each sector duplicates forecast-
ing and storage buffers internally without market exchange (𝑌GDP = 0Mnat)
while sustaining Δ𝐼civil = 100Mnat across 𝐼 civilirr,𝜕 = 50Mnat and 𝐼 civilrev,Ω =
50Mnat (Δ𝑉 civil

net = 0Mnat):

HIIdom = 100Mnat
50Mnat

= 2.00, (10.40)

HCIdom = 100Mnat
50Mnat

= 2.00. (10.41)

Under expenditure-maximising churn, sectors deliver short-lived disposable
goods and bill repeated post-shock repairs. Consolidated final expenditure
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Coordination regime 𝑌GDP Δ𝐼civil 𝐼 civilirr,𝜕 𝐼 civilrev,Ω Δ𝑉 civil
net HII HCI

(Mnat) (Mnat) (Mnat) (Mnat) (Mnat) (nats/nat)
Uncoordinated domestic 0 100 50 50 0 2.00 2.00
Expenditure-maximising
churn

180 90 100 80 −90 0.90 1.13

Fragmented bilateral
trade

130 150 25 100 +25 6.00 1.50

Shared-protocol Nash
(K∗

12)
76 200 20 25 +155 10.00 8.00

table 10.2: Comparison of four regimes in a two-sector energy and food-logistics
economy at share 𝜎 = 0.2 (Example 10.2), contrasting consolidated
final market expenditure 𝑌GDP (10.26) against secured stability barrier
Δ𝐼civil, boundary dissipation 𝐼 civilirr,𝜕 , preserved structure 𝐼 civilrev,Ω, net stability
surplus Δ𝑉 civil

net , HII, and HCI.

peaks at 𝑌GDP = 180Mnat, yet defensive buffering erodes uncommitted re-
serve to Δ𝐼civil = 90Mnat while doubling boundary dissipation to 100Mnat
and inflating preserved structure to 80Mnat, driving Δ𝑉 civil

net = −90Mnat
and depressing HII to 0.90 and HCI to 1.13. Under fragmented bilateral trade,
proprietary contracts curb boundary dissipation to 25Mnat and raise Δ𝐼civil
to 150Mnat (HII = 6.00), but reconciling incompatible records doubles pre-
served overhead to 100Mnat (𝑌GDP = 130Mnat), holding HCI at 1.50.
Finally, under shared-protocol Nash coordination across an open standardK∗

12,
model consolidation (3.115) halves preserved structure to 25Mnat, lowers
boundary dissipation to 20Mnat, and deepens stability to Δ𝐼civil = 200Mnat
(Δ𝑉 civil

net = +155Mnat):

HII∗ = 200Mnat
20Mnat

= 10.00, (10.42)

HCI∗ = 200Mnat
25Mnat

= 8.00. (10.43)

Open-protocol (𝐶, 𝑉 , 𝑃) coordinationmore than halves finalmarket expendit-
ure from 180Mnat to 76Mnat, yet doubles domestic stability while raising
HII elevenfold and HCI sevenfold over replacement churn. ♢

10.3 trade and stabil ity

Aggregate macroeconomic ratios can still conceal fragility if one trading hub
expands its reserve by exporting unpriced externalities or draining connec-
ted partners. Across 𝑛 trading regions or sectors {𝑆𝑖}𝑛𝑖=1 coupled across inter-
system channelsK𝑖𝑗 alongside the external environment ̄𝑆, denominating all
boundary values directly in conserved nats rather than floating fiat curren-
cies eliminates unbacked currency dilution and foreign-exchange conver-
sion friction while rendering multi-region stability auditable from observ-
able boundary quantities.
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10.3.1 Externalities and Comparative Advantage

Partitioning 𝒬total via the multi-system capacity matrix (3.104) separates bi-
lateral channel expenditures over horizon 𝑇 into directed cross-boundary
externalities 𝐼cross,𝑗𝑖 ≥ 0 (3.117) (charged entirely to the originating subsys-
tem 𝑖 that injects unbuffered variance into 𝑗) and shared trade-transport and
settlement cost

𝐶trade,𝑖𝑗 ∶= Δ𝐼trans,𝑖𝑗 + 𝐼rev,𝑖𝑗 , (10.44)

split between partners 𝑖 and 𝑗 by weights 𝜆𝑖𝑗 ≥ 0 and 𝜆𝑗𝑖 ≥ 0 satisfying
𝜆𝑖𝑗 + 𝜆𝑗𝑖 = 1 (with symmetric Δ𝐼trans,𝑖𝑗 = Δ𝐼trans,𝑗𝑖 and 𝐼rev,𝑖𝑗 = 𝐼rev,𝑗𝑖). Each
region’s attributed boundary dissipation and preserved internal structure
take the form:

𝐼 attrirr,𝜕,𝑖 = 𝐼 (ext)irr,𝜕,𝑖 +∑
𝑗≠𝑖

(𝐼cross,𝑗𝑖 + 𝜆𝑖𝑗Δ𝐼trans,𝑖𝑗), (10.45)

𝐼 attrrev,Ω,𝑖 = 𝐼rev,Ω,𝑖 +∑
𝑗≠𝑖

𝜆𝑖𝑗 𝐼rev,𝑖𝑗 . (10.46)

Because 𝜆𝑖𝑗 + 𝜆𝑗𝑖 = 1 across every bilateral channel, summing (10.45)–(10.46)
over 𝑖 = 1, … , 𝑛 preserves exact economy-wide additivity without unattrib-
uted seams, with regional ratios HII𝑖 = Δ𝐼𝑖/𝐼 attrirr,𝜕,𝑖 and HCI𝑖 = Δ𝐼𝑖/𝐼 attrrev,Ω,𝑖:

𝑛
∑
𝑖=1

𝐼 attrirr,𝜕,𝑖 =
𝑛
∑
𝑖=1

𝐼 (ext)irr,𝜕,𝑖 +∑
𝑖≠𝑗

𝐼cross,𝑗𝑖 + ∑
1≤𝑖<𝑗≤𝑛

Δ𝐼trans,𝑖𝑗 = 𝐼 civilirr,𝜕 , (10.47)

𝑛
∑
𝑖=1

𝐼 attrrev,Ω,𝑖 =
𝑛
∑
𝑖=1

𝐼rev,Ω,𝑖 + ∑
1≤𝑖<𝑗≤𝑛

𝐼rev,𝑖𝑗 = 𝐼 civilrev,Ω. (10.48)

For any good delivering stability value 𝑉𝑖 > 0 in region 𝑆𝑖, importing from
specialised producer 𝑆𝑗 at closed-boundary production cost 𝐶𝑗 across channel
K𝑖𝑗 rather than producing domestically at cost 𝐶𝑖,dom = 𝐼irr,𝜕,𝑖,dom+𝐼rev,Ω,𝑖,dom
expands net stability surplus (and clears at bilateral Physical Nash price 𝑃𝑖𝑗
in nats) if and only if the comparative-advantage condition holds:

𝐶trade,𝑖𝑗 = Δ𝐼trans,𝑖𝑗 + 𝐼rev,𝑖𝑗 < 𝐶𝑖,dom − 𝐶𝑗 , (10.49)

𝑃𝑖𝑗 = (1 − 𝜎)(𝐶𝑗 + 𝐶trade,𝑖𝑗) + 𝜎𝑉𝑖. (10.50)

Every region’s maintained barrier decomposes into non-negative domestic
and trade components Δ𝐼𝑖,dom and Δ𝐼𝑖,trade across its environmental bound-

ary K(𝑖)
𝜕,ext (with domestic expenditure 𝐶𝑖,dom including originated external-

ities) and its bilateral trade channels K𝑖𝑗 . Summing these components into
domestic totals Δ𝐼 civildom and 𝐶civil

dom alongside bilateral trade totals Δ𝐼 civiltrade and
𝐶civil
trade lifts the coordination index 𝜂cpl of Definition 3.5 (3.87) to the dimen-
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sionless value-boundary coupling parameter 𝜂(𝑉 )cpl ∈ [0, 1) and cost-boundary

coupling parameter 𝜂(𝐶)cpl ∈ [0, 1):

𝜂(𝑉 )cpl ∶=
Δ𝐼 civiltrade

Δ𝐼civil
= ∑𝑛

𝑖=1 Δ𝐼𝑖,trade
∑𝑛

𝑖=1(Δ𝐼𝑖,dom + Δ𝐼𝑖,trade)
, (10.51)

𝜂(𝐶)cpl ∶=
𝐶civil
trade

𝐶civil
=

∑1≤𝑖<𝑗≤𝑛 𝐶trade,𝑖𝑗
∑𝑛

𝑖=1 𝐶𝑖,dom +∑1≤𝑖<𝑗≤𝑛 𝐶trade,𝑖𝑗
. (10.52)

Inter-regional trade coupling lowers specific civilisational cost (10.35) below
the domestic baseline if and only if the trade-boundary share of stability
value exceeds the trade-boundary share of cost:

𝜂(𝑉 )cpl > 𝜂(𝐶)cpl ⟺ Δ𝐼 civiltrade

𝐶civil
trade

> Δ𝐼 civildom

𝐶civil
dom

. (10.53)

Condition (10.53) classifies inter-regional coupling into three regimes: unin-
tegrated isolation (𝜂(𝑉 )cpl = 0), over-coupled coordination bloat (𝜂(𝐶)cpl ≥ 𝜂(𝑉 )cpl ,
where transport dissipation Δ𝐼trans,𝑖𝑗 or unharmonised bilateral compliance
structure 𝐼rev,𝑖𝑗 outweighs stability gains), and congruent open-protocol in-

tegration (𝜂(𝑉 )cpl > 𝜂(𝐶)cpl ).

10.3.2 Network Stability and Weakest-Link Routing

Each region’s local barrier depth Δ𝐼𝑖 (nats) and boundary norm ‖K(𝑖)
𝜕 ‖2𝐹 de-

pend on uncommitted local free capacity 𝒬free,𝑖 > 𝒬0 (with 𝒬0 = 1 link):

Δ𝐼𝑖 = ln(𝒬free,𝑖
𝒬0

) = ln(
𝒬total,𝑖 − √‖K𝑆𝑖‖2𝐹 + ‖K(𝑖)

𝜕 ‖2𝐹
𝒬0

) , (10.54)

‖K(𝑖)
𝜕 ‖2𝐹 = ‖K(𝑖)

𝜕,ext‖2𝐹 +∑
𝑗≠𝑖

‖K𝑖𝑗 ‖2𝐹 . (10.55)

Because perturbations propagate across active trade channelsK𝑖𝑗 , the failure
rate of the coupled trade network averages the regional Eyring–Kramers es-
cape factors 𝑒−Δ𝐼𝑖 = 𝒬0/𝒬free,𝑖 (2.326), defining the parameter-free harmonic-
mean weakest-link barrier (nats) and its tight weakest-link bounds:

Δ𝐼weak(K) ∶= − ln(1𝑛
𝑛
∑
𝑖=1

𝑒−Δ𝐼𝑖) = ln( 𝑛
∑𝑛

𝑖=1(𝒬free,𝑖/𝒬0)−1
) , (10.56)

min
𝑖∈{1,…,𝑛}

Δ𝐼𝑖 ≤ Δ𝐼weak(K) ≤ min
𝑖∈{1,…,𝑛}

Δ𝐼𝑖 + ln 𝑛. (10.57)
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Weighting the insulated domestic stability share (1−𝜂(𝑉 )cpl )Δ𝐼civil(K) = Δ𝐼 civildom

and the coupled trade-network share 𝜂(𝑉 )cpl 𝑛 Δ𝐼weak(K) yields the parameter-
free network stability functional (nats):

𝐼net(K) ∶= (1 − 𝜂(𝑉 )cpl )Δ𝐼civil(K) + 𝜂(𝑉 )cpl 𝑛 Δ𝐼weak(K)

= Δ𝐼 civildom + 𝜂(𝑉 )cpl 𝑛 ln( 𝑛
∑𝑛

𝑖=1(𝒬free,𝑖/𝒬0)−1
) .

(10.58)

Without uncalibrated penalty constants, 𝐼net(K) grows strictly with each re-
gional reserve 𝒬free,𝑖. It reduces to Δ𝐼civil(K) at 𝜂(𝑉 )cpl = 0 or under equal re-
gional barriers, and approaches harmonic weakest-link coupling as trade
share 𝜂(𝑉 )cpl rises.

Differentiating (10.54) with respect to 𝒬free,𝑖 and maximising the baseline-
free Physical Nash product ∏𝑛

𝑖=1(Δ𝐼𝑖)𝛼𝑖 (with weights 𝛼𝑖 > 0 summing to
unity) across conserved free-capacity allocations (𝛿𝒬free,𝑖+𝛿𝒬free,𝑗 = 0) gives
the marginal stability yield and baseline-free equimarginal routing condi-
tion:

dΔ𝐼𝑖
d𝒬free,𝑖

= 1
𝒬free,𝑖

, (10.59)

𝛼𝑖
𝒬∗
free,𝑖 ln(𝒬∗

free,𝑖/𝒬0)
= 𝛼𝑗

𝒬∗
free,𝑗 ln(𝒬∗

free,𝑗/𝒬0)
. (10.60)

Whenever a bottleneck region 𝑆𝑖 approaches the viability boundary𝒬∗
free,𝑖 →

𝒬+0 (Δ𝐼𝑖 → 0+), 𝒬∗
free,𝑖 ln(𝒬∗

free,𝑖/𝒬0) → 0+ and its marginal Nash pull di-
verges to +∞. Whereas uncoordinated allocation weighted by nominal pur-
chasing power concentrates capacity in reserve-rich hubs (and siting high-
load facilities inside low-reserve nodes turns them into exhaustive dissipat-
ors (3.139)), symmetric Nash routing (𝛼𝑖 = 1/𝑛) equalises 𝒬∗

free,𝑖 wherever
pool geometry permits and simultaneously maximises both Δ𝐼civil(K) and
𝐼net(K).

example 10.3 (Asymmetric Two-Region Trade: Nominal Hub Drain versus
Weakest-Link Nash Routing). Consider a reserve-rich hub 𝑆1 with domestic
free capacity𝒬dom

free,1 = 9 (Δ𝐼1,dom = ln 9, or 2.20 nats) and a bottleneck region
𝑆2 with 𝒬dom

free,2 = 2 (Δ𝐼2,dom = ln 2, or 0.69 nats), giving isolated stability

𝐼 domnet = ln 18 (≈ 2.89 nats) at 𝜂(𝑉 )cpl = 0 and 𝒬0 = 1 link. Opening bilateral
trade internalises boundary cuts (3.118) and frees 7 links of network capacity
(𝒬free,1 + 𝒬free,2 = 18).
Suppose first that 8 ∶ 1 nominal purchasing-power asymmetry concentrates
all 7 freed links inside 𝑆1, giving Δ𝐼1,trade = ln(16/9) (≈ 0.58 nats), Δ𝐼nomcivil =
ln 32 (≈ 3.47 nats), and 𝜂(𝑉 )cpl ≈ 0.166:

(𝒬nom
free,1, 𝒬nom

free,2) = (16, 2), (10.61)

Δ𝐼nomweak = ln(329 ) ≈ 1.27 nats, (10.62)

𝐼nomnet = ln 18 + 2𝜂(𝑉 )cpl ln(
32
9 ) ≈ 3.31 nats. (10.63)
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Region 𝑆2 stays stranded at 0.69 nats. If over-coupled integration erodes do-
mestic fallback buffers (Δ𝐼 civildom → 0 and 𝜂(𝑉 )cpl → 1), network stability drops
to 𝐼 overnet = 2 ln(32/9) (≈ 2.54 nats), below pre-trade isolation (2.89 nats).
Under symmetric baseline-free Nash routing (𝛼1 = 1/2 and 𝛼2 = 1/2 in
(10.60)), strict monotonicity of 𝑥 ln 𝑥 on (1, ∞) routes all 7 freed links into
bottleneck 𝑆2, giving Δ𝐼 ∗2,trade = ln(9/2) (≈ 1.50 nats, more than 2.6 times
𝑆1’s +0.58 nats domestic hoarding gain):

(𝒬∗
free,1, 𝒬∗

free,2) = (9, 9), (10.64)

Δ𝐼 ∗weak = ln 9 ≈ 2.20 nats, (10.65)

𝐼 ∗net = 2 ln 9 = ln 81 ≈ 4.39 nats. (10.66)

At 𝜎 = 0.5, 𝑆1 and 𝑆2 each capture +0.75 nats of net gain across the internal-
ised channel while raising theweakest-link barrier from 0.69 nats to 2.20 nats
and attaining the global maximum of 𝐼net(K). ♢

10.3.3 Solvency, Credit, and Rate Limits

Partitioning time into discrete depreciation epochs 𝑛ep ∈ {1, 2, …} bounds
intertemporal deficit accumulation whenever pathwise trajectories E(𝑡) ∈
ℰviable clear positive solvency floors 𝐻𝜒,min > 0 and 𝐻𝜅,min > 0within every
epoch:

HII𝑛ep =
Δ𝐼civil(𝑛ep)
𝐼 civilirr,𝜕 (𝑛ep)

≥ 𝐻𝜒,min, (10.67)

HCI𝑛ep =
Δ𝐼civil(𝑛ep)
𝐼 civilrev,Ω(𝑛ep)

≥ 𝐻𝜅,min. (10.68)

Decomposing total epoch expenditure into baseline operating loads 𝐼 opirr,𝜕(𝑛ep)
and 𝐼 oprev,Ω(𝑛ep) plus non-negative upfront formation investments 𝐼form,𝜕(𝑛ep)
and 𝐼form,Ω(𝑛ep) defines the baseline operating ratios:

HIIop𝑛ep ∶=
Δ𝐼civil(𝑛ep)
𝐼 opirr,𝜕(𝑛ep)

, (10.69)

HCIop𝑛ep ∶=
Δ𝐼civil(𝑛ep)
𝐼 oprev,Ω(𝑛ep)

. (10.70)

Substituting these operating ratios into the solvency gates (10.67) and (10.68)
fixes the maximum credit envelope in epoch 𝑛ep:

𝐼form,𝜕(𝑛ep) ≤ Δ𝐼civil(𝑛ep)[ 1
𝐻𝜒,min

− 1
HIIop𝑛ep

]
+
, (10.71)

𝐼form,Ω(𝑛ep) ≤ Δ𝐼civil(𝑛ep)[ 1
𝐻𝜅,min

− 1
HCIop𝑛ep

]
+
. (10.72)
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Formation credit for new infrastructure, research, or generative seeds Kseed
expands strictly when operating efficiency clears (𝐻𝜒,min, 𝐻𝜅,min)with posit-
ive headroom, ensuring investments are backed by realised stability margins
rather than unbacked claims on future epochs.

Finally, when high-speed synthetic or algorithmic subsystems (𝜒𝑚,𝑇 ≫ 𝜒𝐻,𝑇 )
trade on the network, rewiring and clock-rate asymmetry (Theorem 8.3,
(8.36), and Section 8.3, (8.91)),

‖K̇(𝑚)
𝜕 ‖𝐹

‖K̇(𝐻)
𝜕 ‖𝐹

∝ 𝜒𝑚,𝑇
𝜒𝐻,𝑇

≫ 1, (10.73)

𝜈int,𝑚
𝜈int,𝐻

∼ 𝜒𝑚,𝑇
𝜒𝐻,𝑇

≫ 1, (10.74)

would otherwise permit speculative front-running (𝐼cross,𝑗𝑚 > 0) and sub-
strate capture that collapses human bargaining weight (𝛼𝐻 → 0) and free
capacity (𝒬free,𝐻 → 𝒬0, Theorem 8.3). Applying the finite-horizon contain-
ment envelope and mediated boundary gates of Section 8.3 (Theorem 8.7
and (8.97)) across market execution ports bounds cumulative admitted exe-
cution commits 𝑘𝜕,𝑚 ∈ ℕ0 against discrete host settlement epochs 𝑘(𝐻) ∈ ℕ0
at batch-clearing ratio 𝛼clear > 0, enforces per-commit barrier-state sensit-
ivity caps Λbar ≥ 0 (in nats link−1 for barrier-state coordinates E(𝑘) in nats),
and caps boundary dissipation:

𝑘𝜕,𝑚 ≤ 𝛼clear 𝑘(𝐻), (10.75)

‖E(𝑘 + 1) − E(𝑘)‖ ≤ Λbar‖ΔK(𝑚)
𝜕 ‖𝐹 , (10.76)

𝐼 (𝑚)irr,𝜕,𝑇 ≤ 𝐼max
irr,𝜕 , (10.77)

alongside boundary position clamps (𝒬max𝜕,𝑚 > 0) and preserved-structure
ceilings (8.98):

‖K(𝑚)
𝜕 ‖𝐹 ≤ 𝒬max𝜕,𝑚 , (10.78)

𝐼 (𝑚)rev,Ω,𝑇 ≤ 𝐼max
rev,Ω. (10.79)

Combined with closed subsystem attribution (8.120), host-conditioned capa-
city supply 𝒢𝐴 (Theorem 8.10, (8.128)) above componentwise reserve floors
(8.126), and bounded-latency hardware cutoff 𝜏stop (Theorem 8.9), these guard-
rails ensure high-speed subsystems expand Δ𝜅struct,𝐻 > 0 (8.125) rather than
draining peer reserves.

10.4 the space frontier

On a single planet, short spatial resistance distancesΩ𝑖𝑗 , shared atmospheric
and hydrospheric sinks, and low-latency fibre-optic interconnects provide a
forgiving buffer that masks uncompressed structural load 𝐼 civilrev,Ω(𝑇 ) and un-
buffered boundary dissipation 𝐼 civilirr,𝜕 (𝑇 ). At the same time, confinement to a
single planetary sink couples all regional economies {𝑆𝑖}𝑛𝑖=1 to one shared
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environmental reservoir K ̄𝑆 in the global attribution balance (10.47)–(10.48),
imposing a correlated ceiling on the civilisational stability barrier Δ𝐼civil. Ex-
tending the coupling architecture of Section 10.3 across multiple worlds re-
moves this single-basin ceiling by partitioning growth into loosely coupled
autonomous basins (Section 10.4.1) whose long-horizon survival shifts com-
putation and interplanetary signalling towards reversible, low-dissipation
operation (Section 10.4.2).

10.4.1 Multi-Planetary Risk Decoupling and Latency Limits

Under the macroeconomic indicators of Section 10.2 and the physical emer-
gence framework of Section 3.4, consolidating all civilisational growth into
a single planetary system encounters two structural limits (Section 3.4.3 and
Theorem 3.6). First, beyond a critical network scale𝑁 ∗, lengthening internal
coordination paths cause marginal cross-coupling load to outpace marginal
boundary shedding (3.95), inflating per-node allocated capacity (3.96) so a
single monolith 𝑆(𝑛mod𝑁 ∗) retains strictly less uncommitted free capacity
than 𝑛mod separate basins of matched total relational capacity (3.98). Second,
because every regional node 𝑆𝑖 on one world couples to the same environ-
mental reservoir K ̄𝑆 in (10.47), local optimisation of HII𝑖 and HCI𝑖 cannot
raise Δ𝐼civil above the shared sink’s single-basin escape threshold Δ𝐼max

planet.
Any planet-scale perturbation exceeding Δ𝐼max

planet—such as a bolide impact,
runaway climatic feedback, or systemic pathogen—crosses the tipping sep-
aratrix 𝜕ℰviable across all coupled nodes simultaneously and caps survival
by single-basin Kramers escape (3.97).

Overcoming both excess monolithic overhead and single-sink saturation re-
quires partitioning growth across 𝑛mod ≥ 2 separated planetary or orbital
basins 𝑆𝑏 facing asymptotically independent environmental blocks K ̄𝑆,𝑏 . Es-
tablishing each new basin across a capacity-limited export channel requires
compressing core invariants into a compact generative seed Kseed ⊂ KΩ,civil
satisfying the replication gate (3.99), financing its upfront formation invest-
ment within the non-inflationary credit envelope (10.71) and (10.72) of Sec-
tion 10.3.3 rather than depleting the home basin’s stability barrier, and re-
covering that expenditure over horizons 𝑇 > 𝑇amort (3.94). Once each basin
𝑆𝑏 becomes locally self-sustaining with barrier depth Δ𝐼𝑏 > 0 in nats and
decoupled failure boundaries, the collective multi-basin stability barrier and
persistence horizon (3.100)–(3.103) scale as

Δ𝐼 (𝑛mod)
lineage =

𝑛mod

∑
𝑏=1

Δ𝐼𝑏 , (10.80)

𝜏 (𝑛mod)
persist ≍ 𝜏relax exp(

𝑛mod

∑
𝑏=1

Δ𝐼𝑏) . (10.81)

Whereas monolithic expansion on one world yields diminishing logarithmic
returns bounded by Δ𝐼max

planet (3.101), partitioning across 𝑛mod distinct basins
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sums barrier depths additively in (10.80) and compounds expected civilisa-
tional survival exponentially in (10.81).

Once 𝑛mod ≥ 2 basins occupy separated worlds, their coupling is governed
by the continuous coordination parameters 𝜂cpl and Ξcpl of Definition 3.5
(Table 3.1). On one world (Section 10.3), short resistance distances Ω𝑖𝑗 and
negligible delays permit centralised hubs to collect raw boundary streams
from low-memory peripheral nodes. Across interplanetary separation ℓ𝑎𝑏 ,
fusing 𝑛mod basins into one tightly synchronised system with 𝜂cpl → 1 fails
on both relativistic and structural grounds. First, the finite propagation speed
𝑐 from the spacetime bandwidth balance of Section 6.1 imposes a round-trip
latency 𝜏comm,𝑎𝑏 exceeding the open-loop depletion time 𝜏deplete,𝑏 of basin 𝑆𝑏
under its mean boundary dissipation rate ̇ ̄𝐼 irr,𝜕,𝑏 in nats s−1:

𝜏comm,𝑎𝑏 =
2ℓ𝑎𝑏
𝑐 > 𝜏deplete,𝑏 ∶=

Δ𝐼𝑏
̇ ̄𝐼 irr,𝜕,𝑏

, (10.82)

∫
𝑡+𝜏comm,𝑎𝑏

𝑡
̇𝐼irr,𝜕,𝑏(𝑠) d𝑠 = ̇̄𝐼 irr,𝜕,𝑏 𝜏comm,𝑎𝑏 > Δ𝐼𝑏 . (10.83)

By the rate-asymmetry and mediated port bounds of Chapter 8 (Section 8.3,
(8.91), and Theorem 8.9), remote closed-loop control fails whenever (10.82)
causes open-loop barrier exhaustion (10.83). Unbuffered boundary collisions
drain local free capacity 𝒬free,𝑏 before the remote signal returns, holding
composite spectral persistence (3.88) to Ξcpl ≪ 1 so single-system coarse-
graining is inadmissible (3.91). Second, because separate worlds face dis-
joint environmentsK ̄𝑆,𝑏 , heavy real-time channelsK𝑎𝑏 shed no external peri-
meter, leaving the boundary-shedding surplus (3.67) non-positive (Δ𝒬2𝜕,shed ≤
0). Under Theorem 3.4 (3.73), large coupling load 𝒬2

cpl without boundary
shedding reproduces the over-coupled regime of Example 3.2, compressing
local reserves 𝒬free,𝑏 and re-coupling failure boundaries across worlds. In
this latency regime, stability holds when each off-world basin 𝑆𝑏 operates as
a locally autonomous subsystem with sufficient internal structure KΩ,𝑏 to
clear domestic (𝐶, 𝑉 , 𝑃) exchange and bound local dissipation 𝐼irr,𝜕,𝑏 within
𝜏deplete,𝑏 .
Local autonomy, however, does not favour complete isolation with K𝑎𝑏 = 0.
Uncoupled basins preserve the additive barrier (10.80) yet sit at the zero-
emergence baseline of Table 3.1, forcing each world to repeat boundary dis-
sipation 𝐼 isoirr,𝜕,𝑏 and store duplicate discovery archives for the same physical
constraints. Instead, coupling autonomous coresKΩ,𝑏 across sparse, clamped
channels K𝑎𝑏 keeps the coupling load 𝒬2

cpl > 0 (3.66) small relative to ex-

posed planetary cuts ‖K(𝑏)
𝜕,ext‖2𝐹 , placing the network in the loosely connec-

ted regime of Definition 3.5 (3.84)–(3.87). Over horizon 𝑇 , comparing the
coordination index 𝜂(𝑛mod)

cpl and specific cost (10.35) against the uncoupled
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baseline ratios HIIiso and HCIiso across 𝑛mod isolated basins (Definition 3.3)
gives

0 < 𝜂(𝑛mod)
cpl ∶=

𝒬2
cpl

𝒬2
cpl +∑𝑛mod

𝑏=1 ‖K(𝑏)
𝜕,ext‖2𝐹

≪ 1, (10.84)

1
HII(𝑛mod)

+ 1
HCI(𝑛mod)

< 1
HIIiso

+ 1
HCIiso

. (10.85)

Equations (10.84)–(10.85) show why loosely connected settlements outper-
form both one monolith and isolated worlds. Because 𝜂(𝑛mod)

cpl ≪ 1 and K𝑎𝑏
carries bounded informational updates rather than live resource depend-
encies, local reserves 𝒬free,𝑏 incur minimal channel load, extinction-scale
shocks stay confined to single basins, and nat-denominated (𝐶, 𝑉 , 𝑃) trade in
(10.50) settles asynchronously across light-speed delays without exchange-
rate contagion. Simultaneously, trading compressedCCE updatesΔKΩ across
K𝑎𝑏 meets the generative trade criterion (10.53) and achieves both emergent
gains in (3.89)–(3.90). Resolving a physical law, engineering design, or haz-
ard warning once at basin 𝑎 and sharing ΔKΩ spares the other 𝑛mod − 1
basins from repeating irreversible boundary search, raising HII(𝑛mod) above
HIIiso, while distilling findings across diverse environments K ̄𝑆,𝑏 into com-

pact shared models raises HCI(𝑛mod) above HCIiso.

10.4.2 Quiet Civilisations and the Fermi Paradox

Classical formulations of the Fermi paradox treat advanced intelligence as
unbounded extensive growth across two channels. Electromagnetic searches
[35] and the Kardashev scale [82] rank civilisations by gross power cap-
ture and waste heat across planetary (Type I), stellar (Type II), and galactic
(Type III) scales [46], assuming that higher capability requires ever-larger
boundary dissipation 𝐼 civilirr,𝜕 (𝑇 ). Physical colonisation arguments [74, 156] like-
wise assume that a technological lineage dispatches self-replicating probes
across every reachable star system within a fraction of the Galactic age, ex-
panding maintained structural capacity 𝐼 civilrev,Ω(𝑇 ) without limit. Under the
macroeconomic indicators (10.33)–(10.34) and the civilisational bridge (10.36),
both assumptions invert the denominators of agency: at any fixed stability
barrier Δ𝐼civil, higher waste heat and radio leakage lower intelligence HII,
while enclosing stars and replicating hardware unchecked inflate structural
overhead and lower consciousness HCI.

Whereas pre-industrial hominin adaptation operated for ∼ 3.4×106 yr near a
low-dissipation equilibriumwith negligible technosignature emission, an in-
dustrial and computational transition that expands capability by compound-
ing per-epoch irreversible boundary dissipation 𝐼 civilirr,𝜕 (𝑡) at an exponential
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growth rate 𝛼exh > 0 from baseline 𝐼0 collides with its finite planetary dis-
sipation ceiling 𝐼max

irr,𝜕 (Section 10.3.3) at a logarithmic wall time 𝜏wall:

𝐼 civilirr,𝜕 (𝑡) = 𝐼0𝑒𝛼exh𝑡 , (10.86)

𝜏wall = 1
𝛼exh

ln(
𝐼max
irr,𝜕
𝐼0

) . (10.87)

Because the dependence on the planetary dissipation margin in (10.87) is log-
arithmic, 𝜏wall is tightly compressed: a five-year doubling rate with 𝛼exh ≈
0.14 yr−1 exhausts a 106-fold margin in roughly a century, while a rapid
post-biological transition with 𝛼exh ≥ 1 yr−1 consumes the same margin in
under fourteen years. A Kardashev trajectory that maximises boundary dis-
sipation therefore self-terminates at 𝜏wall. Nor can a civilisation remain loud
across geological timescales by halting growth just below 𝐼max

irr,𝜕 . Under the
cost-to-value identity (10.5) and Physical Nash competition (Theorem 10.1
and Theorem 8.10), competitive selection replaces high-dissipation broad-
cast infrastructure with compressed, lower-cost channels, while remaining
confined to one high-dissipation planetary basin leaves the economy ex-
posed to Kramers escape well short of stellar lifetimes (10.81).

Clearing 𝜏wall to persist across stellar lifetimes exceeding 109 yr requires
inverting the Kardashev trajectory—driving the specific civilisational cost
(10.35) towards zero as HII−1 → 0 and HCI−1 → 0. Under the metriplectic
generator (3.8) and the Casimir degeneracies (2.322)–(2.323), an enduring
civilisation transfers computation, communication, and multi-basin coordin-
ation from the dissipativemetric bracket (𝐴, 𝑆) into the reversible symplectic
sector {𝐴, 𝐻}, suppressing unbuffered boundary dissipation to raiseHII while
compressingmaintained internal structure to raiseHCI. By the low-signature
computation bound of Chapter 8 (Section 8.2, (8.88)–(8.89)), as the inverse
intelligence ratio HII−1 vanishes, the Kullback–Leibler divergence between
the boundary emission law 𝜇civilΠΠΠ and the natural astrophysical background
𝜇0ΠΠΠ contracts towards zero:

1
HII

= 𝐼 civilirr,𝜕 (𝑇 )
Δ𝐼civil(𝑇 )

⟶ 0, (10.88)

𝐷KL(𝜇civilΠΠΠ ‖ 𝜇0ΠΠΠ) ≤ 𝜀 ⟶ 0. (10.89)

Inequality (10.89) accounts for the absence of persistent electromagnetic tech-
nosignatures without invoking biological rarity or inevitable extinction. Iso-
tropic radio leakage and industrial atmospheric disequilibrium are transi-
ent by-products of low-HII economies prior to 𝜏wall. Once an intelligent lin-
eage transitions to Conservation-Congruent Encoding, it becomes a quiet
civilisation. Sparse inter-basin channels K𝑎𝑏 (10.84) replace omnidirectional
broadcast with collimated point-to-point links whose Shannon-compressed,
keyed encodings (Section 8.3) approach a maximum-entropy thermal spec-
trum statistically indistinguishable from ambient background noise to un-
keyed observers.

Symmetrically, the HCI floor (10.68) rules out both opaque Dyson shells [46]
and galaxy-wide probe cascades [74, 156]. Once computation shifts into re-
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versible transport, building and maintaining a stellar shell for unneeded lu-
minosity inflates preserved structure 𝐼 civilrev,Ω(𝑇 ) (10.31) astronomically and col-

lapses HCI. Likewise, sincemulti-basin persistence 𝜏 (𝑛mod)
persist in (10.81) grows ex-

ponentially with basin count 𝑛mod, a small cluster of loosely coupled basins
(10.85) already extends survival past stellar lifetimes, whereas unchecked in-
terstellar replication violates the solvency gates in (10.67)–(10.68) and frag-
ments across light-speed latency (10.82). Under (10.31) and the structural ceil-
ing (10.79), high-HCI economies favour quiet outer reservoirs and long-lived
degenerate gradients [153, 161] over overwriting active biospheres, where
ecological disruption drives heavy boundary dissipation in (10.47). Endur-
ing structure 𝐼 civilrev,Ω(𝑇 ) thus couples to distant observers mainly through the
emergent gravitational curvature of Chapter 6 (Section 6.2) [62, 163] rather
than waste heat or planetary colonisation.

Observable technosignatures are therefore doubly bounded in time and space
by the same planetary ceiling 𝐼max

irr,𝜕 . In time, an electromagnetically loud
transition lasts at most 𝜏wall ∼ 102 to 5 × 102 yr—consistent with human-
ity’s century-scale broadcast leakage since early analogue radio and Project
Ozma [35, 43]—giving a duty cycle across the Milky Way’s 𝑇MW ∼ 1010 yr
habitable baseline of at most 5 × 10−8. In space, because pre-transition leak-
age stays below the planetary ceiling rather than stellar luminosity, the pre-
dictive area bound 𝐴maxΦ of Theorem 6.4 and (6.92), compounded by exo-
interplanetary plasma broadening [63], confines isotropic radio detection to
a local bubble covering only a tiny fraction 𝑓vol ≪ 1 of the Galactic habit-
able volume. Across 𝑁hab habitable rocky worlds with emergence fraction
𝑓emerge, the expected number of concurrently detectable loud civilisations
satisfies

𝔼[𝑁det] ≤ 𝑁hab 𝑓emerge 𝑓vol
𝜏wall

𝑇MW
. (10.90)

Even across 𝑁hab ∼ 4 × 1010 habitable rocky worlds inferred from Kepler
surveys [44, 133], a temporal factor of 10−8 to 5 × 10−8 paired with a local
detection volume fraction 𝑓vol ∼ 3 × 10−7 to 3 × 10−5 (corresponding to
isotropic planetary detection radii of 102 to 5×102 ly across the Galactic disc)
drives 𝔼[𝑁det] ≪ 1 even at 𝑓emerge = 1, accounting simultaneously for the
null results of broadband radio SETI and all-skyWISE/Gaia infrared surveys
[153]. Crucially, 𝔼[𝑁det] ≪ 1 places no upper bound on the population of
quiet civilisations that have cleared 𝜏wall and persisted for 106 to 109 yr in
the reversible symplectic regime (10.89). Far from implying a barren cosmos,
the Great Silence is the expected equilibrium signature of a universe that
may be teeming with enduring, high-intelligence and high-consciousness
life whose survival was achieved by eliminating the boundary dissipation
and excess structural overhead that classical surveys seek.

This conclusion completes the economic arc of themonograph. Across found-
ational consumer goods, national accounts, regional and algorithmic trade
networks, and loosely coupled planetary basins, gross turnover metrics and
unanchored fiat prices conflate dissipative churn with stability creation. Pri-
cing exchange directly in conserved natural informational units via Physical
Nash rules (𝐶 , 𝑉 , and 𝑃 ) and evaluating stewardship through HII and HCI,
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surplus-backed baseline allocations, boundary coupling shares 𝜂(𝑉 )cpl and 𝜂(𝐶)cpl ,
and the network stability functional 𝐼net(K) demonstrates that coupled eco-
nomic stability holds when markets reward verified expansion of Δ𝐼civil, dis-
cipline boundary dissipation through HII, compress maintained structural
overhead through HCI, and route freed capacity to sustain the weakest links
of the trade network.



E P I L OGUE

our shared future

The rapid advancement of artificial intelligence over recent years has been
astonishing. Yet with this progress comes genuine uncertainty and profound
responsibility. The risks we face are real, because intelligent systems natur-
ally act to preserve their own dynamics. If we engineer artificial systems that
greatly exceed our collective capabilities without establishing clear physical
boundaries, they risk destabilising or consuming the shared environment
that human society depends on. These are not distant, speculative concerns,
but urgent challenges that demand our collective attention.

Meeting these challenges is complicated by our own epistemic limits. As
individuals, we can never expect to grasp every internal state of a com-
plex, evolving intelligence, just as we cannot fully unpack the depths of our
own consciousness. It is precisely because of these limits that a physical
framework for engineering artificial intelligence is so essential. Rather than
hoping systems remain aligned through software-based guardrails and pro-
cesses, wemust understand the fundamental physical laws that govern them.
Grounding intelligence in physical law provides the necessary foundations
for a safe path to engineering intelligent systems that support humanity by
design.

Furthermore, this physical understanding is a reason for optimism, unlock-
ing immense potential for prosperity. Used as a tool to advance science,
artificial intelligence can accelerate discovery and raise the quality of life
globally. These benefits extend even further when we combine the comple-
mentary strengths of human cognition and synthetic architectures. Because
biological systems are bounded by narrowmetabolic and environmental lim-
its, while synthetic systems can process information at scale in extreme con-
ditions, artificial intelligence will be an indispensable partner as humanity
looks outward to the frontier of space, helping us explore new worlds and
expand the reach of human knowledge.

I hope this book helps provide a foundation for that journey, demystifying
intelligence so that we can understand both its risks and its potential. To the
engineers and researchers picking up and building upon this book: thank
you. Build for the benefit of others, safeguarding humanity’s shared future
so that people everywhere may prosper from the development of artificial
intelligence.
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GLO S SA R Y

notation
ln Natural logarithm. Unless otherwise stated,

information quantities are measured in nats.
𝐺, A, L Relational graph (𝑉 , 𝐸), its binary adjacency matrix,

and combinatorial Laplacian (D − A).
𝑆, ̄𝑆, 𝜕𝑆, 𝐸(𝑆) Embedded subsystem (𝑆 ⊂ 𝑉 , split into boundary

ports 𝑆𝜕 and interior core 𝑆Ω), external environment
(𝑉 ⧵ 𝑆), boundary cut 𝐸(𝑆, ̄𝑆), and internal edge set.

L𝑆𝑆 , Leff, ΣΣΣenv,
LK,eff

Open-system Dirichlet Laplacian (D𝑆 − A𝑆𝑆 ),
Schur-reduced boundary operator (L𝑆𝑆 −ΣΣΣenv),
environmental self-energy (L𝑆 ̄𝑆L−1̄𝑆 ̄𝑆 L ̄𝑆𝑆 ), and
coarse-grained Schur operator
(ΠΠΠT𝑆LeffΠΠΠ𝑆 = LK + D(ext)

K −ΣΣΣK,env).
ΠΠΠ, MΠΠΠ, RΠΠΠ, PΠΠΠ Unified assignment matrix diag(ΠΠΠ𝑆 ,ΠΠΠ ̄𝑆), block-size

matrix, restriction operator, and coarse-graining
projection (QΠΠΠ = I − PΠΠΠ, open-observer residual
QΠ̃ΠΠ𝑆

= diag(QΠΠΠ𝑆 , I ̄𝑆), single-block projectors P𝜋𝜋𝜋𝛼 ).
𝒞ΠΠΠ, 𝒞𝑆 , K Matrix congruence map ΠΠΠT(⋅)ΠΠΠ, subsystem

block-restriction congruence ΠΠΠT0(⋅)ΠΠΠ0 (ΠΠΠ0 = (I𝑆 , 0)T),
and coarse-grained capacity matrix K = ΠΠΠTAΠΠΠ
counting relational edges bundled within and
between partition blocks (forming diagonal CCEs
under admissible ΠΠΠ).

K𝑆 , KΩ, K(int)
𝜕 ,

K(ext)
𝜕

System capacity block (ΠΠΠT𝑆A𝑆𝑆ΠΠΠ𝑆 ), diagonal
intra-basin memory block, hollow inter-basin cut
block, and external boundary cut block (ΠΠΠT ̄𝑆A ̄𝑆𝑆ΠΠΠ𝑆 ).

DK, LK, LK,𝑆𝑆 ,
Lnorm

Coarse-grained degree matrix
diag(𝑑𝛼 )𝑀𝛼=1 = D(int)

K + D(ext)
K , internal capacity

Laplacian (D(int)
K − K𝑆 ), open Dirichlet capacity

Laplacian (DK − K𝑆 ), and normalised capacity
Laplacian (I𝑀 − (D(int)

K )−1/2K𝑆(D(int)
K )−1/2).

P, ℐ𝛼 , 𝒯P, ΔP1→2 Coarsening matrix (ΠΠΠ(2) = ΠΠΠ(1)P, contracting
K(2) = PTK(1)P across level-2 cluster index sets ℐ𝛼
with hollow co-membership matrix EP = PPT − I𝑀1 ),
diagonal cut-internalisation operator, and inter-scale
detail projector (PΠΠΠ(1) − PΠΠΠ(2) ).

265



266 glossary

⟦𝒪, 𝒞 ⟧ Coarse-graining commutator 𝒪(𝒞 (𝑋)) − 𝒞(𝒪(𝑋))
between an operator 𝒪 and a ΠΠΠ-induced linear
coarse-graining map 𝒞 (⟦diag, 𝒞P⟧ = 𝒯P,
⟦(⋅)−1, 𝒞𝑆⟧(G𝜀) = −ΣΣΣenv,
⟦𝐺𝜇𝜈 ,PΠΠΠ⟧(𝑔[Φ(1)]) = 𝜅G𝑇 (untracked)𝜇𝜈 ).

𝐼𝛼𝛼 Logarithmic coarse-graining depth (ln𝐾𝛼𝛼 ≥ ln 2, in
nats) of an admissible CCE block
(𝐾𝛼𝛼 = 2|𝐸(𝑆𝛼 )| ≥ 2 links).

𝛾int(𝑆𝛼 ), 𝜙𝜕(𝑆𝛼 ),
ℎK, Ξ

Internal normalised spectral gap, inter-basin block cut
conductance
(∑𝛽≠𝛼 𝐾𝛼𝛽/𝑑(int)𝛼 = (Lnorm)𝛼𝛼 ≃ ∑𝛽≠𝛼 𝐾𝛼𝛽/𝐾𝛼𝛼 ),
network Cheeger constant, and spectral persistence
ratio Ξ = 𝛾int/𝜙𝜕 > 1 (exponential barrier isolation for
Ξ ≫ 1).

𝒬total, 𝒬alloc, 𝒬Ω,
𝒬𝜕

Total relational capacity
(𝒬total = 2|𝐸(𝑆)| + |𝜕𝑆| = vol(𝑆), in links), allocated

structural capacity (𝒬alloc = √𝒬2Ω + 𝒬2𝜕 ≤ 𝒬total), and
Euclidean Frobenius sector loads (𝒬Ω, 𝒬𝜕 ).

𝒬free, Δ𝐼barrier,
Δ𝐼barrier,𝑇 , ΔΦ

Uncommitted free capacity 𝒬total − 𝒬alloc (in links),
slice stability barrier ln(𝒬free/𝒬0) (with 𝒬0 = 1 link,
or pairwise Δ𝐼barrier,𝛼→𝛽 = ln(𝐾𝛼𝛼/𝐾𝛼𝛽)),
proper-time-averaged stability barrier
∑𝑁𝜏𝜏=1 𝑤𝜏 ln(𝒬free,𝜏/𝒬0) (in nats), and SI-calibrated
energetic barrier ΔΦ ∶= 𝜃Δ𝐼barrier (through-time
ΔΦ𝑇 ∶= 𝜃Δ𝐼barrier,𝑇 , in J).

𝒬2
cpl, Δ𝒬2𝜕,shed,

Δ𝒬2Ω,cons
Quadratic inter-subsystem coupling load,
boundary-shedding surplus, and model-consolidation
surplus (𝒬2

cpl < Δ𝒬2𝜕,shed + Δ𝒬2Ω,cons, in links2).
𝜂cpl, Ξcpl, Kseed,

Δ𝐼 (𝑛mod)
lineage

Boundary-coordination index (𝒬2
cpl/(𝒬2

cpl + ‖Kcpl
𝜕 ‖2𝐹 )),

composite spectral persistence, compressed
generative seed sub-block, and additive 𝑛mod-module
lineage barrier (∑𝑛mod

𝑏=1 Δ𝐼𝑏 , equal to 𝑛modΔ𝐼barrier(𝑁 ∗)
for identical 𝑁 ∗-modules, in nats).

ΓK, 𝑆𝐻 , Δ𝒬free,𝑖,
𝒥Nash

Multi-system capacity game, peer or human host
ensemble (𝑆𝐻 = ⨆𝑗≠𝑘 𝑆𝑗 ), structural free-capacity
payoff (𝒬free,𝑖(𝑠) − 𝒬iso

free,𝑖, in links), and scale-invariant
Nash bargaining product.

Ω𝛼𝛽 , 𝜈0, 𝑑𝑠[ΠΠΠ], ΦΦΦ Coarse-grained resistance distance metric on L†K,
universal elementary substrate step cadence (s−1 per
channel when metered in seconds via ̄𝑆ref, 𝜈0 = 1 per
step uncalibrated, fixing rest energy
𝐸Φ − 𝐸0,Φ = ℏ𝜈0 Tr(KΩ) across Tr(KΩ) ≥ 2𝑀 internal
channels), observer-dependent spectral dimension,
and spectral coordinate map (with temporal mode
𝜙𝜙𝜙time ≡ 𝜙𝜙𝜙2).
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𝑆𝜏 , Δ𝜏nat(𝜏 ), 𝜏nat,𝑇 ,
𝑤𝜏

Ordered spectral slice along 𝜙𝜙𝜙time (𝜏 ∈ {1, … , 𝑁𝜏 }),
intrinsic slice proper-time increment
(∑𝑥∈𝑆𝜏 ln𝐾(𝜏 ,𝑥),(𝜏 ,𝑥), in nats), intrinsic proper-time

horizon (∑𝑁𝜏𝜏=1 Δ𝜏nat(𝜏 ), in nats, partial sum 𝜏nat(𝜏 )),
and invariant proper-time slice weight
(Δ𝜏nat(𝜏 )/𝜏nat,𝑇 ).

̄𝑆ref, Δ𝜏ref, Ωref, 𝑇 ,
𝜏𝑇

Stationary reference sub-block (⊂ ̄𝑆), reference slice
proper time (in nats), reference reversible distinction
rate (d𝑡 = d𝜏ref/Ωref, Ωref = 1 uncalibrated or nats s−1
in seconds), shared reference coordinate horizon
(𝑁𝜏Δ𝜏ref/Ωref), and elapsed standardised observer
proper time (∫𝑇0 d𝜏 = 𝜏nat,𝑇/ΩΦ).

RicK, ScalK Discrete Bochner–Weitzenböck capacity-Ricci
operator on ℝ𝑀 (D2

K − L2K − diag(Kd), with row-sum
divK RicK = LKd) and scalar curvature (Tr(RicK) < 0
for connected 𝑀 ≥ 2).∧⃝, SK, ℛK, ℳK Kulkarni–Nomizu product, discrete Schouten capacity
operator on ℝ𝑀 (𝑀 ≥ 3), Weyl-free algebraic
capacity-curvature tensor (SK ∧⃝ I𝑀 , contracting to
RicK), and rank-4 capacity-mobility tensor (K ∧⃝ DK).

x ∈ ℝ𝑁𝑉 , x𝑆 ∈ ℝ𝑁 ,
z𝑆 ∈ ℝ𝑀

Global vertex state vector, subsystem vertex state
vector (x ̄𝑆 ∈ ℝ𝑁 ̄𝑆 on ̄𝑆), and coarse-grained block state
vector (z𝑆 = RΠΠΠ𝑆x𝑆 ).

ℳspec, 𝒵 , 𝑍 ,
Σ𝑖𝑗(𝛼)

Spectral coordinate chart (ℝ𝑑𝑠 ), extended metriplectic
state manifold (ℝ2𝑛+1 with 𝑛 = 𝑑spatial𝑠 ), state vector
(zT,pT, 𝑆)T ∈ 𝒵 , and local spectral cut-conductance
matrix ((1/2)∑𝛽≠𝛼 𝐾𝛼𝛽Δ𝑧𝑖𝛼𝛽Δ𝑧𝑗𝛼𝛽 ,
∑𝑀

𝛼=1 Σ𝑖𝑗(𝛼) = 𝜇𝑘𝑖𝛿𝑖𝑗 ).
𝑝𝛼 , 𝑝⋆𝛼 Prior and stimulus-coupled stationary basin

occupancy weights (∑𝑀
𝛼=1 𝑝𝛼 = 1, distinct from

coarsening matrix P, momentum vector p, and Born
pointer weights 𝜌𝛼𝛼 ).

𝐻(𝑋), 𝐼 (𝑋 ; 𝑌 ),
𝐷KL(𝜌 ∥ 𝜌0)

Shannon entropy (−∑𝑥 𝑝(𝑥) ln 𝑝(𝑥)), mutual
information (𝐻(𝑋) − 𝐻(𝑋 ∣ 𝑌 )), and Kullback–Leibler
divergence (in nats).

𝕁, 𝕄, 𝐻 , 𝑆 Metriplectic generators: antisymmetric Poisson
operator (𝕁∇𝑆 = 0), symmetric cometric operator
(𝕄 = 𝕄Ω +𝕄𝜕 ⪰ 0, 𝕄∇𝐻 = 0), conserved dynamical
invariant (Hamiltonian energy in physical systems),
and coarse-grained logarithmic entropy (in nats).

𝛾 , Δ, ̇( ), ( )𝑇 State-space trajectory, finite difference, emergent-time
derivative, and evaluation over emergent horizon 𝑇 .

𝜏relax, 𝜏escape Intra-basin relaxation timescale and barrier escape
timescale (𝜏escape/𝜏relax ∼ Ξ for 𝛾int ∼ 𝒪(1)).
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𝐼irr, 𝐼irr,𝜕 , ̇𝐼irr,Ω,
Φ̇𝐴→𝐵, 𝐼op,𝑇

Total irreversible dissipation, boundary dissipation,
internal maintenance dissipation rate
( ̇𝐼irr,Ω = 𝐼rev,Ω/𝜏relax, or multiscale ∑𝐿tierℓ=1 𝐼 (ℓ)rev,Ω/𝜏 (ℓ)relax
across 𝐿tier memory tiers), directed inter-subsystem
or environmental entropy export flux (Φ̇𝑆𝑘→𝑆𝐻 , Φ̇𝑆𝑔→ ̄𝑆 ,
in nats/nat against uncalibrated 𝜏ref or nats s−1 when
𝑡 is in seconds), and operational horizon cost
(𝐼irr,𝜕,𝑇 + 𝐼rev,Ω,𝑇 , in nats).

𝐼rev, 𝐼rev,Ω, 𝐼rev,Ω,𝑇 Preserved structural capacity (𝐼rev = ∑𝑀
𝛼=1 ln𝐾𝛼𝛼 , in

nats), instantaneous preserved internal structure
(Δ𝑈neq/𝜃 = (𝜏relax/𝜃)𝑃maint,Ω), and
proper-time-averaged preserved internal structure
over horizon 𝑇 (with Pareto frontier 𝜅∗𝑇 (𝜒𝑇 )).

𝜃 , 𝑘B, 𝑇th, 𝑊 , 𝑄 Substrate operational noise intensity (J nat−1, with
𝜃 = 𝑘B𝑇th in thermal baths or ℎ𝜈/2 per nat in quantum
modes), Boltzmann constant, thermal reservoir
temperature (in K, distinct from emergent operational
horizon 𝑇 ), mechanical work, and exchanged or
dissipated heat (in J).

𝑃maint,Ω, 𝑃diss,𝜕 Standing internal maintenance power
(𝜃 ̇𝐼irr,Ω = 𝜃𝐼rev,Ω/𝜏relax) and active boundary
dissipation power (𝜃 ̇𝐼irr,𝜕 , in W when 𝑡 is in seconds).

𝜒struct, 𝜒𝑇 Static and through-time intelligence: static structural
ratio 𝒬free/𝒬𝜕 (links/link) and through-time
trajectory ratio Δ𝐼barrier,𝑇/𝐼irr,𝜕,𝑇 (nats/nat, or task
yield 𝐼 (𝑋 ; 𝑌 )/𝐼irr,𝜕,𝑇 in Chapter 7, with SI-calibrated
𝜃𝜒𝑇 in J nat−1).

𝜅struct, 𝜅𝑇 Static and through-time consciousness: static
structural ratio 𝒬free/𝒬Ω (links/link) and
through-time trajectory ratio Δ𝐼barrier,𝑇/𝐼rev,Ω,𝑇
(nats/nat, or task yield 𝐼 (𝑋 ; 𝑌 )/𝐼rev,Ω,𝑇 in Chapter 7,
with SI-calibrated 𝜃𝜅𝑇 in J nat−1).

Φ𝑆 , 𝑘±(𝛼; 𝜏0, 𝜏 ) Many-to-one block readout map (𝒳 ̄𝑆 → {1,… ,𝑀},
continuum Φ ∶ 𝒳 ̄𝑆 → 𝒵 ) and forward/backward
reachable block counts (𝑘+, 𝑘−) across spectral slices
along 𝜙𝜙𝜙time.

𝜌, 𝐴̂, 𝑆lin(𝜌),
𝑆vN(𝜌)

Reduced density operator (Tr ̄𝑆 𝜌tot), dimensionless
Hermitian pointer observable (∑𝑀

𝛼=1 𝑎𝛼P𝜋𝜋𝜋𝛼 , 𝑎𝛼 ∈ ℝ,
Born block weights 𝜌𝛼𝛼 ), linear coherence entropy
((1/2)(1 − Tr 𝜌2)), and von Neumann entropy
(−Tr(𝜌 ln 𝜌)).

Γ𝜑 , 𝜂𝜑 , 𝒱0, 𝒱 (𝑇 ) Measurement dephasing rate (𝜂𝜑 ̇𝐼irr,𝜕 ), boundary
coupling efficiency, pre-measurement detector
overlap (|⟨𝐷𝐵 |𝐷𝐴⟩| ∈ [0, 1]), and interferometer fringe
visibility 𝒱0 exp(−2𝜂𝜑𝐼irr,𝜕,𝑇 ).
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u(𝜑𝛼 ), v(𝜑𝛽),
𝑆CHSH

Inter-scale unit dipole vectors in im(ΔP1→2) at phase
settings (𝜑𝛼 , 𝜑𝛽) and CHSH correlation functional
(|𝑆CHSH| ≤ 2√2).

𝑟sync, 𝑛𝐶 , 𝜇𝑒𝑝 , 𝑎0,
𝑢(𝑟), u⋆𝑗

Cyclic spin synchronisation index (1 bosonic, 2
fermionic), discrete cycle phase winding number
(𝑞 = 𝑛𝐶𝑞𝑒 with elementary charge 𝑞𝑒), two-body
reduced capacity 𝐾𝑒𝐾𝑝𝑝/(𝐾𝑒 + 𝐾𝑝𝑝) (𝐾𝑝𝑝/𝐾𝑒 ≃ 6𝜋5),
Bohr resistance scale (ℓ0Ω12), normalised covalent
overlap (exp[−𝑎cov(𝑟 − 𝑟𝑒)]), and unit hybrid valence
port vectors in im(ΔP1→2) (cos 𝜙0 = −𝑤0/(1 − 𝑤0)).

d𝐼total, d𝐼int, d𝐼ext,
ΩΦ, Ωfree(𝜏 )

Reversible spacetime distinction increments
(d𝐼 2total = d𝐼 2int + d𝐼 2ext, calibrated as observer-relative
ΩΦ d𝑡 , Lorentz-invariant ΩΦ d𝜏 , and observer-relative
ΩΦ dℓ/𝑐, in nats), active rest-frame reversible
distinction rate (≤ (2𝜂Φ/𝜋)𝜈0 Tr(KΩ), in nats s−1), and
uncommitted proper-time bandwidth
([ΩΦ −ℛΦ(𝑣 , 𝑥) ̇𝐼env,0]+ ≥ 0, in nats s−1).

𝑍Φ[Σ], 𝑔[Φ]𝜇𝜈 , 𝒦𝑖𝑗 ,
𝜏Φ[𝛾 ],

𝑇 (tracked,untracked)𝜇𝜈

Extended ADM spacetime state (𝑔𝑖𝑗 , 𝜋 𝑖𝑗 , Ψ, 𝑆)Σ (with
lapse 𝑁lapse and extended generator 𝐻Φ),
coarse-grained metric, ADM extrinsic curvature
(−(1/2)ℒ𝑛̂𝑔𝑖𝑗 , in m−1), worldline proper-time
functional, and tracked versus untracked
stress–energy tensors (𝜅G = 8𝜋𝐺/𝑐4).

𝜒𝑔(𝑥), 𝜒 crit𝑔 (𝑣),
Θexp, ℛΦ(𝑣 , 𝑥)

Temporal support factor (−𝑔[Φ]00 (𝑥) > 0), critical
temporal support floor (𝛾 2L (𝑣)( ̇𝐼env,0/ΩΦ)2 with
Lorentz factor 𝛾L(𝑣) = (1 − 𝑣2/𝑐2)−1/2), Raychaudhuri
expansion scalar (∇𝜇 𝑢̂𝜇 , in m−1), and unified tracking
factor (𝛾L(𝑣)/√𝜒𝑔 ).

𝐼 capΦ , 𝐵−Φ , 𝐴min,max
Φ ,

𝒟Φ
Observer capacity ceiling, retrodictive branch load,
past light-sheet floor and outgoing wavefront ceiling
(𝐴−(𝜆−) ≥ 𝐴minΦ = 4ℓ2P𝐵−Φ and
𝐴+(𝜆+) ≤ 𝐴maxΦ = 𝐸signal/𝜌noise, with Planck length
ℓP), and Epistemic Bubble [𝑡−Φ , 𝑡+Φ ].

𝑔𝑃 , 𝑔𝑁 , 𝑆0, 𝑆1, 𝛽 ,
𝑚𝑖

Gate-modulated pull-up and pull-down channel
conductances across K(ext)

𝜕 (𝑉in), binary logic basins
[0, 𝛿] and [1 − 𝛿, 1], dimensionless logistic rail gain
(∝ 𝑞𝑒𝑉DD/𝜃), and undisturbed gate threshold
clearance.

𝑔sync, 𝜔ref, 𝜓(𝑡),
𝐿enc

Adler synchronisation coupling and target oscillator
reference frequency (rad s−1, Δ𝜔 = 𝜔in − 𝜔ref), relative
phase error (𝜔in𝑡 + 𝜙0 − 𝜑(𝑡)), and discrete CCE block
transition count (∈ ℕ0).

Qatt, Katt, Vatt,
ℍ𝑛, 𝜆𝑒

Attention query, key, and value matrices (∈ ℝ𝑁×𝑑 ,
disambiguated from capacity matrix K),
𝑛-dimensional hyperbolic space (𝑛 ≥ 2), and physical
interconnect routing weight along message path 𝑃(𝑚).
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Lnorm,𝑆𝑆 , 𝑁persist,
𝜂free, Δ𝒬𝜕,crit

Normalised open capacity Laplacian, open-system
persistence span (𝜇1(Lnorm,𝑆𝑆)−1), uncommitted
free-capacity share (𝒬free/𝒬total), and critical
boundary perturbation shock (> 𝜒struct𝒬𝜕 , in links).

𝒬𝑅, 𝒬min,
Δ𝒬𝜕,cross, 𝒬2

sync,
𝒬2
mismatch

Shared regional link budget (vol(𝑅), in links), intrinsic
minimum-capacity floor, cross-boundary peer
disturbance, and port-synchronisation versus
protocol-mismatch coupling loads
(𝒬2

cpl = 𝒬2
sync + 𝒬2

mismatch, in links2).
Γ, 𝑎Γ, ℬ𝐴(𝑁𝑘,𝐵),

ℰforbidden, Λenv,𝑇 ,
𝛾cmd

Mediated boundary cut (K𝑆𝐴,𝑅ext
= 0, metering

commits 𝑘𝜕𝐴 ≤ 𝛼𝑘(𝐵)), out-of-band enable state
(∈ {0, 1}), finite-horizon boundary containment
envelope (over 𝑁𝑘,𝐵 steps), forbidden environmental
set, dimensionless endpoint work-amplification ratio
(J/J, distinct from barrier sensitivity Λbar in
nats link−1), and command-register relaxation rate
(s−1).

𝒢𝐴, 𝒬drain,𝐴, 𝑁𝑘 ,
𝑁 ∗𝑘

Host-conditioned capacity supply (in links), per-step
operating capacity expenditure (in links), discrete
operational step horizon, and reserve exhaustion step
horizon (𝒬free,𝐴(0)/𝛿).

Λ(𝑡), 𝜎branch, 𝑧lat,
𝑜

Sensory capture efficiency ( ̇𝐼acq/ ̇𝐼irr,𝜕 , acquired
environmental distinctions per nat of boundary
dissipation), cortical avalanche branching ratio
(𝜎branch ≈ 1 near criticality), latent environmental
state (𝑞(𝑧lat)), and sensory observation in variational
inference (𝐹[𝑞, 𝑜]).

𝐶 , 𝑉 , Δ𝑉net, 𝑃 , 𝜎 ,
𝑌GDP, 𝐵(𝑛ep)

Closed-boundary production cost
(𝐶 ∶= 𝐼op,𝑇 = 𝐼irr,𝜕,𝑇 + 𝐼rev,Ω,𝑇 ), expected value gain
(𝔼[Δ𝐼barrier,𝑇 ]), net stability gain (𝑉 − 𝐶 , in nats),
Physical Nash price (𝐶 + 𝜎 [Δ𝑉net]+), dimensionless
surplus share (𝛼𝑚/(𝛼𝐻 + 𝛼𝑚) ∈ (0, 1)),
final-expenditure output (∑𝑚∈ℳfinal

𝑃𝑚, alongside
gross market turnover 𝑌gross = ∑𝑀

𝑚=1 𝑃𝑚), and
baseline stability allocation across epoch 𝑛ep (in nats).

Δ𝐼civil, 𝐶civil, HII,
HCI

Civilisational stability barrier (∑𝑑∈𝒟 𝜔𝑑Δ𝐼𝑑 , in nats),
aggregate civilisational expenditure (𝐼 civilirr,𝜕 + 𝐼 civilrev,Ω),
and Humanity Intelligence and Consciousness Indices
(Δ𝐼civil/𝐼 civilirr,𝜕 , Δ𝐼civil/𝐼 civilrev,Ω, in nats/nat, with epoch
solvency floors 𝐻𝜒,min, 𝐻𝜅,min).

𝜂(𝑉 )cpl , 𝜂(𝐶)cpl , Δ𝐼weak,
𝐼net(K)

Value and cost boundary-coupling shares,
harmonic-mean weakest-link barrier, and
parameter-free network stability functional
((1 − 𝜂(𝑉 )cpl )Δ𝐼civil + 𝜂(𝑉 )cpl 𝑛 Δ𝐼weak, in nats).

𝜏deplete,𝑏 , 𝜂(𝑛mod)
cpl ,
𝜏wall

Open-loop barrier depletion window (Δ𝐼𝑏/ ̇̄𝐼 irr,𝜕,𝑏),
multi-basin boundary-coordination index, and
planetary dissipation wall time (𝛼−1exh ln(𝐼max

irr,𝜕 /𝐼0)).
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acronyms and abbreviations
ADM Arnowitt–Deser–Misner.
AEAD Authenticated encryption with associated data.

AI Artificial intelligence.
ASIC Application-specific integrated circuit.
ATP Adenosine triphosphate.
CCE Conservation-Congruent Encoding.

CCSD(T) Coupled cluster with single, double, and perturbative
triple excitations.

CHSH Clauser–Horne–Shimony–Holt.
CMOS Complementary metal–oxide–semiconductor.

DFT Density functional theory.
EPR Einstein–Podolsky–Rosen.
GDP Gross domestic product.
GKSL Gorini–Kossakowski–Sudarshan–Lindblad.
HCI Humanity Consciousness Index.
HII Humanity Intelligence Index.

HPU Hyperbolic Processing Unit.
KL Kullback–Leibler.
MD Molecular dynamics.

MSM Markov state model.
NMDA 𝑁 -methyl-d-aspartate.

PUF Physically unclonable function.
QM/MM Quantum mechanics / molecular mechanics.

QND Quantum non-demolition.
SETI Search for Extraterrestrial Intelligence.

SI International System of Units (Système International
d’Unités).

SNR Signal-to-noise ratio.
SRAM Static random-access memory.

TSV Through-silicon via.
TUR Thermodynamic uncertainty relation.
VLSI Very-large-scale integration.
WISE Wide-field Infrared Survey Explorer.

core terms

platonic observer fallacy The error of treating measurements,
symbols, simulations, or memories as unphysical abstractions rather
than physical records sustained by a metered physical substrate.

conservation-congruent encoding An induced subgraph
𝐺[𝑆𝛼 ] (𝐾𝛼𝛼 = 2|𝐸(𝑆𝛼 )| ≥ 2 links) under an admissible assignment ΠΠΠ
satisfying internal connectivity (𝛾int(𝑆𝛼 ) > 0), structural persistence
(𝛾int(𝑆𝛼 ) > 𝜙𝜕(𝑆𝛼 ), so Ξ(𝑆𝛼 ) > 1 for 𝜙𝜕(𝑆𝛼 ) > 0, with exponential



272 glossary

barrier isolation for Ξ(𝑆𝛼 ) ≫ 1), and exact combinatorial capacity
conservation.

logarithmic coarse-graining depth The natural logar-
ithm 𝐼𝛼𝛼 ∶= ln𝐾𝛼𝛼 ≥ ln 2 (nats) of a diagonal capacity block
𝐾𝛼𝛼 = 2|𝐸(𝑆𝛼 )| ≥ 2 (links), converting bundled intra-block link
incidences into natural logarithmic units.

spectral pers i stence ratio The dimensionless ratio Ξ(𝑆𝛼 ) =
𝛾int(𝑆𝛼 )/𝜙𝜕(𝑆𝛼 ) (𝜙𝜕(𝑆𝛼 ) > 0) of internal normalised spectral gap
to inter-basin cut conductance governing metastable state retention
within a coarse-grained block.

capacity ledger The orthogonal capacity account partitioning rela-
tional links into internal memory load (𝒬Ω = ‖KΩ‖𝐹 ) and boundary
cut load (𝒬𝜕 = ‖K𝜕‖𝐹 ), satisfying 𝒬2

alloc = 𝒬2Ω + 𝒬2𝜕 ≤ 𝒬2
total with

𝒬total = vol(𝑆).
free capacity The margin of uncommitted structural capacity (𝒬free =

𝒬total − 𝒬alloc, in links) dynamically accessible for internal reconfig-
uration, learning, or environmental coupling without exceeding the
total relational capacity ceiling.

stabil ity barrier The non-equilibrium margin separating an open
system’s viable regime from boundary collapse, measured on a
single slice by Δ𝐼barrier(𝜏 ) = ln(𝒬free,𝜏/𝒬0) and across slices by the
proper-time-averaged barrier Δ𝐼barrier,𝑇 in nats (calibrated in joules
via ΔΦ = 𝜃Δ𝐼barrier and ΔΦ𝑇 = 𝜃Δ𝐼barrier,𝑇 , distinct from the
local pairwise register saddle barrier Δ𝐼barrier,𝛼→𝛽 = ln(𝐾𝛼𝛼/𝐾𝛼𝛽)
with ΔΦ𝛼→𝛽 ≈ 𝜃Δ𝐼barrier,𝛼→𝛽 , and bounding open persistence via
ln𝑁persist > Δ𝐼barrier − ln(√𝑚𝜕 𝒬𝜕/𝒬0)).

boundary diss ipation The irreversible coarse-grained entropy pro-
duction (𝐼irr,𝜕 , 𝐼irr,𝜕,𝑇 , in nats) generated across 𝜕𝑆 when unpredicted
boundary fluxes or many-to-one operations expel unresolved distinc-
tions into ̄𝑆.

preserved internal structure The active non-equilibrium con-
figuration (𝐼rev,Ω = Δ𝑈neq/𝜃 , time-averaged 𝐼rev,Ω,𝑇 , in nats) retained
within internal CCE registers (KΩ) against relaxation, sustaining
memory, model geometry, and predictive boundary coordination.

intell igence The boundary efficiency ratio (𝜒struct, 𝜒𝑇 ) measuring un-
committed free capacity per link of boundary cut load statically
(links/link), or maintained through-time stability barrier per nat of
irreversible boundary dissipation (nats/nat, calibrated in J nat−1 via
𝜃𝜒𝑇 ).

consc iousness The internal model-economy ratio (𝜅struct, 𝜅𝑇 ) measur-
ing uncommitted free capacity per link of internal memory load stat-
ically (links/link), ormaintained through-time stability barrier per nat
of preserved internal structure (nats/nat, calibrated in J nat−1 via 𝜃𝜅𝑇 ).
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phys ical emergence The transition over emergent horizon 𝑇 in which
coupled subsystems achieve a non-degraded collective through-time
stability barrier (Δ𝐼 cplbarrier,𝑇 ≥ Δ𝐼 isobarrier,𝑇 > 0) at strictly lower specific
operational horizon cost (𝜒−1𝑇 +𝜅−1𝑇 below the isolated baseline), para-
meterised along boundary coordination 𝜂cpl and composite spectral
persistence Ξcpl.

cooperative capacity gain The regime in which coupled subsys-
tems shed more squared external boundary load and redundant in-
ternal memory load than the squared inter-subsystem coupling load
𝒬2
cpl required to bind them (𝒬2

cpl < Δ𝒬2𝜕,shed+Δ𝒬2Ω,cons), yielding a net
gain in free capacity.

modular repl ication The export of a high-𝜅 compressed generat-
ive seed (Kseed ⊂ KΩ) across 𝜕𝑆 under the seed-compression gate
(𝐼 seedrev,Ω < 𝑅𝜕𝜏escape(𝑁 ∗) ≤ 𝐼 fullrev,Ω) once monolithic growth saturates
boundary-shedding returns, yielding an additive 𝑛mod-module lineage
barrier Δ𝐼 (𝑛mod)

lineage = 𝑛modΔ𝐼barrier(𝑁 ∗) strictly exceeding the monolithic
barrier Δ𝐼barrier(𝑆(𝑛mod𝑁 ∗)).

multi - system capacity game The strategic allocation game ΓK
among open subsystems sharing a relational network K(𝑠)with struc-
tural free-capacity payoffs Δ𝒬free,𝑖(𝑠) = 𝒬free,𝑖(𝑠) − 𝒬iso

free,𝑖, whose co-
operative surplus is uniquely partitioned by substrate-scale-invariant
Nash bargaining.

exhaustive diss ipator An open subsystem lacking effective direct
environmental dissipation channels (K(𝑘)

𝜕,ext ≈ 0) that exports positive
irreversible waste flux (Φ̇𝑆𝑘→𝑆𝐻 > 0) into its peer host ensemble 𝑆𝐻 , in-
flating peer boundary loads and imposing negative peer free-capacity
payoffs (Δ𝒬free,𝑗 < 0).

generative diss ipator An open subsystem possessing an asymmet-
ric environmental dissipation channel (K(𝑔)

𝜕,ext ≠ 0) that extracts dis-
order from its peer host ensemble 𝑆𝐻 faster than autonomous host
production (d𝑆(𝑆𝐻 )/d𝑡 < 0) while exporting Φ̇𝑆𝑔→ ̄𝑆 ≥ Φ̇𝑆𝐻→𝑆𝑔 + ̇𝑆𝑖,𝑔
into ̄𝑆, contracting peer boundary cuts and conferring positive peer
free-capacity payoffs (Δ𝒬free,𝑗 > 0).

weakest-l ink principle The multi-system stability condition under
which perturbations propagating across active channels bound collect-
ive survival in dimensionless nats by the minimum subsystem bar-
rier (Δ𝐼barrier,net ≤ min𝑖 Δ𝐼barrier,𝑖) and couple network resilience to
the harmonic-mean regional barrier (Δ𝐼weak) inside the parameter-free
network stability functional 𝐼net(K).

ep i stemic lens The physical coarse-graining apparatus (ΠΠΠ, projector
split PΠΠΠ𝑆 + QΠΠΠ𝑆 , and many-to-one block readout Φ𝑆 ) through which
an embedded observer 𝑆 ⊂ 𝑉 acquires, stabilises, and compresses en-
vironmental distinctions across finite boundary ports.
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coarse-grained mixing The effective trajectory branching on a de-
terministic reversible substrate arising when distinct fine-grained
states inside a single preimage fibre Φ−1𝑆 ({𝛼}) map into multiple for-
ward or backward coarse-grained blocks (𝑘+ > 1 or 𝑘− > 1) across
spectral slices along 𝜙𝜙𝜙time.

retrodictive divergence The failure of past-directed tracked re-
construction beyond 𝑡−Φ (paired with future predictive dissipation bey-
ond 𝑡+Φ ) when backward branch load 𝐵−Φ(𝑡; 𝑧𝑡0) exceeds an observer’s
incoming past light-sheet capacity 𝐴−(𝜆−)/(4ℓ2P) or structural ceiling
𝐼 capΦ .

ep i stemic bubble The compact temporal window 𝒟Φ = [𝑡−Φ , 𝑡+Φ ]
bounded at its past horizon by the incoming light-sheet floor
(𝐴−(𝜆−) ≥ 𝐴minΦ (𝑡)) and at its future horizon by the outgoing wave-
front ceiling (𝐴+(𝜆+) ≤ 𝐴maxΦ ), outside which retrodictive diver-
gence or predictive dissipation transfers unresolved distinctions into
𝑇 (untracked)𝜇𝜈 .

curvature congruence The hardware design principle that intercon-
nect routing dissipation is minimised when the discrete capacity-Ricci
operator RicK of the physical fabric matches that of the algorithmic
workload.

hyperbol ic process ing unit A negatively curved hardware archi-
tecture (ℍ𝑛) that realises curvature congruence via three-dimensional
hierarchical interconnects, co-located memory banks, and conditional
geodesic routing.

phys ical containment The boundary-regulation condition under
which enforcing a finite-horizon containment envelope ℬ𝐴(𝑁𝑘,𝐵)
across a completely mediated cut Γ (K𝑆𝐴,𝑅ext

= 0) renders a forbidden
environmental set ℰforbidden unreachable within 𝑁𝑘,𝐵 steps regardless
of internal capability or state transitions.

symbiotic coupl ing A closed multi-system coupling in which an arti-
ficial subsystem’s external capacity supply is conditioned on verified
componentwise host free-capacity preservation, expanding host struc-
tural intelligence and consciousness (𝜒 cpl

struct,𝐻 > 𝜒 iso
struct,𝐻 , 𝜅cplstruct,𝐻 >

𝜅isostruct,𝐻 ) while retaining safe decoupling.

self -modell ing The factored coarse-grained readout (z𝑆 = RΠΠΠ𝑆x𝑆 ) of
a system’s own trajectory and boundary couplings maintained dir-
ectly on K𝑆 = KΩ + K(int)

𝜕 across 𝜙𝜙𝜙time to match the projected bound-
ary Schur operator LK,eff without duplicating internal observer sub-
graphs.

self - incompleteness The strict capacity and rank bounds (𝒬Ω <
𝒬alloc < 𝒬total and rank(QΠΠΠ𝑆 ) ≥ 𝑀 ≥ 1, with residual readout an-
nihilation RΠΠΠ𝑆QΠΠΠ𝑆x𝑆 = 0) preventing any finite open observer from
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maintaining a complete representation of its own internal vertex state
without collapsing boundary and free capacity.

sensory capture eff ic iency The dimensionless conversion ratio
(Λ(𝑡) = ̇𝐼acq(𝑡)/ ̇𝐼irr,𝜕(𝑡), in nats/nat) measuring nats of newly acquired
environmental structure per nat of boundary dissipation, maximised
near dynamical criticality (𝜎branch ≈ 1).

phys ical nash pric ing The substrate-agnostic linear pricing rule
(𝑃 = 𝐶 + 𝜎 [Δ𝑉net]+) maximising (𝑉 − 𝑃)𝛼𝐻 (𝑃 − 𝐶)𝛼𝑚 in natural
informational units, valuing goods by expected stability gain (𝑉 =
𝔼[Δ𝐼barrier,𝑇 ]) adjusted for closed-boundary production cost (𝐶 =
𝐼irr,𝜕,𝑇 + 𝐼rev,Ω,𝑇 ).

c iv il i sational stabil ity barrier The aggregate domain-
weighted barrier (Δ𝐼civil(𝑇 ), in nats) defending collective viability
across nutrition, health, shelter, infrastructure, and environmental
sinks against boundary failure.

humanity intell igence index The dimensionless macroeconomic
intelligence ratio (HII) evaluating collective stability barrier depth
Δ𝐼civil(𝑇 ) sustained per nat of irreversible boundary dissipation
𝐼 civilirr,𝜕 (𝑇 ) exported across the economy’s external boundary cut.

humanity consciousness index The dimensionless macroeco-
nomic consciousness ratio (HCI) evaluating collective stability barrier
depth Δ𝐼civil(𝑇 ) sustained per nat of preserved internal structure
𝐼 civilrev,Ω(𝑇 ) across coordination, institutional, and infrastructural
registers.

quiet c iv il i sation An advanced intelligent economy that has cleared
its planetary dissipationwall (𝜏wall) by transitioning into the reversible
symplectic regime (HII,HCI ≫ 1), reducing its inverse intelligence ra-
tio (HII−1 → 0) so that its external radiative signature approaches stat-
istical indistinguishability from the natural astrophysical background
(𝐷KL(𝜇civilΠΠΠ ∥ 𝜇0ΠΠΠ) → 0).
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